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❘❆■▼❯◆❉❖ ❉❖ ◆❆❙❈■▼❊◆❚❖ ❱❊▲❖❩❖ ◆❊❚❖
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❙ã♦ ▲✉ís
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❞♦ ❣r❛✉ ❞❡ ▼❡str❡ ❡♠ ▼❛t❡♠át✐❝❛✳

❖r✐❡♥t❛❞♦r✿ Pr♦❢❛✳ ❘❡♥❛t❛ ❞❡ ❋❛r✐❛s ▲✐♠❡✐r❛ ❈❛r✈❛❧❤♦

❉♦✉t♦r❛ ❡♠ ▼❛t❡♠át✐❝❛

❙ã♦ ▲✉ís
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❘❡s✉♠♦

❊st❡ tr❛❜❛❧❤♦ tr❛t❛ ❞♦ ▼ét♦❞♦ ❞❡ ■♥❞✉çã♦ ▼❛t❡♠át✐❝❛✱ ❡♠ ❡s♣❡❝✐❛❧✱ ❞❡ s❡✉ ✉s♦ ❝♦♠ ✈✐st❛s

à s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s ❣❡♦♠étr✐❝♦s✳ ■♥✐❝✐❛❧♠❡♥t❡✱ sã♦ ❢❡✐t❛s ❛❧❣✉♠❛s ❝♦♥s✐❞❡r❛çõ❡s ❛❝❡r❝❛

❞❛ ❡①♣r❡ssã♦ ✏r❛❝✐♦❝í♥✐♦ ✐♥❞✉t✐✈♦✑✱ ❝✉❥♦ s❡♥t✐❞♦✱ ❝♦♥❢♦r♠❡ ❛♣r♦♣r✐❛❞❛♠❡♥t❡ ❡①♣❧✐❝❛❞♦ ♥♦

t❡①t♦✱ ❞✐❢❡r❡ ❞♦ ❞❡ ✏✐♥❞✉çã♦ ♠❛t❡♠át✐❝❛✑✳ ➱ ♣r♦✈❛❞❛ ❛ ♣r♦♣♦s✐çã♦ q✉❡ ❣❛r❛♥t❡ ♦ ✉s♦ ❞♦

♠ét♦❞♦ ❝♦♠ ❜❛s❡ ❡♠ s❡✉ ❢✉♥❞❛♠❡♥t♦✱ ❛ s❛❜❡r✱ ♦ ❛①✐♦♠❛ ❞❡ ✐♥❞✉çã♦ ♠❛t❡♠át✐❝❛ ✭✉♠

❞♦s ♣♦st✉❧❛❞♦s q✉❡ ❝❛r❛❝t❡r✐③❛♠ ♦s ♥ú♠❡r♦s ♥❛t✉r❛✐s✮ ❡ ❡①✐❜✐❞♦s ❛❧❣✉♥s ❡①❡♠♣❧♦s ❞❡

s✉❛ ✉t✐❧✐③❛çã♦ ❡♠ ➪❧❣❡❜r❛ ❡ ❚❡♦r✐❛ ❞♦s ◆ú♠❡r♦s✳ ❊♠ s❡❣✉✐❞❛✱ sã♦ ❡①♣❧♦r❛❞❛s ❛❧❣✉♠❛s

❛♣❧✐❝❛çõ❡s ❞♦ ♠ét♦❞♦ ❞❡ ✐♥❞✉çã♦ ♠❛t❡♠át✐❝❛ à ♣r♦❜❧❡♠❛s ❞❡ ●❡♦♠❡tr✐❛✱ s❡❥❛ ♣❛r❛ ❛

♦❜t❡♥çã♦ ❞❡ ✉♠❛ ♠❡❞✐❞❛ ❣❡♦♠étr✐❝❛ ❡♠ t❡r♠♦s ❞❡ ♦✉tr❛✭s✮✱ ♣❛r❛ ❛ ❞❡♠♦♥str❛çã♦ ❞❡ ✉♠❛

♣r♦♣♦s✐çã♦ q✉❡ s❡ ✐♥s✐♥✉❛ ✈❡r❞❛❞❡✐r❛✱ ♦✉ ♣❛r❛ ❛ ❡①✐❜✐çã♦ ❞❛s ❡t❛♣❛s ❞❡ ❝♦♥str✉çã♦ ❞❡ ✉♠❛

❞❛❞❛ ✜❣✉r❛✳

P❛❧❛✈r❛s✲❝❤❛✈❡✿ ▼ét♦❞♦ ❞❡ ✐♥❞✉çã♦ ♠❛t❡♠át✐❝❛✳ ❉❡♠♦♥str❛çõ❡s ♠❛t❡♠át✐❝❛s✳ Pr♦❜❧❡✲

♠❛s ❞❡ ●❡♦♠❡tr✐❛✳



❆❜str❛❝t

❚❤✐s ✇♦r❦ ❞❡❛❧s ✇✐t❤ t❤❡ ▼❡t❤♦❞ ♦❢ ▼❛t❤❡♠❛t✐❝❛❧ ■♥❞✉❝t✐♦♥✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ ✐ts ✉s❡ ✇✐t❤

❛ ✈✐❡✇ t♦ t❤❡ s♦❧✉t✐♦♥ ♦❢ ❣❡♦♠❡tr✐❝ ♣r♦❜❧❡♠s✳ ■t ✐♥✐t✐❛❧❧② s♦♠❡ ❝♦♥s✐❞❡r❛t✐♦♥s ❛r❡ ♠❛❞❡

❛❜♦✉t t❤❡ ❡①♣r❡ss✐♦♥ ✏✐♥❞✉❝t✐✈❡ r❡❛s♦♥✐♥❣✑ ✇❤♦s❡ ✐t ♠❡❛♥✐♥❣✱ ❛s ❛♣♣r♦♣r✐❛t❡❧② ♠✉st ❜❡

❡①♣❧❛✐♥❡❞ ✐♥ t❤❡ t❡①t✱ t❤❛t ❞✐✛❡rs ❢r♦♠ t❤❛t ♦❢ ✏♠❛t❤❡♠❛t✐❝❛❧ ✐♥❞✉❝t✐♦♥✑✳ ❲❡ ♣r♦✈❡ t❤❡

♣r♦♣♦s✐t✐♦♥ t❤❛t ❣✉❛r❛♥t❡❡s t❤❡ ✉s❡ ♦❢ t❤❡ ♠❡t❤♦❞ ❜❛s❡❞ ♦♥ ✐ts ❢♦✉♥❞❛t✐♦♥✱ ♥❛♠❡❧② t❤❡

❛①✐♦♠ ♦❢ ♠❛t❤❡♠❛t✐❝❛❧ ✐♥❞✉❝t✐♦♥ ✭♦♥❡ ♦❢ t❤❡ ♣♦st✉❧❛t❡s t❤❛t ❝❤❛r❛❝t❡r✐③❡ t❤❡ ♥❛t✉r❛❧

♥✉♠❜❡rs✮✳ ■t ❡①❤✐❜✐t❡❞ s♦♠❡ ❡①❛♠♣❧❡s ♦❢ ✐ts ✉s❡ ♦❢ ❆❧❣❡❜r❛ ❛♥❞ t❤❡ ❚❤❡♦r② ♦❢ ◆✉♠❜❡rs✳

❆♥❞ t❤❡♥✱ s♦♠❡ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ t❤❡ ♠❡t❤♦❞ ♦❢ ♠❛t❤❡♠❛t✐❝❛❧ ✐♥❞✉❝t✐♦♥ t♦ t❤❡ ♣r♦❜❧❡♠s

♦❢ ●❡♦♠❡tr② ❛r❡ ❡①♣❧♦r❡❞ t♦ ♦❜t❛✐♥ ❛ ❣❡♦♠❡tr✐❝ ♠❡❛s✉r❡ ✐♥ t❡r♠s ♦❢ ❛♥♦t❤❡r✭s✮✱ ❡✐t❤❡r

❢♦r t❤❡ ❞❡♠♦♥str❛t✐♦♥ ♦❢ ❛ ♣r♦♣♦s✐t✐♦♥ t❤❛t ✐♥s✐♥✉❛t❡s ✐ts❡❧❢ tr✉❡✱ ♦r ❢♦r t❤❡ st❛❣❡s ♦❢

❝♦♥str✉❝t✐♦♥ ♦❢ ❛ ✜❣✉r❡ ❣✐✈❡♥✳

❑❡②✇♦r❞s✿ ▼❡t❤♦❞ ♦❢ ♠❛t❤❡♠❛t✐❝❛❧ ✐♥❞✉❝t✐♦♥✳ ▼❛t❤❡♠❛t✐❝❛❧ ❞❡♠♦♥str❛t✐♦♥s✳ Pr♦✲

❜❧❡♠s ✐♥ ●❡♦♠❡tr②✳



❆❣r❛❞❡❝✐♠❡♥t♦s

❊♠ ♣r✐♠❡✐r♦ ❧✉❣❛r✱ à ♠✐♥❤❛ ♠ã❡✱ ❉♦♥❛ ▼❛r✐❛ ❞❛ ❈♦♥❝❡✐çã♦✱ ♣♦r t❡r ❞❡❞✐❝❛❞♦✱ ❝♦♠ t♦❞♦

❝❛r✐♥❤♦ ❡ ❣❡♥✉í♥♦ ❛♠♦r ❞❡ ♠ã❡✱ ♦s ♠❡❧❤♦r❡s ❛♥♦s ❞❡ s✉❛ ✈✐❞❛ à ❝✉✐❞❛r ❞❡ ♠❡✉s ✐r♠ã♦s ❡

❞❡ ♠✐♠✳ ❊❧❛ é ♠❡✉ ♠❛✐♦r ❡①❡♠♣❧♦ ❞❡ ❞❡t❡r♠✐♥❛çã♦✱ ❤♦♥r❛❞❡③ ❡ ❛♠♦r à ✈✐❞❛✳

❆♦ ♠❡✉ ✜❧❤♦✱ ❇r✉♥♦✱ q✉❡✱ ❝♦♠ s✉❛ ♥❛t✉r❛❧ ✐♥♦❝ê♥❝✐❛ ❞❡ ❝r✐❛♥ç❛✱ ✐♥s♣✐r❛✲♠❡ ❛

s❡r ❛❧❣✉é♠ ♠❡❧❤♦r ❡ ♠❡ ❢♦r♥❡❝❡ ♦ ✏❝♦♠❜✉stí✈❡❧✑ ♥❡❝❡ssár✐♦ ♣❛r❛ s❡❣✉✐r ❛❞✐❛♥t❡✳

❆♦s ♠❡✉s ✐r♠ã♦s✱ ❈❛r❧❛ ❡ ❙❡❣✉♥❞♦✱ ❝✉❥❛ ❝♦♥✈✐✈ê♥❝✐❛ ❛♦ ❧♦♥❣♦ ❞♦s ❛♥♦s ♠✉✐t♦

❝♦♥tr✐❜✉✐✉ ❡♠ ♠✐♥❤❛ ❢♦r♠❛çã♦ ❝♦♠♦ s❡r ❤✉♠❛♥♦✳

➚ ▲✐❞✐❛♥❡ ❉✉r❛♥s✱ ♣♦r t❡r ♠❡ ❞❛❞♦ ♦ q✉❡ t❡♥❤♦ ❞❡ ♠❛✐s ✐♠♣♦rt❛♥t❡ ♥❡st❛

✈✐❞❛ ❡ ♣❡❧❛ ❣r❛♥❞❡ ♠ã❡ q✉❡ é✱ tr❛♥q✉✐❧✐③❛♥❞♦✲♠❡ ♥♦s ♠♦♠❡♥t♦s ❡♠ q✉❡ ♥ã♦ ♣♦ss♦ ❡st❛r

✜s✐❝❛♠❡♥t❡ ♣r❡s❡♥t❡ ❝♦♠ ♥♦ss♦ ✜❧❤♦✳

➚ ❡st✐♠❛❞❛ ♣r♦❢❡ss♦r❛ ❘❡♥❛t❛ ❞❡ ❋❛r✐❛s ▲✐♠❡✐r❛ ❈❛r✈❛❧❤♦✱ ♣❡❧❛ ❣❡♥t✐❧❡③❛ ❡♠

❛❝❡✐t❛r s❡r ♠✐♥❤❛ ♦r✐❡♥t❛❞♦r❛ ♥♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡st❡ tr❛❜❛❧❤♦ ❡ ♣❡❧❛ ♣r❡st❛t✐✈❛✱ s❡❣✉r❛

❡ ✈❛❧✐♦s❛ ♦r✐❡♥t❛çã♦ ❡❢❡t✐✈❛♠❡♥t❡ ❞❛❞❛✳

➚s ♣r♦❢❡ss♦r❛s ❙❛♥❞r❛ ■♠❛❝✉❧❛❞❛ ▼♦r❡✐r❛ ◆❡t♦ ❡ ❱❛❧❞✐❛♥❡ ❙❛❧❡s ❆r❛ú❥♦✱ ♣❡❧❛

❤♦♥r♦s❛ ♣r❡s❡♥ç❛ ♥❛ ❜❛♥❝❛ ❞❡ ❞❡❢❡s❛ ❞❡st❡ tr❛❜❛❧❤♦ ❡ ♣❡❧❛s ❝♦♥s✐❞❡r❛çõ❡s r❡❛❧✐③❛❞❛s ❛♦

❝❛❜♦ ❞❡st❛✱ ♦ q✉❡✱ ❝❡rt❛♠❡♥t❡✱ ❞❡✉ ❛♦ t❡①t♦ ❡s❝r✐t♦ ♠❛✐s ✢✉✐❞❡③✱ ❝❧❛r❡③❛ ❡ ♣r❡❝✐sã♦✳

❆♦s ♣r♦❢❡ss♦r❡s ◆❡r✐ ❚❡r❡③✐♥❤❛ ❇♦t❤ ❈❛r✈❛❧❤♦✱ ❏♦sé ▲✉✐③ ❘♦s❛s P✐♥❤♦ ❡ ❘✉❜❡♥s

❙t❛r❦❡✱ ❞❛ ❯❋❙❈✱ ♣❡❧♦s ❡①❡♠♣❧♦s ❞❡ ♣r♦✜ss✐♦♥❛❧✐s♠♦✱ s❡r✐❡❞❛❞❡ ❡ ❝♦♠♣❡tê♥❝✐❛ ❝♦♠ q✉❡

❢♦♠♦s ❜r✐♥❞❛❞♦s✱ ♠❡✉s ❝♦❧❡❣❛s ❡ ❡✉✱ ❞✉r❛♥t❡ ♦ ♣❡rí♦❞♦ ❡♠ q✉❡ ❝✉rs❛♠♦s ❛ ▲✐❝❡♥❝✐❛t✉r❛

❡♠ ▼❛t❡♠át✐❝❛✳

❆♦s ❝♦❧❡❣❛s ❞❡ ♠❡str❛❞♦ ❞❛s t✉r♠❛s P❘❖❋▼❆❚ ✷✵✶✸ ❡ ✷✵✶✻✱ ❞❛ ❯❋▼❆✱ ♣❡❧❛

❝♦♥✈✐✈ê♥❝✐❛ ❡ tr♦❝❛ ❞❡ ❡①♣❡r✐ê♥❝✐❛s✱ ❡♠ ❡s♣❡❝✐❛❧ ❛♦ ❛♠✐❣♦ ▼❛r❝❡❧♦ ❖♠❛r ▲✐♠❛ ❞❡ ❈❛str♦✱

♣❡❧❛s ❝♦♥✈❡rs❛s ✭♥❛s q✉❛✐s s❡♠♣r❡ ♠❡ ❜❡♥❡✜❝✐♦ ❞❡ s✉❛ ❡①♣❡r✐ê♥❝✐❛✮ ❡ ♣❡❧♦ ❡①❡♠♣❧♦ ❞❡

❝✐❞❛❞ã♦ q✉❡ é✳

❆♦ ❛♠✐❣♦ ❲❛❣♥❡r ❞❡ ❏❡s✉s P❡r❡✐r❛ ❙á✱ ♣❡❧♦s ❝♦♥st❛♥t❡s ✐♥❝❡♥t✐✈♦ ❡ ❝♦♥✜❛♥ç❛

q✉❡✱ ❣❡♥❡r♦s❛♠❡♥t❡✱ r❡❝❡❜♦✳



❆♦s ❝r✐❛❞♦r❡s ❞♦ ▼❡str❛❞♦ Pr♦✜ss✐♦♥❛❧ ❡♠ ▼❛t❡♠át✐❝❛ ❡♠ ❘❡❞❡ ◆❛❝✐♦♥❛❧✱ ♦

P❘❖❋▼❆❚✱ ✉♠ ♣r♦❥❡t♦ q✉❡ ♣♦❞❡ s❡r ❝♦♥s✐❞❡r❛❞♦ ❝♦♠♦ ✉♠❛ ❛♠♣❧✐❛çã♦ ❡♠ ❧❛r❣❛ ❡s❝❛❧❛ ❞♦

Pr♦❣r❛♠❛ ❞❡ ❆♣❡r❢❡✐ç♦❛♠❡♥t♦ ♣❛r❛ Pr♦❢❡ss♦r❡s ❞❡ ▼❛t❡♠át✐❝❛ ❞♦ ❊♥s✐♥♦ ▼é❞✐♦✱ ♦ P❆P✲

▼❊▼✱ ❛ ❝✉❥♦ ✐❞❡❛❧✐③❛❞♦r✱ ♦ s❛✉❞♦s♦ ♣r♦❢❡ss♦r ❊❧♦♥ ▲❛❣❡s ▲✐♠❛✱ r❡s♣❡✐t♦s❛ ❡ ✈✐✈❛♠❡♥t❡✱

♠❡♥❝✐♦♥♦ ❡ ❛❣r❛❞❡ç♦✳

❆♦s ❣❡st♦r❡s ❞♦ ❈❊ ❉❛②s❡ ●❛❧✈ã♦ ❞❡ ❙♦✉s❛✱ ♣r♦❢❡ss♦r❡s ▲✐❧✐❛♥ ❆ss✉♥çã♦ ❡

❋❡r♥❛♥❞♦ ❋♦♥s❡❝❛✱ ♣❡❧♦ ❡♥t❡♥❞✐♠❡♥t♦ ❡ ❝♦♠♣r❡❡♥sã♦ ❞❡♠♦♥str❛❞♦s ❞✉r❛♥t❡ ❛ ✏r❡t❛ ✜♥❛❧✑

❞♦ ❝✉rs♦ ✭❡♠ ♣❛rt✐❝✉❧❛r✱ ♥♦ ♣❡rí♦❞♦ ❞♦s ❡st✉❞♦s ❝♦♠ ✈✐st❛s à ♣r♦❞✉çã♦ ❞❡st❛ ❞✐ss❡rt❛çã♦✮✳

➚ ❈❆P❊❙✱ ♣❡❧♦ s✉♣♦rt❡ ✜♥❛♥❝❡✐r♦✳



✏❯♠ ❤♦♠❡♠ ❞❡ ♠♦r❛❧✳✳✳

✳✳✳r❡❝♦♥❤❡❝❡ ❛ q✉❡❞❛ ❡ ♥ã♦ ❞❡s❛♥✐♠❛✳

▲❡✈❛♥t❛✱ s❛❝♦❞❡ ❛ ♣♦❡✐r❛ ❡ ❞á ❛ ✈♦❧t❛ ♣♦r

❝✐♠❛✳✑

P❛✉❧♦ ❱❛♥③♦❧✐♥✐ ✭❝✐❡♥t✐st❛ ❡ ❝♦♠♣♦s✐t♦r✮



❙✉♠ár✐♦

▲✐st❛ ❞❡ ❋✐❣✉r❛s ✽

■♥tr♦❞✉çã♦ ✽
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✸ ❈♦♥s✐❞❡r❛çõ❡s ✺✶

❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s ✺✸

❆ ❉❡♠♦♥str❛çõ❡s s❡❧❡❝✐♦♥❛❞❛s ✺✺

❆✳✶ ❊①♣r❡ssã♦ ❞❛ ❞✉♣❧✐❝❛çã♦ ❞♦ ❧❛❞♦ ❞❡ ✉♠ ♣♦❧í❣♦♥♦ r❡❣✉❧❛r ❞❡ 2n ❧❛❞♦s ✳ ✳ ✳ ✳ ✺✺

❆✳✷ ❊①♣r❡ssã♦ ❞❛ t❛♥❣❡♥t❡ ❞♦ ❛r❝♦ ♠❡t❛❞❡ ❡♠ ❢✉♥çã♦ ❞♦s ❧❛❞♦s ❞♦ tr✐â♥❣✉❧♦ ✳ ✺✻



▲✐st❛ ❞❡ ❋✐❣✉r❛s
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❈♦♠♦ s❡✉ ♣ró♣r✐♦ tít✉❧♦ ✐♥❞✐❝❛✱ ❡st❛ ❞✐ss❡rt❛çã♦ ❛❜♦r❞❛ ♦ ♠ét♦❞♦ ❞❡ ✐♥❞✉çã♦ ♠❛t❡♠át✐❝❛✱

❝♦♠ ê♥❢❛s❡ ❡♠ s✉❛s ❛♣❧✐❝❛çõ❡s à ●❡♦♠❡tr✐❛✳

❆ ♣r✐♥❝✐♣❛❧ r❛③ã♦ ♣❡❧❛ q✉❛❧ ❡s❝♦❧❤❡♠♦s ❡st❡ t❡♠❛ ♣❛r❛ ❡st✉❞♦ ❢♦✐ ♥♦ss♦ ❡♥t✉s✐✲

❛s♠♦ ♣❡❧❛s ❝❤❛♠❛❞❛s ❞❡♠♦♥str❛çõ❡s ♠❛t❡♠át✐❝❛s✶✱ ❡st❡s ❛t♦s ❞❡ ♣❡rs✉❛sã♦ ❢✉♥❞❛♠❡♥t❛✲

❞♦s ❡♠ ❛r❣✉♠❡♥t❛çõ❡s ❧ó❣✐❝♦✲❞❡❞✉t✐✈❛s✱ ♣♦r ♠❡✐♦ ❞♦s q✉❛✐s ♥♦s ❝♦♥✈❡♥❝❡♠♦s ❞❡ q✉❡ ✉♠

❢❛t♦ ♠❛t❡♠át✐❝♦ ✭✉♠❛ ♣r♦♣♦s✐çã♦✱ ✉♠ ❧❡♠❛✱ ✉♠ t❡♦r❡♠❛✱ ❡t❝✳✮ é ✈á❧✐❞♦✳

❯♠ ❡♣✐só❞✐♦ ♦❝♦rr✐❞♦ q✉❛♥❞♦ ❛✐♥❞❛ ❝✉rs❛✈❛ ♦ ❡♥s✐♥♦ ♠é❞✐♦ ♠❡ ❞❡s♣❡rt♦✉ ❛

❝✉r✐♦s✐❞❛❞❡ ❡ ♦ ✐♥t❡r❡ss❡ ♣❡❧❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ s❡ ❥✉st✐✜❝❛r ✉♠❛ ❛✜r♠❛çã♦ ♠❛t❡♠át✐❝❛ ✭♣♦r

♠❛✐s ó❜✈✐❛ q✉❡ ❡st❛ ♣♦ss❛ ♣❛r❡❝❡r✮✳ ■♥❞❛❣❛❞♦ s♦❜r❡ ♦ ♣♦rq✉ê ❞❡ ♦ ❝♦♥❥✉♥t♦ ✈❛③✐♦ s❡r

s✉❜❝♦♥❥✉♥t♦ ❞❡ q✉❛❧q✉❡r ❝♦♥❥✉♥t♦✱ ♠❡✉ ♣r♦❢❡ss♦r ❞❡ ▼❛t❡♠át✐❝❛ à ❛❧t✉r❛ r❡s♣♦♥❞❡✉✲♠❡✿

✏❊♠❜♦r❛ ♥ã♦ s❡❥❛ ❡①❛t❛♠❡♥t❡ ❝♦♠♦ ❧❤❡ ❞✐❣♦✱ ✈♦❝ê ♣♦❞❡ s❡ ❝♦♥✈❡♥❝❡r ❞❛ ✈❡r❞❛❞❡ ❞❡st❡

❢❛t♦ ❜❛st❛♥❞♦ ✐♠❛❣✐♥❛r q✉❡✱ s❡ ❡❧✐♠✐♥áss❡♠♦s ❞❡st❡ ❝♦♥❥✉♥t♦ t♦❞♦s ♦s s❡✉s ❡❧❡♠❡♥t♦s✱ ♦

q✉❡ ✏s♦❜r❛r✐❛✑ s❡r✐❛ ♦ ✈❛③✐♦ ❡♠ s❡✉ ✐♥t❡r✐♦r✳✑ ❆♣❡s❛r ❞❡✱ ♥❛q✉❡❧❛ ♦❝❛s✐ã♦✱ ✐st♦ t❡r ❢❡✐t♦

❛❧❣✉♠ s❡♥t✐❞♦ ♣❛r❛ ♠✐♠✱ ♣❛ss❡✐ ❛❧❣✉♠ t❡♠♣♦ q✉❡st✐♦♥❛♥❞♦✲♠❡ s♦❜r❡ ❛ ♥❛t✉r❡③❛ ❞❡st❛

♣r♦✈❛✳✳✳ ❍♦❥❡✱ ❡♠❜♦r❛ r❡❝♦♥❤❡ç❛ ♥❡st❛ ♣❛ss❛❣❡♠ ✉♠ ❛t♦ ❞❡ ❢r❛♥q✉❡③❛ ♣♦r ♣❛rt❡ ❞❡ ♠❡✉

❛♥t✐❣♦ ♠❡str❡✱ ♣r❡♦❝✉♣❛❞♦ ❡♠ ❡s❝❧❛r❡❝❡r ❛ ❞ú✈✐❞❛ q✉❡ ♦ ❧❛♥ç❛✈❛ ❡✱ ❛✐♥❞❛✱ ❞❡ ♠♦❞♦ ❛

s❡r ❝♦♠♣r❡❡♥❞✐❞♦✱ t❡♥❤♦ ❝♦♥✈✐❝çã♦ ❞❡ q✉❡ ✉♠❛ ❞❡♠♦♥str❛çã♦ ♣❛r❛ ♦ ❢❛t♦ ❞❡ q✉❡ ∅ ⊂ A✱

q✉❛❧q✉❡r q✉❡ s❡❥❛ ♦ ❝♦♥❥✉♥t♦ A✱ ❢❡✐t❛ ♣♦r r❡❞✉çã♦ ❛♦ ❛❜s✉r❞♦✱ t❡r✐❛ s✐❞♦✱ ♣♦r ♠✐♠✱ ♥❛q✉❡❧❡

♠♦♠❡♥t♦✱ ♣❧❡♥❛♠❡♥t❡ ❝♦♠♣r❡❡♥❞✐❞❛ ❡✱ ♣♦r ✐ss♦ ♠❡s♠♦✱ ❛❝❡✐t❛✳

❆❧é♠ ❞♦ ♠❡♥❝✐♦♥❛❞♦ ❛❝✐♠❛✱ ❡♥t❡♥❞♦ s❡r ❝♦♥✈❡♥✐❡♥t❡ ❝✐t❛r ❛ ❧❡✐t✉r❛ q✉❡ ✜③

❞♦ ❛rt✐❣♦ ✐♥t✐t✉❧❛❞♦ ✏❉❡❝♦r❛r é ♣r❡❝✐s♦✱ ❞❡♠♦♥str❛r t❛♠❜é♠ é✑✱ ❞❡ ❛✉t♦r✐❛ ❞❡ ●✐❧❜❡rt♦

●❛r❜✐✷✱ ♣✉❜❧✐❝❛❞♦ ❤á ❛❧❣✉♥s ❛♥♦s ♥❛ ❘❡✈✐st❛ ❞♦ Pr♦❢❡ss♦r ❞❡ ▼❛t❡♠át✐❝❛✳ ◆❡❧❡✱ ♦ ❛✉t♦r

✶✏◆❡♥❤✉♠❛ ✐♥✈❡st✐❣❛çã♦ ❢❡✐t❛ ♣❡❧♦ ❤♦♠❡♠ ♣♦❞❡ s❡r ❝❤❛♠❛❞❛ r❡❛❧♠❡♥t❡ ❞❡ ❝✐ê♥❝✐❛ s❡ ♥ã♦ ♣✉❞❡r s❡r

❞❡♠♦♥str❛❞❛ ♠❛t❡♠❛t✐❝❛♠❡♥t❡✳✑ ✭❋r❛s❡ ❞❡✈✐❞❛ ❛♦ ♠❛t❡♠át✐❝♦✱ ❛♥❛t♦♠✐st❛✱ ❜♦tâ♥✐❝♦✱ ✐♥✈❡♥t♦r✱ ❝✐❡♥t✐st❛✱

♣♦❡t❛ ❡ ❡s❝✉❧t♦r✱ ▲❡♦♥❛r❞♦ ❞❛ ❱✐♥❝✐ ❬✶✹✺✷✕✶✺✶✾❪✱ ✉♠ ❞♦s ❤♦♠❡♥s ♠❛✐s ✐♠♣♦rt❛♥t❡s ❞♦ ❘❡♥❛s❝✐♠❡♥t♦✳✮
✷●✐❧❜❡rt♦ ●✳ ●❛r❜✐ é ❡♥❣❡♥❤❡✐r♦ ❡ ❛✉t♦r ❞♦s ❧✐✈r♦s ❆ ❘❛✐♥❤❛ ❞❛s ❈✐ê♥❝✐❛s ❡ ❖ ❘♦♠❛♥❝❡ ❞❛s ❊q✉❛çõ❡s

❆❧❣é❜r✐❝❛s✱ ♣✉❜❧✐❝❛❞♦s ♣❡❧❛ ❡❞✐t♦r❛ ▲✐✈r❛r✐❛ ❞❛ ❋ís✐❝❛✳ ❙❡✉ ❛rt✐❣♦ ❝✐t❛❞♦ ♥♦ t❡①t♦ ♣♦❞❡ s❡r ❝♦♥s✉❧t❛❞♦ ♥❛

♣á❣✐♥❛ ❡❧❡trô♥✐❝❛ ❞❛ ❘❡✈✐st❛ ❞♦ Pr♦❢❡ss♦r ❞❡ ▼❛t❡♠át✐❝❛✱ ❜❛st❛♥❞♦ ♣❛r❛ ✐ss♦ ❛❝❡ss❛r ♦ ❝❛♠♣♦ ✏❆rt✐❣♦s

P✉❜❧✐❝❛❞♦s✑✳



✶✵

tr❛t❛ ❞♦ ✭❢❛❧s♦✮ ❞✐❧❡♠❛ ❡♥tr❡ ❝♦♠♣r❡❡♥❞❡r ❡ ♠❡♠♦r✐③❛r ✭♦✉ ❞❡❝♦r❛r ❡ ❡♥t❡♥❞❡r✮✱ ❛❧❡rt❛♥❞♦✲

♥♦s ♣❛r❛ ♦ ❢❛t♦ ❞❡ q✉❡ ♦ ✐❞❡❛❧ s❡r✐❛ q✉❡ ❛ ❝♦♠♣r❡❡♥sã♦ ♣r❡❝❡❞❡ss❡ ❛ ♠❡♠♦r✐③❛çã♦✱ ✉♠❛

♥ã♦ ❡①❝❧✉✐♥❞♦ ❛ ♦✉tr❛✳ ❊①♣õ❡ ♦ ❛✉t♦r✱ ❛✐♥❞❛✱ ❛s r❛③õ❡s ♣❡❧❛s q✉❛✐s ❝♦♥s✐❞❡r❛ ♣r❡❥✉❞✐❝✐❛❧

♦ ❡♥❢♦q✉❡ ✉t✐❧✐t❛r✐st❛ q✉❡✱ ♣♦r ✈❡③❡s✱ é ❞❛❞♦ à ▼❛t❡♠át✐❝❛✱ ♦ q✉❡ ❛❝❛❜❛ ♣♦r ❧✐♠✐t❛r ♦

r❛❝✐♦❝í♥✐♦ ❡✱ ❝♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛✱ ♣♦r ❞✐✜❝✉❧t❛r ❛ ❛q✉✐s✐çã♦ ❞❛ ❝❛♣❛❝✐❞❛❞❡ ❞❡ ♣❡♥s❛r ❞❡

❢♦r♠❛ ❣❡♥ér✐❝❛ ❡ ❛❜str❛t❛✱ ❛❧❣♦ tã♦ ✐♠♣♦rt❛♥t❡ às ♣❡ss♦❛s r❡❛❧♠❡♥t❡ ❝✉❧t❛s✳

P♦rt❛♥t♦✱ ❝❤❡❣❛❞❛ ❛ ❤♦r❛ ❞❡ ❞❡❝✐❞✐r s♦❜r❡ ♦ t❡♠❛ ❞❡st❛ ❞✐ss❡rt❛çã♦✱ ❞ú✈✐❞❛s

♥ã♦ ❤♦✉✈❡r❛♠✳ ❊♠ ✈❡r❞❛❞❡✱ ❡r❛ ❛♣❡♥❛s q✉❡stã♦ ❞❡ s❡ ❡s❝♦❧❤❡r ❛ ✏♠❡❧❤♦r r♦t❛✑ ❛ s❡❣✉✐r✱

♥♦ q✉❡ ❛s ❞✐s❝✐♣❧✐♥❛s ▼❛t❡♠át✐❝❛ ❉✐s❝r❡t❛ ❡ ❆r✐t♠ét✐❝❛ ✭❝✉rs❛❞❛s ♥♦s ♣r✐♠❡✐r♦s s❡♠❡str❡s

❞♦ ♠❡str❛❞♦✮ ♠✉✐t♦ ❝♦♥tr✐❜✉ír❛♠✱ ♥❛ ♠❡❞✐❞❛ ❡♠ q✉❡ ♥♦s ❡①♣✉♥❤❛♠ ❛ ✐♠♣♦rtâ♥❝✐❛ ❡

✉t✐❧✐❞❛❞❡ ❞♦ ♠ét♦❞♦ ❞❡ ❞❡♠♦♥str❛çã♦ ♣♦r ✐♥❞✉çã♦ ♠❛t❡♠át✐❝❛ ♥❛ ♣r♦✈❛ ❞❡ ♣r♦❜❧❡♠❛s

❛❧❣é❜r✐❝♦s ❡ ❛r✐t♠ét✐❝♦s✳

❖s ❡①❡r❝í❝✐♦s ❡ ♣r♦❜❧❡♠❛s ❝♦❧✐❣✐❞♦s ♥❡st❡ tr❛❜❛❧❤♦ ❢♦r❛♠ ❡①tr❛í❞♦s✱ ❡♠ s✉❛

♠❛✐♦r✐❛✱ ❞♦s ♣❡q✉❡♥♦s✱ ♣♦ré♠ ❞❡ ✐♥❡st✐♠á✈❡❧ ✈❛❧♦r ❡❞✉❝❛t✐✈♦✱ ❧✐✈r♦s ▼ét♦❞♦ ❞❡ ■♥❞✉❝❝✐ó♥

▼❛t❡♠át✐❝❛ ❡ ■♥❞✉❝❝✐ó♥ ❡♥ ❧❛ ●❡♦♠❡trí❛✱ ❞❛ sér✐❡ ▲❡❝❝✐♦♥❡s P♦♣✉❧❛r❡s ❞❡ ▼❛t❡♠át✐❝❛s✱

❞❛ ❊❞✐t♦r❛ ▼✐r✳ ❖ s❡❣✉♥❞♦ ❞❡❧❡s ❢❛③✱ ❛✐♥❞❛✱ ❝♦♥❡①õ❡s ❝♦♠ ♦✉tr❛s ár❡❛s ❞❛ ▼❛t❡♠át✐❝❛

✭❛❧é♠ ❞❛ ●❡♦♠❡tr✐❛✮✱ ❝♦♠♦ ❛ ❚❡♦r✐❛ ❞♦s ●r❛❢♦s ❡ ❛ ❈♦♠❜✐♥❛tór✐❛✱ ❛❜♦r❞❛♥❞♦ ♣r♦❜❧❡♠❛s

s♦❜r❡ ♠❛♣❛s ❣❡♦❣rá✜❝♦s ❡ ❜♦❛ ❝♦❧♦r❛çã♦ ❞❡ ♠❛♣❛s✱ ❛q✉✐ ♥ã♦ ❡①♣❧♦r❛❞♦s✳ ◆♦s ❡①❡r❝í❝✐♦s

✉t✐❧✐③♦ ♦ sí♠❜♦❧♦ � ♣❛r❛ ♠❛r❝❛r ♦ ✜♥❛❧ ❞❛ ❞❡♠♦♥str❛çã♦✱ ❝♦♥q✉❛♥t♦ q✉❡✱ ♥♦s ♣r♦❜❧❡♠❛s✱

♦ sí♠❜♦❧♦ � é ✉s❛❞♦ ❛♦ tér♠✐♥♦ ❞❛ ♣r♦✈❛ ✭✐♥t✐t✉❧❛❞❛ ♣♦r s♦❧✉çã♦✮✳

❆ s❡❣✉✐r✱ é ❞❛❞❛ ✉♠❛ s✉❝✐♥t❛ ❞❡s❝r✐çã♦ ❞❡ ❝❛❞❛ ✉♠ ❞♦s ❞♦✐s ❝❛♣ít✉❧♦s ❡♠ q✉❡

❡st❡ tr❛❜❛❧❤♦ ❡stá ❞✐✈✐❞✐❞♦✳

❯♠ ❡①♣❧✐❝❛çã♦ ❛❝❡r❝❛ ❞❛s ❞✐❢❡r❡♥ç❛s ❡①✐st❡♥t❡s ❡♥tr❡ ♦s s✐❣♥✐✜❝❛❞♦s ❞❛s ❡①♣r❡s✲

sõ❡s r❛❝✐♦❝í♥✐♦ ✐♥❞✉t✐✈♦ ❡ ✐♥❞✉çã♦ ♠❛t❡♠át✐❝❛✱ ❛❧é♠ ❞❡ ❛❧❣✉♥s ❡①❡♠♣❧♦s ❞❡ ❞❡♠♦♥str❛çõ❡s

❞❡ ♣r♦❜❧❡♠❛s ❛❧❣é❜r✐❝♦s ❡ ❛r✐t♠ét✐❝♦s✱ r❡❛❧✐③❛❞❛s ❝♦♠ ❜❛s❡ ♥♦ ♠ét♦❞♦ ❞❡ ✐♥❞✉çã♦ ♠❛t❡✲

♠át✐❝❛✱ sã♦ ❢♦r♥❡❝✐❞♦s ♥♦ ❈❛♣ít✉❧♦ ✶✳ ❙❡✉ ♦❜❥❡t✐✈♦ é ✏♣r❡♣❛r❛r ♦ t❡rr❡♥♦✑ ♣❛r❛ ♦ ❝❛♣ít✉❧♦

s❡❣✉✐♥t❡✱ q✉❡ tr❛t❛ ❞♦ ✉s♦ ❞❛ ✐♥❞✉çã♦ ♥❛ ●❡♦♠❡tr✐❛✳

❖ ❈❛♣ít✉❧♦ ✷ é ♦ ❝❡r♥❡ ❞❡st❛ ❞✐ss❡rt❛çã♦✳ ◆❡❧❡✱ sã♦ ❡①✐❜✐❞❛s ❛❧❣✉♠❛s ❛♣❧✐❝❛çõ❡s

❞♦ ♠ét♦❞♦ ❞❡ ✐♥❞✉çã♦ ♠❛t❡♠át✐❝❛ ❢❡✐t❛s ❡♠ ♣r♦❜❧❡♠❛s ❡①tr❛í❞♦s ❞❛ ●❡♦♠❡tr✐❛✳ ❋♦✐

❞✐✈✐❞✐❞♦ ❡♠ três s❡çõ❡s✱ ♥❛s q✉❛✐s ♦s ♣r♦❜❧❡♠❛s ❡stã♦ ❛ss✐♠ ♥♦♠❡❛❞♦s✿ ♣r♦❜❧❡♠❛s ❞❡

❝á❧❝✉❧♦✱ ❞❡ ❞❡♠♦♥str❛çõ❡s ❡ ❞❡ ❝♦♥str✉çõ❡s ❣❡♦♠étr✐❝❛s✳ P❛r❛ ❛❧é♠ ❞❡ ✉♠❛ ✏s✐♠♣❧❡s✑

❝♦♠♣✐❧❛çã♦ ❞❡ ❡①❡r❝í❝✐♦s✲♣r♦❜❧❡♠❛✱ ❡st❡ ❝❛♣ít✉❧♦ t❛♠❜é♠ s❡ ♣r❡st❛ ❛ ❛♣r❡s❡♥t❛r ❞✐❢❡r❡♥t❡s



✶✶

♠♦❞♦s ❞❡ s❡ ❛♣❧✐❝❛r ♦ ♠ét♦❞♦ ❞❡ ✐♥❞✉çã♦✱ ❞❡ ❛❝♦r❞♦ ❝♦♠♦ ♦ t✐♣♦ ❞❡ ♣r♦❜❧❡♠❛ ❣❡♦♠étr✐❝♦

❛❜♦r❞❛❞♦✳ ❆❧é♠ ❞✐ss♦✱ ♦s ♣ró♣r✐♦s ♣r♦❜❧❡♠❛s ✭❡♠ ❛❧❣✉♥s ❝❛s♦s✱ ♣❡❧♦ ♠❡♥♦s✮ ❥á ❤❛✈❡rã♦

❞❡ ❞❡s♣❡rt❛r ✐♥t❡r❡ss❡ ♣♦r s✐ ♣ró♣r✐♦s✱ ♥❛ ♠❡❞✐❞❛ ❡♠ q✉❡ s♦❧✐❝✐t❛♠ ❞❡ q✉❡♠ ♣r❡t❡♥❞❛

r❡s♦❧✈ê✲❧♦s ✭❛♥t❡s ♠❡s♠♦ ❞❛ ❛♣❧✐❝❛çã♦ ❞❛ ✐♥❞✉çã♦✮ ❜♦❛ ❞♦s❡ ❞❡ ❡♥❣❡♥❤♦s✐❞❛❞❡✳ ❊♠ ❛❧❣✉♥s

❞❡❧❡s ✭❡s♣❡❝✐✜❝❛♠❡♥t❡✱ ♥♦s ❝♦r♦❧ár✐♦s✮✱ ❛❧✐ás✱ ♣❛r❛ s✉❛ r❡s♦❧✉çã♦✱ ♥ã♦ ✜③❡♠♦s ✉s♦ ❞✐r❡t♦ ❞♦

♠ét♦❞♦ ❞❡ ✐♥❞✉çã♦❀ ❛ ❞❡❝✐sã♦ ❞❡ ✐♥❝❧✉í✲❧♦s ♥♦ tr❛❜❛❧❤♦ é ❞❡✈✐❞❛ ❛♦ ❢❛t♦ ❞❡ q✉❡✱ ♥♦ ♣r♦❝❡ss♦

❞❡ ❜✉s❝❛ ❞❛ s♦❧✉çã♦✱ sã♦ ✉t✐❧✐③❛❞♦s r❡s✉❧t❛❞♦s q✉❡✱ ♣♦r s✉❛ ✈❡③✱ ❢♦r❛♠ ❞❡♠♦♥str❛❞♦s ♣♦r

✐♥❞✉çã♦✳

P♦r ✜♠✱ ❞❡✈❡ s❡r s❛❧✐❡♥t❛❞♦ q✉❡ ❡st❡ tr❛❜❛❧❤♦ ♣r❡t❡♥❞❡ s❡r ❝❛♣❛③ ❞❡ ✐♥❞✉✲

③✐r ♣r♦❢❡ss♦r❡s ❡ ♣r♦❢❡ss♦r❛s ✭❡ ❛ q✉❡♠ ♠❛✐s s❡ ♦❝✉♣❛ ❞❡ ▼❛t❡♠át✐❝❛✮ ❛ s❡ ❛♣r♦♣r✐❛r

❞♦ ♠ét♦❞♦ ❞❡ ✐♥❞✉çã♦ ♠❛t❡♠át✐❝❛✱ ❝♦♠♣r❡❡♥❞❡♥❞♦ s✉❛ ❛t✉❛çã♦ ✐♥❞✐s♣❡♥sá✈❡❧ ♥❛ ♣r♦✈❛

❞❡ ♣r♦♣♦s✐çõ❡s q✉❡✱ ❞❡ ❛❧❣✉♠❛ ❢♦r♠❛✱ r❡❧❛❝✐♦♥❛♠ ♦s ♥ú♠❡r♦s ♥❛t✉r❛✐s✱ ❞♦♠✐♥❛♥❞♦ s✉❛s

❢❛❝❡t❛s ❡ s❡✉s ❞✐✈❡rs♦s ♠♦❞♦s ❞❡ ✉t✐❧✐③❛çã♦ ✭❡♠ ♣❛rt✐❝✉❧❛r✱ ❛q✉❡❧❡s ♠❛✐s ❧✐❣❛❞♦s à ●❡♦✲

♠❡tr✐❛✱ ❝♦♠♦ ♦s q✉❡ ❛q✉✐ ❢♦r❛♠ ❡①♣❧♦r❛❞♦s✮ ❡✱ ❡♠ s❡♥❞♦ ♣♦ssí✈❡❧✱ ❝r✐❛♥❞♦ ❝♦♥❞✐çõ❡s ♣❛r❛

q✉❡ ♦s ❡st✉❞❛♥t❡s ✭❡♠ ❡s♣❡❝✐❛❧✱ ♦s ❞❛ ❡s❝♦❧❛ ❜ás✐❝❛ ❡ ❛q✉❡❧❡s ❞♦s ♣r✐♠❡✐r♦s ♣❡rí♦❞♦s ❞♦

❡♥s✐♥♦ ✉♥✐✈❡rs✐tár✐♦✮✱ ❞❡s❞❡ ❧♦❣♦✱ s❡❥❛♠ ♣♦st♦s ❡♠ ❝♦♥t❛t♦ ❝♦♠ ❡st❛ ❡❧❡❣❛♥t❡ té❝♥✐❝❛ ❞❡

❞❡♠♦♥str❛çã♦ ♠❛t❡♠át✐❝❛ ❡ ✐♠♣r❡ss✐♦♥❛♥t❡ ❢♦r♠❛ ❞❡ s❡✱ ♣♦r ❛ss✐♠ ❞✐③❡r✱ ❧✐❞❛r ❝♦♠ ♦

✐♥✜♥✐t♦✦



✶✷

✶ ❖ ♠ét♦❞♦ ❞❡ ✐♥❞✉çã♦ ♠❛t❡♠át✐❝❛

✶✳✶ ❘❛❝✐♦❝í♥✐♦ ✐♥❞✉t✐✈♦

❉❡♥♦♠✐♥❛✲s❡ ✐♥❞✉çã♦ ❛ t♦❞♦ r❛❝✐♦❝í♥✐♦ q✉❡ ❝♦♠♣r❡❡♥❞❡ ❛ ♣❛ss❛❣❡♠ ❞❡ ♣r♦♣♦s✐çõ❡s ♣❛r✲

t✐❝✉❧❛r❡s ❛ ♣r♦♣♦s✐çõ❡s ❣❡r❛✐s✱ ❝♦♠ ❛ ♣❡❝✉❧✐❛r✐❞❛❞❡ ❞❡ q✉❡ ❛ ✈❛❧✐❞❛❞❡ ❞❛s ú❧t✐♠❛s s❡ ❞❡✲

♣r❡❡♥❞❡ ❞❛ ✈❛❧✐❞❛❞❡ ❞❛s ♣r✐♠❡✐r❛s✳

❊①❡♠♣❧♦s ❞❡ ♣r♦♣♦s✐çõ❡s ✭♦✉ ❛✜r♠❛çõ❡s✮ ❣❡r❛✐s sã♦ ❛s s❡❣✉✐♥t❡s✿

❼ ❚♦❞♦s sã♦ ✐❣✉❛✐s ♣❡r❛♥t❡ ❛ ❧❡✐✱ s❡♠ ❞✐st✐♥çã♦ ❞❡ q✉❛❧q✉❡r ♥❛t✉r❡③❛✱ ❣❛r❛♥t✐♥❞♦✲s❡

❛♦s ❜r❛s✐❧❡✐r♦s ❡ ❛♦s ❡str❛♥❣❡✐r♦s r❡s✐❞❡♥t❡s ♥♦ P❛ís ❛ ✐♥✈✐♦❧❛❜✐❧✐❞❛❞❡ ❞♦ ❞✐r❡✐t♦ à

✈✐❞❛✱ à ❧✐❜❡r❞❛❞❡✱ à ✐❣✉❛❧❞❛❞❡✱ à s❡❣✉r❛♥ç❛ ❡ à ♣r♦♣r✐❡❞❛❞❡✱ ❬✳ ✳ ✳ ❪ ✭❈♦♥st✐t✉✐çã♦

❋❡❞❡r❛❧✱ ❈❛♣ít✉❧♦ ■✱ ❛rt✐❣♦ ✺➸✮✳

❼ ❊♠ t♦❞♦ tr✐â♥❣✉❧♦✱ ♦ ❜❛r✐❝❡♥tr♦ ✭♣♦♥t♦ ❞❡ ✐♥t❡rs❡❝çã♦ ❞❛s três ♠❡❞✐❛♥❛s✮ ❞✐✈✐❞❡

❝❛❞❛ ✉♠❛ ❞❛s ♠❡❞✐❛♥❛s ❞❡ t❛❧ ♠♦❞♦ q✉❡ ♦ ♠❛✐♦r s❡❣♠❡♥t♦ é ♦ ❞♦❜r♦ ❞♦ ♠❡♥♦r✳

❼ ❯♠ ♥ú♠❡r♦ ❝✉❥❛ s♦♠❛ ❞♦s ❛❧❣❛r✐s♠♦s é ♠ú❧t✐♣❧♦ ❞❡ ✾ é✱ ❡❧❡ ♣ró♣r✐♦✱ ♠ú❧t✐♣❧♦ ❞❡ ✾✳

❙✉❛s ❝♦rr❡s♣♦♥❞❡♥t❡s ♣r♦♣♦s✐çõ❡s ♣❛rt✐❝✉❧❛r❡s ❡♥❝♦♥tr❛♠✲s❡ ❛❜❛✐①♦✱ ♥❛ ♠❡s♠❛ ♦r❞❡♠ ❞❛s

s✉❛s ❣❡r❛✐s✿

❼ ❏♦ã♦✱ ✉♠ ♠❛r❛♥❤❡♥s❡✱ é ✐❣✉❛❧ ♣❡r❛♥t❡ ❛ ❧❡✐✱ ❛ ❋r❛♥❝✐s❝♦✱ ✉♠ ❝❡❛r❡♥s❡✳

❼ ❖ ❜❛r✐❝❡♥tr♦ G ❞♦ tr✐â♥❣✉❧♦ ABC ❞✐✈✐❞❡ ♦ s❡❣♠❡♥t♦ AM1 ♥❛ r❛③ã♦ AG

GM1

= 2✱ s❡♥❞♦

M1 ♦ ♣♦♥t♦ ♠é❞✐♦ ❞♦ ❧❛❞♦ BC✳

❼ ✶✵✵✵✽ é ❞✐✈✐sí✈❡❧ ♣♦r ✾✳

❊♥tr❡t❛♥t♦✱ r❡❛❧✐③❛❞❛ ❝♦♠ ❜❛s❡ ❛♣❡♥❛s ♥❛ ✈❡r❛❝✐❞❛❞❡ ❞❡ ✭❛❧❣✉♥s✮ ❝❛s♦s ♣❛rt✐✲

❝✉❧❛r❡s✱ ❛ ✏✐♥❞✉çã♦✑✶ ♥❡♠ s❡♠♣r❡ ♥♦s ❧❡✈❛ ❛ ❝♦♥❝❧✉sõ❡s ✈❡r❞❛❞❡✐r❛s✳

✶❆s ❛s♣❛s ❛í s❡r✈❡♠ ♣❛r❛ s✉❣❡r✐r q✉❡ ❛ ♣❛❧❛✈r❛ ✐♥❞✉çã♦ ❡stá s❡♥❞♦ ✉s❛❞♦ ❝♦♠ ♦ s❡♥t✐❞♦ ❞❡ ♣r♦❝❡ss♦

❞❡ ♣❛ss❛❣❡♠ ❞❡ ✉♠❛ ❛✜r♠❛çã♦ ♣❛rt✐❝✉❧❛r à s✉❛ ❝♦rr❡s♣♦♥❞❡♥t❡ ❣❡r❛❧✳



✶✳✶ ❘❛❝✐♦❝í♥✐♦ ✐♥❞✉t✐✈♦ ✶✸

❱❡❥❛♠♦s ✐st♦ ♥❛s ❞✉❛s s✐t✉❛çõ❡s ❛❜❛✐①♦✳

❙✐t✉❛çã♦ ✶

✶✵✵✵✽ é ❞✐✈✐sí✈❡❧ ♣♦r ✾✳ ✭✶✳✶✳✶✮

❯♠ ♥ú♠❡r♦ ❝✉❥❛ s♦♠❛ ❞♦s ❛❧❣❛r✐s♠♦s é ♠ú❧t✐♣❧♦ ❞❡ ✾ é✱ ❡❧❡ ♣ró♣r✐♦✱ ♠ú❧t✐♣❧♦ ❞❡ ✾✳

✭✶✳✶✳✷✮

❈♦♠ ❜❛s❡ ♥❛ ❆✜r♠❛çã♦ ✭✶✳✶✳✶✮✱ ♦❜t✐✈❡♠♦s ❛ ❆✜r♠❛çã♦ ✭✶✳✶✳✷✮✱ q✉❡ s❛❜❡♠♦s

s❡r ✈❡r❞❛❞❡✐r❛✳

❙✐t✉❛çã♦ ✷

✶✵✵✵✽ é ❞✐✈✐sí✈❡❧ ♣♦r ✾✳ ✭✶✳✶✳✸✮

❚♦❞♦s ♦s ♥ú♠❡r♦s q✉❡ ❝♦♠❡ç❛♠ ❝♦♠ ✶ ❡ t❡r♠✐♥❛♠ ❝♦♠ ✽ sã♦ ♠ú❧t✐♣❧♦s ❞❡ ✾✳ ✭✶✳✶✳✹✮

❇❛s❡❛♥❞♦✲♥♦s ♥❛ Pr♦♣♦s✐çã♦ P❛rt✐❝✉❧❛r ✭✶✳✶✳✸✮✱ ❝❤❡❣❛♠♦s à Pr♦♣♦s✐çã♦ ●❡r❛❧

✭✶✳✶✳✹✮✱ ✐♥✈❡rí❞✐❝❛✱ ❝♦♠♦ s❛❜❡♠♦s✳

❖ ❡♠♣r❡❣♦ ❞♦ r❛❝✐♦❝í♥✐♦ ✐♥❞✉t✐✈♦ ❡♠ ▼❛t❡♠át✐❝❛✱ ❡s♣❡❝✐✜❝❛♠❡♥t❡ ❡♠ s✐t✉❛✲

çõ❡s ❡♥✈♦❧✈❡♥❞♦ ♦s ♥ú♠❡r♦s ♥❛t✉r❛✐s✱ ♣❛r❛ q✉❡ r❡s✉❧t❡ ❡♠ ❝♦♥❝❧✉sã♦ ❝♦rr❡t❛✱ ❞❡✈❡✱ ❛❧é♠

❞❡ s❡ ❜❛s❡❛r ♥❛ ✈❡r❛❝✐❞❛❞❡ ❞❡ ✉♠❛ ♣r♦♣♦s✐çã♦ ♣❛rt✐❝✉❧❛r ✭♦✉ ❞❡ ♣r♦♣♦s✐çõ❡s ♣❛rt✐❝✉❧❛✲

r❡s✮✱ s✉❜♠❡t❡r✲s❡ ❛ ♠❛✐s ✉♠ t❡st❡✱ q✉❛❧ s❡❥❛✱ ❛ ❝♦♥st❛t❛çã♦ ❞❡ q✉❡ ❛ ✈❡r❛❝✐❞❛❞❡ ❞♦ q✉❡

s❡ ❛✜r♠❛ ♣❛r❛ ✉♠ ❞❛❞♦ ♥❛t✉r❛❧ n ❛❝❛rr❡t❛ ❛ ✈❡r❛❝✐❞❛❞❡ ❞❡st❛ ❛✜r♠❛çã♦ ♣❛r❛ ♦ ♥❛t✉r❛❧

n + 1✳ ◆✐st♦ ❝♦♥s✐st❡ ♦ ♠ét♦❞♦ ❞❡ ✐♥❞✉çã♦ ♠❛t❡♠át✐❝❛✱ ❢✉♥❞❛♠❡♥t❛❞♦ ♥♦ ♣r✐♥❝í♣✐♦✷ ❞❡

✐♥❞✉çã♦ ♠❛t❡♠át✐❝❛✳

▼❛s✱ ❛♥t❡s ❞❡ tr❛t❛r ❞♦ ♠ét♦❞♦ ❡ ❞♦ ♣r✐♥❝í♣✐♦✱ ✈❡❥❛♠♦s ❛❧❣✉♥s ❡①❡♠♣❧♦s ❞❡

r❛❝✐♦❝í♥✐♦s ❡♠ q✉❡✱ ♣r❡t❡♥s❛♠❡♥t❡✱ s❡ ❛♣❧✐❝❛ ❛ ✐♥❞✉çã♦ ❝♦rr❡t❛♠❡♥t❡✳

❊①❡♠♣❧♦ ✶✳✶✳✶✳ ❙❡❥❛

Sn =
1

1 · 3 +
1

3 · 5 +
1

5 · 7 + · · ·+ 1

(2n− 1)(2n+ 1)
,

♦♥❞❡ n é ✉♠ ♥ú♠❡r♦ ♥❛t✉r❛❧ ✭q✉❛❧q✉❡r✮✳

✷❆q✉✐✱ ✉t✐❧✐③♦ ❛ ♣❛❧❛✈r❛ ♣r✐♥❝í♣✐♦ ❝♦♠♦ s✐♥ô♥✐♠♦ ❞❡ ❛①✐♦♠❛✳ ❊♠❜♦r❛ ♥ã♦ ♠✉✐t♦ ❢r❡q✉❡♥t❡ ♥❛ ❧✐t❡r❛t✉r❛

s♦❜r❡ ♦ ❛ss✉♥t♦✱ ❡st❛ ♣rát✐❝❛ ♣♦❞❡ s❡r ✈✐st❛✱ ♣♦r ❡①❡♠♣❧♦✱ ❡♠ ❬✼❪✱ ♣á❣✐♥❛ ✷✳



✶✳✶ ❘❛❝✐♦❝í♥✐♦ ✐♥❞✉t✐✈♦ ✶✹

❊①❛♠✐♥❛♥❞♦ ♦s ✈❛❧♦r❡s Sn ♣❛r❛ ♦s ♣r✐♠❡✐r♦s ✹ ♥❛t✉r❛✐s✱ ✈❡♠♦s q✉❡

S1 =
1

1 · 3 =
1

3
,

S2 =
1

1 · 3 +
1

3 · 5 =
2

5
,

S3 =
1

1 · 3 +
1

3 · 5 +
1

5 · 7 =
3

7
,

S4 =
1

1 · 3 +
1

3 · 5 +
1

5 · 7 +
1

7 · 9 =
4

9
.

❈♦♠ ❜❛s❡ ♥❡st❡ ❡①❛♠❡ ♣♦❞❡♠♦s ❛✜r♠❛r✱ ❡♥tã♦✱ q✉❡✱ ♣❛r❛ t♦❞♦ ♥ú♠❡r♦ ♥❛t✉r❛❧

n✱ t❡♠✲s❡ q✉❡

Sn =
n

2n+ 1
.

❊①❡♠♣❧♦ ✶✳✶✳✷ ✭▲❡✐❜♥✐③ ✮✳ ❖ ♥♦tá✈❡❧ ♠❛t❡♠át✐❝♦ ✭❥✉r✐st❛ ❡ ✜❧ós♦❢♦✮ ❛❧❡♠ã♦ ●♦tt❢r✐❡❞

❲✐❧❤❡❧♠ ▲❡✐❜♥✐③ ❞❡♠♦♥str♦✉ q✉❡ n3−n é ❞✐✈✐sí✈❡❧ ♣♦r ✸✱ n5−n é ❞✐✈✐sí✈❡❧ ♣♦r ✺ ❡ n7−n

é ❞✐✈✐sí✈❡❧ ♣♦r ✼✱ ♣❛r❛ t♦❞♦ ♥ú♠❡r♦ ♥❛t✉r❛❧ n✳ ❆ ♣❛rt✐r ❞✐ss♦✱ ❝♦♥❝❧✉í♠♦s q✉❡ k é ❞✐✈✐s♦r

❞❡ nk − n✱ q✉❛✐sq✉❡r q✉❡ s❡❥❛♠ ♦ ♥ú♠❡r♦ í♠♣❛r k ❡ ♦ ♥ú♠❡r♦ ♥❛t✉r❛❧ n✳

❆♥❛❧✐s❡♠♦s✱ ❛❣♦r❛✱ ❛ r❛③ã♦ ♣❡❧❛ q✉❛❧ ♥ã♦ sã♦ ❛❝❡✐tá✈❡✐s ♦s r❛❝✐♦❝í♥✐♦s ✉t✐❧✐③❛❞♦s

♥♦s ❞♦✐s ❡①❡♠♣❧♦s ❛♥t❡r✐♦r❡s ✭❡ ❞❛í ♣♦rq✉❡ ♦ t❡r♠♦ ♣r❡t❡♥s❛♠❡♥t❡✱ ✉s❛❞♦ ❛❝✐♠❛✮✳

❊♠ ❛♠❜♦s ♦s ❝❛s♦s✱ ❝❤❡❣❛♠♦s à ✉♠❛ ✏❝♦♥❝❧✉sã♦✑ ♦✉✱ ❡♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱

❡♥✉♥❝✐❛♠♦s ✉♠❛ ♣r♦♣♦s✐çã♦ ❣❡r❛❧✱ r❡❢❡r❡♥t❡ ❛ q✉❛❧q✉❡r n ♥❛t✉r❛❧✱ t♦♠❛♥❞♦ ❝♦♠♦ ❜❛s❡ ♦

❢❛t♦ ❞❡ q✉❡✱ ❡♠ ❝❛❞❛ ✉♠ ❞❡❧❡s✱ ❛ ♣r♦♣♦s✐çã♦ ♠♦str♦✉✲s❡ ✈❡r❞❛❞❡✐r❛ ♣❛r❛ ❛❧❣✉♥s ✈❛❧♦r❡s

❞❡ n✳

❊♥tr❡t❛♥t♦✱ ❡♠❜♦r❛ ❛ ✈❡r❛❝✐❞❛❞❡ ❞❡ ✉♠❛ ❛✜r♠❛çã♦ ♣♦ss❛ s❡r ❝♦♥st❛t❛❞❛ ❡♠

❛❧❣✉♥s ❞❡ s❡✉s ❝❛s♦s ♣❛rt✐❝✉❧❛r❡s✱ ✐st♦ ♣♦r s✐ só ♥ã♦ ❣❛r❛♥t❡ ❛ ❝♦♥❝❧✉sã♦ ❞❡ s✉❛ ✈❡r❛❝✐❞❛❞❡

✏s❡♠♣r❡✑✱ ♦✉ s❡❥❛✱ q✉❛♥❞♦ n ❛ss✉♠❡ t♦❞♦s ♦s ✈❛❧♦r❡s ♥❛t✉r❛✐s✳ P♦rt❛♥t♦✱ ❛✐♥❞❛ q✉❡ ❤❛❥❛

✐♥❞í❝✐♦s ❞❡ q✉❡ s❡ tr❛t❛ ❞❡ ✉♠❛ ❛✜r♠❛çã♦ ❝♦rr❡t❛✱ é ♣r❡♠❛t✉r❛ s✉❛ ❝♦♥❝❧✉sã♦ ❝♦♠ ❜❛s❡

❛♣❡♥❛s ❡♠ ❛❧❣✉♥s ❞❡ s❡✉s ❝❛s♦s ♣❛rt✐❝✉❧❛r❡s✳

❈❛s✉❛❧♠❡♥t❡✱ ♥♦ ❊①❡♠♣❧♦ ✶✱ ❛ ♣r♦♣♦s✐çã♦ ❣❡r❛❧ ❡♥✉♥❝✐❛❞❛ é ✈❡r❞❛❞❡✐r❛ ✭❛

❥✉st✐✜❝❛t✐✈❛ s❡rá ❞❛❞❛ ♠❛✐s ❛❞✐❛♥t❡✮❀ ♥♦ ❡♥t❛♥t♦✱ ♥♦ ❊①❡♠♣❧♦ ✷✱ ❛ ♣r♦♣♦s✐çã♦ s❡ ♠♦str❛

❢❛❧s❛ ♣❛r❛ n = 2 ❡ k = 9✱ ♣♦r ❡①❡♠♣❧♦✱ ♣♦✐s ✾ ♥ã♦ é ❞✐✈✐s♦r ❞❡ 29 − 2 = 510✳

❱❡❥❛♠♦s✱ ❛ s❡❣✉✐r✱ ♠❛✐s ❛❧❣✉♥s ❡①❡♠♣❧♦s ❞❡ ♣r♦♣♦s✐çõ❡s ❝♦rr❡t❛s ❡♠ ✈ár✐♦s

❝❛s♦s ♣❛rt✐❝✉❧❛r❡s✱ ♠❛s ♥ã♦ ♥♦ ❝❛s♦ ❣❡r❛❧✳

❊①❡♠♣❧♦ ✶✳✶✳✸✳ ❖ tr✐♥ô♠✐♦ n2 + n + 41✱ ♣❡❧♦ q✉❛❧ ▲❡♦♥❤❛r❞ ❊✉❧❡r ✐♥t❡r❡ss♦✉✲s❡✱ ♣❛r❛

n ✈❛r✐❛♥❞♦ ❡♥tr❡ ♦s ♥❛t✉r❛✐s ❞❡ ✶ ❛ ✸✾✱ r❡s✉❧t❛ ✉♠ ♥ú♠❡r♦ ♣r✐♠♦✳ ❙❡r✐❛ ❞❡ ❡s♣❡r❛r✱ ❞❛í✱



✶✳✶ ❘❛❝✐♦❝í♥✐♦ ✐♥❞✉t✐✈♦ ✶✺

q✉❡ ♣❛r❛ ♦s ❞❡♠❛✐s ♥❛t✉r❛✐s n✱ ❛ ❡①♣r❡ssã♦ n2 + n + 41 r❡s✉❧t❛ss❡✱ t❛♠❜é♠✱ ✉♠ ♣r✐♠♦✳

◆♦ ❡♥t❛♥t♦✱ é ❢á❝✐❧ ✈❡r q✉❡ ♣❛r❛ n = 40 ❡st❡ tr✐♥ô♠✐♦ é ✐❣✉❛❧ ❛ 412✱ ♥ú♠❡r♦ ❝♦♠♣♦st♦✳

❊✱ ❝❧❛r❛♠❡♥t❡✱ s❡ n = 41✱ t❡♠✲s❡ t❛♠❜é♠ ♣❛r❛ ♦ tr✐♥ô♠✐♦ ✉♠ ♥ú♠❡r♦ ❝♦♠♣♦st♦✳

❊①❡♠♣❧♦ ✶✳✶✳✹✳ ❖ ♠❛t❡♠át✐❝♦ r✉ss♦✱ ❉✐♠✐tr✐ ●r❛✈❡ ❝♦♥❥❡❝t✉r♦✉✱ ♥♦ ✜♠ ❞♦ sé❝✉❧♦ ❳■❳✱

q✉❡✱ ♣❛r❛ t♦❞♦ ♣r✐♠♦ p✱ ✉♠ ♥ú♠❡r♦ ❞♦ t✐♣♦ 2p−1 − 1 ♥ã♦ é ❞✐✈✐sí✈❡❧ ♣♦r p2✳ ❈á❧❝✉❧♦s

❞✐r❡t♦s ❞❛✈❛♠ ❝♦♥t❛ ❞❡ q✉❡ ❡st❛ ❛✜r♠❛çã♦ ❡r❛ ✈❡r❞❛❞❡✐r❛ ♣❛r❛ t♦❞♦s ♦s ♥ú♠❡r♦s ♣r✐♠♦s

♠❡♥♦r❡s ❞♦ q✉❡ ✶✵✵✵✳ ▼❛s ❛ ❤✐♣ót❡s❡ ❞❡ ●r❛✈❡ r❡✈❡❧♦✉✲s❡ ❢❛❧s❛ ❝♦♠ ❛ ❞❡s❝♦❜❡rt❛✱ ♣♦r ❲✳

▼❡✐ss♥❡r✱ ❡♠ ✶✾✶✸✱ ❞❡ q✉❡ ❛ ❝♦♥❣r✉ê♥❝✐❛✸

2p−1 ≡ 1 (♠♦❞ p2)

é s❛t✐s❢❡✐t❛✹ ♣❛r❛ ♦ ♣r✐♠♦ p = 1093✱ ♦ q✉❡ s✐❣♥✐✜❝❛ ❞✐③❡r q✉❡ 21092−1 é ❞✐✈✐sí✈❡❧ ♣♦r 10932✳

❊①❡♠♣❧♦ ✶✳✶✳✺✳ ➱ ♣♦ssí✈❡❧ ♦❜t❡r ✉♠ q✉❛❞r❛❞♦ ♣❡r❢❡✐t♦ ❡♥tr❡ ♦s ♥ú♠❡r♦s 991n2 + 1✱ ❛♦

s❡ ❢❛③❡r n = 1, 2, 3, . . .❄ ❆ r❡s♣♦st❛ é s✐♠✱ ❡♠❜♦r❛ ♦ ✈❛❧♦r ♠í♥✐♠♦ ❞❡ n ♣❛r❛ ♦ q✉❛❧ ♦

♥ú♠❡r♦ 991n2 + 1 é ✉♠ q✉❛❞r❛❞♦ ♣❡r❢❡✐t♦ s❡❥❛

n = 12 055 735 790 331 359 447 442 538 767.

❊①❡♠♣❧♦ ✶✳✶✳✻✳ ❊♠ q✉❛♥t❛s ♣❛rt❡s n ♣❧❛♥♦s✱ ❞✐s♣♦st♦s ❞❡ t❛❧ ♠♦❞♦ q✉❡ t♦❞♦s ♣❛ss❡♠

♣♦r ✉♠ ♠❡s♠♦ ♣♦♥t♦ ❡ ♥ã♦ ♣❛ss❡♠ três ♣♦r ✉♠❛ ♠❡s♠❛ r❡t❛✱ ❞✐✈✐❞❡♠ ♦ ❡s♣❛ç♦❄ ▲❡✈❛♥❞♦

❡♠ ❝♦♥t❛ q✉❡ ✉♠ ♣❧❛♥♦ ❞✐✈✐❞❡ ♦ ❡s♣❛ç♦ ❡♠ ❞✉❛s ♣❛rt❡s❀ ❞♦✐s ♣❧❛♥♦s ❝♦♠ ✉♠❛ r❡t❛ ❡♠

❝♦♠✉♠ ✭❡✱ ♣♦rt❛♥t♦✱ ❝♦♠ ✉♠ ♣♦♥t♦ ❡♠ ❝♦♠✉♠✮ ❞✐✈✐❞❡♠ ♦ ❡s♣❛ç♦ ❡♠ q✉❛tr♦ ♣❛rt❡s❀ ❡ três

♣❧❛♥♦s✱ ❝♦♠ ❛❧❣✉♠ ♣♦♥t♦ ❡♠ ❝♦♠✉♠ ❡ ♥ã♦ ♣❛ss❛♥❞♦ t♦❞♦s ♣♦r ✉♠❛ ♠❡s♠❛ r❡t❛✱ ❞✐✈✐❞❡♠

♦ ❡s♣❛ç♦ ❡♠ ♦✐t♦ ♣❛rt❡s✱ s♦♠♦s ❧❡✈❛❞♦s ❛ ❝♦♥❥❡❝t✉r❛r q✉❡✱ ❡♠ ❣❡r❛❧✱ n ♣❧❛♥♦s ❞✐✈✐❞❡♠ ♦

❡s♣❛ç♦ ❡♠ 2n ♣❛rt❡s ❞✐st✐♥t❛s✳

❊♥tr❡t❛♥t♦✱ ♣♦❞❡✲s❡ ❞❡♠♦♥str❛r✺ q✉❡ s❡ An é ♦ ♥✉♠❡r♦ ❞❡ ♣❛rt❡s ❡♠ q✉❡ n ♣❧❛♥♦s✱ ♣❛s✲

s❛♥❞♦ t♦❞♦s ♣♦r ✉♠ ♠❡s♠♦ ♣♦♥t♦ ❡ ♥ã♦ ♣❛ss❛♥❞♦ três ♣♦r ✉♠❛ ♠❡s♠❛ r❡t❛✱ ❞✐✈✐❞❡♠ ♦

❡s♣❛ç♦✱ ❡♥tã♦

An = n(n− 1) + 2.

❖ ♦❜❥❡t✐✈♦ ❞❛ ❡①✐❜✐çã♦ ❞♦s ❡①❡♠♣❧♦s s✉♣r❛❝✐t❛❞♦s é ♣r❡✈❡♥✐r q✉❡♠ q✉❡r q✉❡

s❡❥❛ ❞❡ ❝♦♥❝❧✉sõ❡s ❜❛s❡❛❞❛s ❡♠ ❛♥❛❧♦❣✐❛s ♠❛❧ ❛r❣✉♠❡♥t❛❞❛s✳
✸❯♠ ♥ú♠❡r♦ ♣r✐♠♦ p q✉❡ s❛t✐s❢❛③ ❛ ❝♦♥❣r✉ê♥❝✐❛

2p−1 ≡ 1 (♠♦❞ p2)

é ❝❤❛♠❛❞♦ ♣r✐♠♦ ❞❡ ❲✐❡❢❡r✐❝❤✳
✹❖✉tr♦ ♣r✐♠♦ q✉❡ ❝✉♠♣r❡ ❛ ❝♦♥❞✐çã♦ ❞❡ ❲✐❡❢❡r✐❝❤ é p = 3511 ✭❝♦♥s✉❧t❛r r❡❢❡rê♥❝✐❛ ❬✶✻❪✮✳
✺❆ ❞❡♠♦♥str❛çã♦ ❞❡st❛ ♣r♦♣♦s✐çã♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ♥❛ r❡❢❡rê♥❝✐❛ ❬✸❪✳

https://en.wikipedia.org/wiki/Wieferich_prime
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✶✳✷ ■♥❞✉çã♦ ♠❛t❡♠át✐❝❛

✶✳✷✳✶ ❊①❡♠♣❧♦ ❞❡ ❞❡♠♦♥str❛çã♦ ♣♦r ✐♥❞✉çã♦ ♠❛t❡♠át✐❝❛

P♦st♦ q✉❡✱ ❛♦ s❡ ❛❞✐❝✐♦♥❛r ✶ ❛♦ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ n✱ ♦❜té♠✲s❡ ♦ ✐♥t❡✐r♦ n + 1 ✭q✉❡ é ♠❛✐♦r

❞♦ q✉❡ n✱ ✉♠❛ ✈❡③ q✉❡ ✉♠ ♥ú♠❡r♦ ♥❛t✉r❛❧ m é ❞✐t♦ s❡r ♠❛✐♦r ❞♦ q✉❡ n q✉❛♥❞♦ ❡①✐st❡

✉♠ ♥❛t✉r❛❧ p t❛❧ q✉❡ n + p = m✮✱ ♥ã♦ ❤á ♥ú♠❡r♦ ✐♥t❡✐r♦ ❛❧❣✉♠ q✉❡ s❡❥❛ ♦ ♠❛✐♦r ❞❡

t♦❞♦s✳ ❆♣❡s❛r ❞✐ss♦✱ ✐♥✐❝✐❛♥❞♦ ❝♦♠ ♦ ♥ú♠❡r♦ ✶✱ t♦❞♦s ♦s ✐♥t❡✐r♦s ♣♦s✐t✐✈♦s✻ ♣♦❞❡♠ s❡r

❛❧❝❛♥ç❛❞♦s✱ ❛♣ós ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ♦♣❡r❛çõ❡s ❞❡ ✏s♦♠❛r ✶✑✱ ♣❛ss❛♥❞♦ s✉❝❡ss✐✈❛♠❡♥t❡

❞❡ n ❛ n+1✳ ❊st❛ é ❛ ❡ssê♥❝✐❛ ❞❡ ✉♠ ♠ét♦❞♦ ❞❡ r❛❝✐♦❝í♥✐♦ q✉❡ ♦s ♠❛t❡♠át✐❝♦s ❜❛t✐③❛r❛♠

❞❡ ❞❡♠♦♥str❛çã♦ ♣♦r ✐♥❞✉çã♦ ♦✉ ♠ét♦❞♦ ❞❡ ✐♥❞✉çã♦ ♠❛t❡♠át✐❝❛✳ ❱❡❥❛♠♦s ❛ ❛♣❧✐❝❛çã♦

❞❡st❡ ♠ét♦❞♦✱ ♥❛ ❞❡♠♦♥str❛çã♦ ❞❛ ❞✉♣❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❜❛✐①♦✳

Pr♦♣♦s✐çã♦ ✶✳✷✳✶✳ ❉❛❞♦ ✉♠ ♥❛t✉r❛❧ q✉❛❧q✉❡r n✱ t❡♠✲s❡ q✉❡

12 + 22 + · · ·+ n2 <
(n+ 1)3

3
< 12 + 22 + · · ·+ (n+ 1)2. ✭✶✳✷✳✶✮

❉❡♠♦♥str❛çã♦✳ ■♥✐❝✐❛❧♠❡♥t❡✱ r❡♣r❡s❡♥t❡♠♦s ♣♦r P (n) ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❛ ❡sq✉❡r❞❛ ❞❛ ❡①✲

♣r❡ssã♦ ❛❝✐♠❛✱ ✐st♦ é✱ ❝♦♥s✐❞❡r❡♠♦s

P (n) : 12 + 22 + · · ·+ n2 <
(n+ 1)3

3
.

❱❡r✐✜❝❛♥❞♦ ❞✐r❡t❛♠❡♥t❡ ❛ ❛✜r♠❛çã♦ P (n) ♣❛r❛ ♦s ♣r✐♠❡✐r♦s três ✈❛❧♦r❡s ❞❡ n✱

t❡r❡♠♦s q✉❡ P (1)✱ P (2) ❡ P (3) sã♦ ❛ss❡rçõ❡s ✈❡r❞❛❞❡✐r❛s✱ ♣♦✐s

P (1) : 12 <
23

3

P (2) : 12 + 22 <
33

3

P (3) : 12 + 22 + 32 <
43

3

◗✉❡r❡♠♦s ♠♦str❛r q✉❡ P (n) é ✈❡r❞❛❞❡✐r❛ ♣❛r❛ t♦❞♦ ♥❛t✉r❛❧ n ✭✐♥❞✉③✐❞♦s ♣❡❧♦ ❢❛t♦ ❞❡ q✉❡

❛ ❛ss❡rt✐✈❛ s❡ ✈❡r✐✜❝❛ ♣❛r❛ ♦s três ♣r✐♠❡✐r♦s ❝❛s♦s ✐♥✐❝✐❛✐s✮✳ ■r❡♠♦s s✉♣♦r q✉❡ ❛ ♣r♦♣♦s✐çã♦

s❡ ✈❡r✐✜❝❛ ♣❛r❛ ✉♠ ❞❛❞♦ ✈❛❧♦r ♣❛rt✐❝✉❧❛r n = k > 1✳ ■st♦ q✉❡r ❞✐③❡r q✉❡ ❝♦♥s✐❞❡r❛r❡♠♦s

♣r♦✈❛❞❛ ❛ ❛✜r♠❛çã♦

P (k) : 12 + 22 + · · ·+ k2 <
(k + 1)3

3
,

✻❆q✉✐✱ s❡rã♦ ❝♦♥s✐❞❡r❛❞♦s ❝♦♠♦ ♥ú♠❡r♦s ✐♥t❡✐r♦s ♣♦s✐t✐✈♦s ♦s ❡❧❡♠❡♥t♦s ❞♦ ❝♦♥❥✉♥t♦ N = {1, 2, 3, . . .}✳
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♣❛r❛ ✉♠ ❝❡rt♦ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ k > 1✳ ❆❣♦r❛✱ ❜❛s❡❛♥❞♦✲♥♦s ❡♠ P (k)✱ ♣r♦✈❡♠♦s ❛ ❝♦rr❡s✲

♣♦♥❞❡♥t❡ ❛✜r♠❛çã♦ ♣❛r❛ n = k + 1✱ ❛ s❛❜❡r✱

P (k + 1) : 12 + 22 + · · ·+ (k + 1)2 <
(k + 2)3

3
.

❆❞✐❝✐♦♥❛♥❞♦ (k + 1)2 ❛ ❛♠❜♦s ♦s ♠❡♠❜r♦s ❞❡ P (k)✱ ♦❜t❡♠♦s

12 + 22 + · · ·+ k2 + (k + 1)2 <
(k + 1)3

3
+ (k + 1)2,

❡✱ ♣❛r❛ ♦❜t❡r P (k + 1) ❝♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ P (k)✱ é s✉✜❝✐❡♥t❡ ♠♦str❛r q✉❡

(k + 1)3

3
+ (k + 1)2 <

(k + 2)3

3
,

♦ q✉❡ r❡s✉❧t❛ ✐♠❡❞✐❛t♦ ❛ ♣❛rt✐r ❞❛ ✐❣✉❛❧❞❛❞❡

(k + 2)3

3
=

k3 + 6k2 + 24k + 8

3
=

(k + 1)3

3
+ (k + 1)2 + 15k +

4

3
.

❉❡ss❡ ♠♦❞♦✱ ♠♦str❛♠♦s q✉❡ P (k + 1) é ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ P (k)✱ ❝♦♠ k > 1

✉♠ ♥❛t✉r❛❧ ❛r❜✐trár✐♦✳ ❆❞❡♠❛✐s✱ ✉♠❛ ✈❡③ q✉❡ ❥á ✈✐♠♦s q✉❡ P (1) é ✈❡r❞❛❞❡✐r❛✱ ♣♦❞❡♠♦s

❝♦♥❝❧✉✐r q✉❡ P (2) é✱ t❛♠❜é♠✱ ✈❡r❞❛❞❡✐r❛✳ ❊✱ s❛❜❡♥❞♦ q✉❡ P (2) é ✈❡r❞❛❞❡✐r❛✱ ❝♦♥❝❧✉í♠♦s

q✉❡ P (3) é ✈❡r❞❛❞❡✐r❛✱ ❡ ❛ss✐♠ s✉❝❡ss✐✈❛♠❡♥t❡✳ P♦rt❛♥t♦✱ ❝♦♥s✐❞❡r❛♥❞♦✲s❡ q✉❡ ❝❛❞❛ ✐♥✲

t❡✐r♦ ♣♦s✐t✐✈♦ ♣♦❞❡ s❡r ❛❧❝❛♥ç❛❞♦ ♣♦r ♠❡✐♦ ❞❡st❡ ♣r♦❝❡ss♦ ✭♠❡♥❝✐♦♥❛❞♦ ♥♦ ✐♥í❝✐♦ ❞❡st❛

s✉❜s❡çã♦✮✱ ❝♦♥❝❧✉í♠♦s q✉❡ P (n) é ✈❡r❞❛❞❡✐r❛ ♣❛r❛ t♦❞♦ ♥❛t✉r❛❧ n✳

❋✐❝❛✱ ❛ss✐♠✱ ♣r♦✈❛❞❛ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❛ ❡sq✉❡r❞❛ ❡♠ ✭✶✳✷✳✶✮✳ �

➱ ❝❧❛r♦ q✉❡ ♣♦❞❡r✲s❡✲✐❛ ♠♦str❛r ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❛ ❞✐r❡✐t❛ ❞❡ ♠♦❞♦ ❛♥á❧♦❣♦✳

✶✳✷✳✷ Pr✐♥❝í♣✐♦ ❞❡ ✐♥❞✉çã♦ ♠❛t❡♠át✐❝❛

❘❡✢✐t❛♠♦s✱ ❛❣♦r❛✱ ❛❝❡r❝❛ ❞♦ ♠♦❞✉s ♦♣❡r❛♥❞✐✼ ❞❛ ❞❡♠♦♥str❛çã♦ ❛♥t❡r✐♦r✳ ■♥✐❝✐❛❧♠❡♥t❡✱ ❢♦✐

♣r♦✈❛❞❛ ❛ ❛✜r♠❛çã♦ P (n) ♣❛r❛ n = 1✳ ❊♠ s❡❣✉✐❞❛✱ ❞❡♠♦♥str♦✉✲s❡ q✉❡ s❡ ❛ ❛✜r♠❛çã♦ é

✈❡r❞❛❞❡✐r❛ ♣❛r❛ ✉♠ ❞❛❞♦ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ k✱ ❡♥tã♦ é✱ t❛♠❜é♠✱ ✈❡r❞❛❞❡✐r❛ ♣❛r❛ ♦ ✐♥t❡✐r♦

♣♦s✐t✐✈♦ k+1✳ ❋✐♥❛❧♠❡♥t❡✱ ❝♦♥❝❧✉✐✉✲s❡✱ ❛ ♣❛rt✐r ❞❡st❛s ❞✉❛s ♣r♦✈❛s✱ q✉❡ ❛ ❛✜r♠❛çã♦ P (n)

é ✈❡r❞❛❞❡✐r❛ ♣❛r❛ t♦❞♦ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ n✳

✼❊①♣r❡ssã♦ ❡♠ ❧❛t✐♠ q✉❡ s✐❣♥✐✜❝❛ ✏♠♦❞♦ ❞❡ ♦♣❡r❛çã♦✑✳ ❯t✐❧✐③❛✲s❡ ♣❛r❛ ❞❡s✐❣♥❛r ✉♠❛ ♠❛♥❡✐r❛ ❞❡ ❛❣✐r✱

♦♣❡r❛r ♦✉ ❡①❡❝✉t❛r ✉♠❛ ❛t✐✈✐❞❛❞❡ s❡❣✉✐♥❞♦ s❡♠♣r❡ ♦s ♠❡s♠♦s ♣r♦❝❡❞✐♠❡♥t♦s✳
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❯♠❛ ✐❧✉str❛çã♦ ♥ã♦✲♠❛t❡♠át✐❝❛ ❞❛ ✐❞é✐❛ ❞❡ ✐♥❞✉çã♦ ♣♦❞❡ s❡r ❞❛❞❛ ❝♦♠ ♦

s❡❣✉✐♥t❡ ❡①❡♠♣❧♦✳ ■♠❛❣✐♥❡♠♦s ✉♠❛ ✜❧❡✐r❛ ❞❡ ♣❡ç❛s ❞❡ ✉♠ ❞♦♠✐♥ó ✐♥❞❡①❛❞❛s ❝♦♥s❡❝✉t✐✈❛✲

♠❡♥t❡ ❝♦♠ ♦s ♥❛t✉r❛✐s ❡ ❞✐s♣♦st❛s ❞❡ t❛❧ ♠♦❞♦ q✉❡✱ s❡ ✉♠❛ ❞❡❧❛s ❝❛✐✱ ❞✐❣❛♠♦s ❛ ❛ss✐♥❛❧❛❞❛

❝♦♠ ♦ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ k✱ ❝❤♦❝❛✲s❡ ❝♦♠ ❛ ♣❡ç❛ s❡❣✉✐♥t❡✱ r❡❧❛t✐✈❛ ❛♦ ♥ú♠❡r♦ k + 1✳ ❊stá

❝❧❛r♦✱ ❡♥tã♦✱ ♦ q✉❡ ❞❡✈❡rá ♦❝♦rr❡r s❡ ❛ ♣❡ç❛ ♥ú♠❡r♦ ✶ ❢♦r ❞❡rr✉❜❛❞❛ ♣❛r❛ trás✳ ❆❧✐ás✱ ♦

♠❡s♠♦ ❞❡✈❡rá ♦❝♦rr❡r ♥♦ ❝❛s♦ ❞❡ s❡ ❞❡rr✉❜❛r ✉♠ ♣❡ç❛ q✉❛❧q✉❡r✱ n0✱ ♣♦r ❡①❡♠♣❧♦✿ t♦❞❛s

❛s ♣❡ç❛s ✐♥❞❡①❛❞❛s ❝♦♠ ♦ ♥❛t✉r❛❧ n > n0 t❛♠❜é♠ ❝❛✐rã♦✦ ❊st❡ ❡①❡♠♣❧♦ ✐❧✉str❛ ♦ ♠ét♦❞♦

❞❡ ✐♥❞✉çã♦ ♠❛t❡♠át✐❝❛✱ ♦ q✉❛❧ ❡stá ❞❡s❝r✐t♦ ❛❜❛✐①♦✱ ❞❡ ♠♦❞♦ ♣r❡❝✐s♦✳

88

87

86
85 8483828180797877767574737271706968676665 6463626160595857565554535251504948

47
46
45
44
43
42

41
40

39
38
37
36
35
34
333231302928272625

24
23
22
21
20
19
18

17
16

15
14
13
12
11
10
9

8
7

6
5

4

3

2

1

❋✐❣✉r❛ ✶✳✶✿ ■❧✉str❛çã♦ ❞❛ ✐❞é✐❛ ❞❛ ✐♥❞✉çã♦ ♠❛t❡♠át✐❝❛

Pr♦♣♦s✐çã♦ ✶✳✷✳✷ ✭▼ét♦❞♦ ❞❡ ■♥❞✉çã♦ ▼❛t❡♠át✐❝❛✮✳ ❙❡❥❛ P (n) ✉♠❛ ❛✜r♠❛çã♦

r❡❢❡r❡♥t❡ ❛ ✉♠ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ n✳ ❈♦♥❝❧✉í♠♦s q✉❡ P (n) é ✈❡r❞❛❞❡✐r❛ ♣❛r❛ t♦❞♦ n > n0✱

❝♦♠ n0 ∈ N✱ q✉❛♥❞♦ ♦❝♦rr❡♠ ❛s ❞✉❛s ❝♦♥❞✐çõ❡s ❛❜❛✐①♦✿

✭✐✮ P (n0) é ✈❡r❞❛❞❡✐r❛✳

✭✐✐✮ ❙✉♣♦♥❞♦ P (k) ✈❡r❞❛❞❡✐r❛✱ ❝♦♠ k > n0 ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ ✜①♦✱ P (k + 1) é ✈❡r❞❛❞❡✐r❛✳

◆♦s ❝❛s♦s ✈✐st♦s ❛❝✐♠❛✱ ❝♦♥s✐❞❡r❛♠♦s s❡♠♣r❡ n0 = 1✳ ▼❛s✱ ❡♠ ●❡♦♠❡tr✐❛✱ ♣♦r

❡①❡♠♣❧♦✱ ❛s ♣r♦♣♦s✐çõ❡s r❡❧❛❝✐♦♥❛❞❛s ❝♦♠ ♣♦❧í❣♦♥♦s q✉❛✐sq✉❡r ❞❡ n ❧❛❞♦s só ❢❛③❡♠ s❡♥t✐❞♦

♣❛r❛ n > 3✳

❆ ❥✉st✐✜❝❛t✐✈❛ ❞❡st❛ ♣r♦♣♦s✐çã♦ é ❜❛s❡❛❞❛ ♥♦ ❛①✐♦♠❛ ❛❜❛✐①♦✱ ♣♦r ✈❡③❡s ❝❤❛✲

♠❛❞♦ ♣r✐♥❝í♣✐♦ ❞❡ ✐♥❞✉çã♦ ♠❛t❡♠át✐❝❛✳



✶✳✸ ❉❡♠♦♥str❛çõ❡s ♣♦r ✐♥❞✉çã♦ ❡♠ ➪❧❣❡❜r❛ ❡ ❡♠ ❚❡♦r✐❛ ❞♦s ◆ú♠❡r♦s ✶✾

❆①✐♦♠❛ ✶✳✷✳✶ ✭Pr✐♥❝í♣✐♦ ❞❡ ■♥❞✉çã♦ ▼❛t❡♠át✐❝❛✮✳ ❙❡❥❛ X ⊂ N ✉♠ s✉❜❝♦♥❥✉♥t♦

❞❡ ♥❛t✉r❛✐s t❛❧ q✉❡✿

✭✐✮ 1 ∈ X❀

✭✐✐✮ n + 1 ∈ X s❡♠♣r❡ q✉❡ n ∈ X ✭✐st♦ é✱ ♣❛r❛ t♦❞♦ n ∈ X✱ n ∈ X ⇒ n + 1 ∈ X✮✳

❆ss✐♠✱ t❡♠✲s❡ X = N✳

❙❡❣✉❡✱ ❡♥tã♦✱ ✉♠❛ ❞❡♠♦♥str❛çã♦ ❞♦ ♠ét♦❞♦ ❞❡ ✐♥❞✉çã♦ ♠❛t❡♠át✐❝❛✱ ❜❛s❡❛❞❛

♥♦ ♣r✐♥❝í♣✐♦ ❞❡ ✐♥❞✉çã♦ ♠❛t❡♠át✐❝❛✳

❉❡♠♦♥str❛çã♦ ✭❞♦ ▼ét♦❞♦ ❞❡ ■♥❞✉çã♦ ▼❛t❡♠át✐❝❛✮✳ ❉❡✜♥❛♠♦s ♦ ❝♦♥❥✉♥t♦

S := {m ∈ N;P (n0 − 1 +m) é ✈❡r❞❛❞❡✐r❛} .

❈♦♠♦✱ ♣❡❧❛ ❈♦♥❞✐çã♦ ✭✐✮✱ P (n0 − 1 + 1) = P (n0) é ✈❡r❞❛❞❡✐r❛✱ t❡♠♦s q✉❡ 1 ∈ S✳ P♦r

♦✉tr♦ ❧❛❞♦✱ s❡ m ∈ S✱ ❡♥tã♦ P (n0−1+m) é ✈❡r❞❛❞❡✐r❛ ❡✱ ♣❡❧❛ ❈♦♥❞✐çã♦ ✭✐✐✮✱ t❡r❡♠♦s q✉❡

P (n0−1+(m+1)) é ✈❡r❞❛❞❡✐r❛✳ ▲♦❣♦✱ m+1 ∈ S ❡✱ ♣❡❧♦ ❆①✐♦♠❛ ✶✳✷✳✶✱ t❡♠✲s❡ q✉❡ S = N✳

❊♠ ❝♦♥s❡q✉ê♥❝✐❛✱ t❡♠♦s q✉❡ P (n) é ✈❡r❞❛❞❡✐r❛ ♣❛r❛ t♦❞♦ n = n0 + 1, n0 + 2, . . . �

◆ã♦ é s❡♠♣r❡ q✉❡ ❛ ❛♣❧✐❝❛çã♦ ❞♦ ♠ét♦❞♦ ❞❡ ✐♥❞✉çã♦ ♠❛t❡♠át✐❝❛ s❡ ❛té♠

❞❡ ♠♦❞♦ rí❣✐❞♦ ❛♦ ❡sq✉❡♠❛ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✷✳✷✳ ➱ ♥❡❝❡ssár✐♦✱ ♣♦r ✈❡③❡s✱ s✉♣♦r q✉❡ ❛

❛✜r♠❛çã♦ ❡♠ q✉❡stã♦ é ✈❡r❞❛❞❡✐r❛ ♣❛r❛ ♥ú♠❡r♦s s✉❝❡ss✐✈♦s ✭k− 1 ❡ k✱ ♣♦r ❡①❡♠♣❧♦✮ ♣❛r❛

❡♥tã♦✱ ❛ ♣❛rt✐r ❞❛í✱ ♣r♦✈❛r✲s❡ s✉❛ ✈❡r❛❝✐❞❛❞❡ ♣❛r❛ k+1✳ ➱ ❝❧❛r♦ q✉❡✱ ♥❡st❡ ❝❛s♦✱ ❛ ♣r✐♠❡✐r❛

♣❛rt❡ ❞♦ r❛❝✐♦❝í♥✐♦ ❝♦♥s✐st✐rá ❡♠ s❡ ❝♦♥st❛t❛r q✉❡ ❛ ❛✜r♠❛çã♦ é ✈❡r❞❛❞❡✐r❛ ♣❛r❛ ♦s ❞♦✐s

♣r✐♠❡✐r♦s ♥❛t✉r❛✐s ♣❛r❛ ♦s q✉❛✐s ❡st❛ ❢❛③ s❡♥t✐❞♦✳

❖❝♦rr❡✱ t❛♠❜é♠✱ ❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ s❡ ♣r♦✈❛r✱ ♥❛ s❡❣✉♥❞❛ ♣❛rt❡ ❞❛ ❞❡♠♦♥str❛✲

çã♦✱ q✉❡ ✉♠❛ ❞❛❞❛ ❛✜r♠❛çã♦ é ✈❡r❞❛❞❡✐r❛ ♣❛r❛ ♦ ♥❛t✉r❛❧ n s✉♣♦♥❞♦✲❛ ✈á❧✐❞❛ ♣❛r❛ t♦❞♦s

♦s ♥❛t✉r❛✐s ♠❡♥♦r❡s ❞♦ q✉❡ n✳

✶✳✸ ❉❡♠♦♥str❛çõ❡s ♣♦r ✐♥❞✉çã♦ ❡♠ ➪❧❣❡❜r❛ ❡ ❡♠ ❚❡♦✲

r✐❛ ❞♦s ◆ú♠❡r♦s

❉❛❞❛ ❛ ❡str❡✐t❛ r❡❧❛çã♦ ❡①✐st❡♥t❡ ❡♥tr❡ ♦ ♠ét♦❞♦ ❞❡ ✐♥❞✉çã♦ ♠❛t❡♠át✐❝❛ ❡ ♦ ❝♦♥❝❡✐t♦ ❞❡

♥ú♠❡r♦✱ ♥ã♦ é ❞❡ ❡str❛♥❤❛r ♦ ❢❛t♦ ❞❡ ♦❝♦rr❡r ❛ ♠❛✐♦r ♣❛rt❡ ❞❡ s✉❛s ❛♣❧✐❝❛çõ❡s ♥❛ ➪❧❣❡❜r❛

❡ ♥❛ ❚❡♦r✐❛ ❞♦s ◆ú♠❡r♦s✳ ❆❧❣✉♠❛s ❞❡ss❛s ❛♣❧✐❝❛çõ❡s sã♦ ❡①♣♦st❛s ❛ s❡❣✉✐r✳



✶✳✸ ❉❡♠♦♥str❛çõ❡s ♣♦r ✐♥❞✉çã♦ ❡♠ ➪❧❣❡❜r❛ ❡ ❡♠ ❚❡♦r✐❛ ❞♦s ◆ú♠❡r♦s ✷✵

✶✳✸✳✶ ■❞❡♥t✐❞❛❞❡s ❡ ♣r♦❜❧❡♠❛s ❛r✐t♠ét✐❝♦s

❊①❡r❝í❝✐♦ ✶✳✸✳✶✳ ❉❡♠♦♥str❡ q✉❡ ❛ s♦♠❛ ❞♦s n ♣r✐♠❡✐r♦s ♥ú♠❡r♦s ♥❛t✉r❛✐s✱ s✐♠❜♦❧✐③❛❞❛

♣♦r S(n)✱ é ✐❣✉❛❧ ❛
n(n+ 1)

2
✱ ✐st♦ é✱

S(n) = 1 + 2 + 3 + · · ·+ n =
n(n+ 1)

2
.

❉❡♠♦♥str❛çã♦✳ Pr✐♠❡✐r♦✱ ❝♦♥st❛t❡♠♦s ❛ ✈❡r❛❝✐❞❛❞❡ ❞❡ S(n) ♣❛r❛ n = 1✿

S(1) = 1 =
1(1 + 1)

2
.

❆ s❡❣✉✐r✱ s✉♣♦♥❤❛♠♦s q✉❡

S(k) = 1 + 2 + 3 + · · ·+ k =
k(k + 1)

2
,

♣❛r❛ ✉♠ ❞❛❞♦ ♥❛t✉r❛❧ k > 1✳ ❆ss✐♠✱ t❡♠✲s❡ q✉❡

S(k + 1) = 1 + 2 + 3 + · · ·+ k + (k + 1)

=
k(k + 1)

2
+ (k + 1)

=
(k + 1)(k + 2)

2

=
(k + 1)[(k + 1) + 1]

2
.

P♦rt❛♥t♦✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ ♠ét♦❞♦ ❞❡ ✐♥❞✉çã♦ ♠❛t❡♠át✐❝❛✱ ❝♦♥❝❧✉í♠♦s

S(n) = 1 + 2 + 3 + · · ·+ n =
n(n+ 1)

2
,

q✉❛❧q✉❡r q✉❡ s❡❥❛ n ♥❛t✉r❛❧✳ �

❊①❡r❝í❝✐♦ ✶✳✸✳✷✳ ❈❛❧❝✉❧❡ ♦ ✈❛❧♦r ❞❛ s♦♠❛

Sn =
1

1 · 3 +
1

3 · 5 +
1

5 · 7 + · · ·+ 1

(2n− 1)(2n+ 1)
,

♦♥❞❡ n é ✉♠ ♥ú♠❡r♦ ♥❛t✉r❛❧ ✭✈❡r ❊①❡♠♣❧♦ ✶✳✶✳✶✮✳

❉❡♠♦♥str❛çã♦✳ ❏á ✈✐♠♦s q✉❡

S1 =
1

3
, S2 =

2

5
, S3 =

3

7
❡ S4 =

4

9
.

❆ ♦❜s❡r✈❛çã♦ ❞❛s s♦♠❛s ❛❝✐♠❛ s✉❣❡r❡ ❛ ❤✐♣ót❡s❡ ❞❡ q✉❡ Sn =
n

2n+ 1
✱ ♣❛r❛ t♦❞♦ ♥❛t✉r❛❧

n✳ ❘❡❝♦rr❛♠♦s✱ ❝♦♠ ✈✐st❛s à s✉❛ ❝♦♠♣r♦✈❛çã♦✱ ❛♦ ♠ét♦❞♦ ❞❡ ✐♥❞✉çã♦ ♠❛t❡♠át✐❝❛✳



✶✳✸ ❉❡♠♦♥str❛çõ❡s ♣♦r ✐♥❞✉çã♦ ❡♠ ➪❧❣❡❜r❛ ❡ ❡♠ ❚❡♦r✐❛ ❞♦s ◆ú♠❡r♦s ✷✶

❊st❛ ❤✐♣ót❡s❡ é ✈❡r✐✜❝❛❞❛ ♣❛r❛ n = 1 ✭❛❧é♠ ❞❡ t❛♠❜é♠ ♦ s❡r ♣❛r❛ n = 2, 3 ❡ 4✮✳

❙✉♣♦♥❤❛♠♦s q✉❡ ❛ ❤✐♣ót❡s❡ é ✈❡r❞❛❞❡✐r❛ ♣❛r❛ n = k✱ ❝♦♠ k > 1✱ ✐st♦ é✱ q✉❡

Sk =
1

1 · 3 +
1

3 · 5 +
1

5 · 7 + · · ·+ 1

(2k − 1)(2k + 1)
=

k

2k + 1
.

❉❡♠♦♥str❡♠♦s✱ ❡♥tã♦✱ q✉❡ ❛ ❤✐♣ót❡s❡ é ✈❡r❞❛❞❡✐r❛ t❛♠❜é♠ ♣❛r❛ n = k + 1✱ ♦✉ s❡❥❛✱ q✉❡

Sk+1 =
k + 1

2k + 3
.

❉❡ ❢❛t♦✱

Sk+1 =
1

1 · 3 +
1

3 · 5 + · · ·+ 1

(2k − 1)(2k + 1)︸ ︷︷ ︸
k

2k+1

+
1

(2k + 1)(2k + 3)

=
k

2k + 1
+

1

(2k + 1)(2k + 3)

=
k(2k + 3)

(2k + 1)(2k + 3)
+

1

(2k + 1)(2k + 3)

=
2k2 + 3k + 1

(2k + 1)(2k + 3)

=
(k + 1)2 + k(k + 1)

(2k + 1)(2k + 3)

=
(k + 1)(2k + 1)

(2k + 1)(2k + 3)

=
k + 1

2(k + 1) + 1
.

❆❣♦r❛ ♣♦❞❡♠♦s ❛✜r♠❛r✱ ❜❛s❡❛♥❞♦✲♥♦s ♥♦ ♠ét♦❞♦ ❞❡ ✐♥❞✉çã♦ ♠❛t❡♠át✐❝❛✱ q✉❡

Sn =
n

2n+ 1
,

♣❛r❛ t♦❞♦ ♥❛t✉r❛❧ n✳ �

❊①❡r❝í❝✐♦ ✶✳✸✳✸✳ ❉❛❞♦ q✉❡ ♦ ♣r♦❞✉t♦ 1 · 2 · 3 · . . . · n s❡ ✐♥❞✐❝❛ ♣♦r n!✱ ❝❛❧❝✉❧❡

Sn =
n∑

i=1

i · i! = 1 · 1! + 2 · 2! + 3 · 3! + · · ·+ n · n!.

❉❡♠♦♥str❛çã♦✳ P❛r❛ ♦s ♣r✐♠❡✐r♦s ✹ ✈❛❧♦r❡s ❞❡ Sn✱ t❡♠✲s❡ q✉❡

S1 = 1 · 1! = 1 = 2!− 1

S2 = 1 · 1! + 2 · 2! = 5 = 3!− 1

S3 = 1 · 1! + 2 · 2! + 3 · 3! = 23 = 4!− 1

S4 = 1 · 1! + 2 · 2! + 3 · 3! + 4 · 4! = 119 = 5!− 1.



✶✳✸ ❉❡♠♦♥str❛çõ❡s ♣♦r ✐♥❞✉çã♦ ❡♠ ➪❧❣❡❜r❛ ❡ ❡♠ ❚❡♦r✐❛ ❞♦s ◆ú♠❡r♦s ✷✷

❆ ♣❛rt✐r ❞❛ ♦❜s❡r✈❛çã♦ ❞♦s ❝❛s♦s ♣❛rt✐❝✉❧❛r❡s ❞❡ Sn s✉♣r❛❝✐t❛❞♦s✱ s♦♠♦s ❧❡✈❛❞♦s ❛ ♥♦s

❝♦♥✈❡♥❝❡r ❞❡ q✉❡

Sn = (n+ 1)!− 1,

q✉❛❧q✉❡r q✉❡ s❡❥❛ ♦ ♥❛t✉r❛❧ n✳

Pr♦❝❡❞❛♠♦s à s✉❛ ❝♦♠♣r♦✈❛çã♦ ♠❛t❡♠át✐❝❛✳

P❛r❛ n = 1✱ ❛ ❤✐♣ót❡s❡ ❡stá ❝♦rr❡t❛✱ ♣♦✐s

S1 = 1 · 1! = 1 = 2!− 1.

❆❣♦r❛✱ ❛❞♠✐t❛♠♦s ❛ ✈❡r❛❝✐❞❛❞❡ ❞❛ ❝♦♥❥❡❝t✉r❛ ♣❛r❛ ✉♠ ❝❡rt♦ ♥❛t✉r❛❧ k > 1✱ ♦✉ s❡❥❛✱

s✉♣♦♥❤❛♠♦s q✉❡

Sk = 1 · 1! + 2 · 2! + 3 · 3! + · · ·+ k · k! = (k + 1)!− 1.

❖ q✉❡ ❞❡✈❡♠♦s ♠♦str❛r ❛❣♦r❛ é q✉❡

Sk+1 = 1 · 1! + 2 · 2! + · · ·+ k · k! + (k + 1) · (k + 1)! = (k + 2)!− 1.

❊✱ ❞❡ ❢❛t♦✱

Sk+1 = 1 · 1! + 2 · 2! + · · ·+ k · k! + (k + 1) · (k + 1)!

= [(k + 1)!− 1] + (k + 1) · (k + 1)!

= (k + 1)! [1 + (k + 1)]− 1

= (k + 1)!(k + 2)− 1

= (k + 2)!− 1.

❋✐❝❛✱ ❛ss✐♠✱ ♣r♦✈❛❞♦ q✉❡ Sn =
n∑

i=1

i · i! = (n+ 1)!− 1✱ ∀n > 1✳ �

❊①❡r❝í❝✐♦ ✶✳✸✳✹✳ ▼♦str❡ q✉❡ ✼ é ❞✐✈✐s♦r ❞❡ 23n − 1✱ ♣❛r❛ t♦❞♦ ♥❛t✉r❛❧ n > 1✳

❉❡♠♦♥str❛çã♦✳ P❛r❛ n = 1✱ t❡♠✲s❡ q✉❡ 23·1 − 1 = 7 = 7 · 1✱ ✉♠ ♠ú❧t✐♣❧♦ ❞❡ ✼✱ ♣♦rt❛♥t♦✳

❙❡rá ❛❞♠✐t✐❞♦✱ ❝♦♠♦ ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦✽✱ q✉❡ ✼ ❞✐✈✐❞❡ 23k − 1✱ ♣❛r❛ ❝❡rt♦ ♥❛t✉r❛❧ k > 1✱

♦✉ s❡❥❛✱ q✉❡ ❡①✐st❡ m ∈ N t❛❧ q✉❡

7m = 23k − 1.

✽❙✉♣♦s✐çã♦ ✭✐✐✮✱ ❢❡✐t❛ q✉❛♥❞♦ ❞♦ ❡♥✉♥❝✐❛❞♦ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✷✳✷✳



✶✳✸ ❉❡♠♦♥str❛çõ❡s ♣♦r ✐♥❞✉çã♦ ❡♠ ➪❧❣❡❜r❛ ❡ ❡♠ ❚❡♦r✐❛ ❞♦s ◆ú♠❡r♦s ✷✸

❆ss✐♠ s❡♥❞♦✱ t❡♠♦s q✉❡

23(k+1) − 1 = 23 · 23k − 1

= (7 + 1) · 23k − 1

= 7 · 23k + 23k − 1

= 7 · 23k + 7m

= 7 · (23k +m),

♦ q✉❡ ♥♦s ❞✐③ q✉❡ ✼ é ✉♠ ❞✐✈✐s♦r ❞❡ 23(k+1) − 1✱ ♣♦✐s 23k +m ∈ N✳

▲♦❣♦✱ ♣♦❞❡♠♦s ❛✜r♠❛r q✉❡ ✼ é ❞✐✈✐s♦r ❞❡ 23n − 1✱ q✉❛❧q✉❡r q✉❡ s❡❥❛ ♦ ♥❛t✉r❛❧ n > 1✳ �

✶✳✸✳✷ ❉❡s✐❣✉❛❧❞❛❞❡s ❡ ✭♦✉tr♦s✮ ♣r♦❜❧❡♠❛s ❛❧❣é❜r✐❝♦s

❊①❡r❝í❝✐♦ ✶✳✸✳✺✳ ❙❡❥❛ ❛ ♣r♦♣♦s✐çã♦

P (n) : n+H1 +H2 + · · ·+Hn−1 = n ·Hn,

♦♥❞❡ Hn = 1 +
1

2
+

1

3
+ · · ·+ 1

n
✳ Pr♦✈❡ q✉❡ P (n) é ✈❡r❞❛❞❡✐r❛ ♣❛r❛ t♦❞♦ n ≥ 2✳

❉❡♠♦♥str❛çã♦✳ ❙❡ n = 2✱ ❡♥tã♦ t❡♠✲s❡ q✉❡ 2 +H1 = 2 + 1 = 3 = 2 · 3
2
= 2 ·

(
1 +

1

2

)
✱ ♦

q✉❡ ♥♦s ❞✐③ q✉❡ P (2) s❡ ✈❡r✐✜❝❛✳

❙✉♣♦♥❤❛♠♦s✱ ❛❣♦r❛✱ q✉❡ P (n) s❡❥❛ ✈❡r❞❛❞❡✐r❛✱ ♦✉ s❡❥❛✱ q✉❡

n+
n−1∑

i=1

Hi = n ·Hn,

♣❛r❛ ✉♠ ❝❡rt♦ n ∈ {2, 3, 4, . . . }❀ ❡st❛ é✱ ♣♦rt❛♥t♦✱ ❛ ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦ ✭❍✳■✳✮ ❝♦♥s✐❞❡r❛❞❛✳

◗✉❡r❡♠♦s ♠♦str❛r q✉❡ P (n+ 1) s❡ ✈❡r✐✜❝❛✱ ✐st♦ é✱ q✉❡

(n+ 1) +
n∑

i=1

Hi = (n+ 1) ·Hn+1.

❆ss✐♠✱ t❡♠✲s❡ q✉❡

n+ 1 +
n∑

i=1

Hi = n+
n−1∑

i=1

Hi +Hn + 1
H.I.
= nHn +Hn + 1.

❆❣♦r❛✱ ❧❡✈❛♥❞♦✲s❡ ❡♠ ❝♦♥t❛ q✉❡ Hn+1 = Hn +
1

n+ 1
✱ t❡♠♦s q✉❡

nHn +Hn + 1 = nHn +Hn+1 −
1

n+ 1
+ 1

= nHn +
n

n+ 1
+Hn+1.



✶✳✸ ❉❡♠♦♥str❛çõ❡s ♣♦r ✐♥❞✉çã♦ ❡♠ ➪❧❣❡❜r❛ ❡ ❡♠ ❚❡♦r✐❛ ❞♦s ◆ú♠❡r♦s ✷✹

❋✐♥❛❧♠❡♥t❡✱ s❡♥❞♦
n

n+ 1
= n

1

n+ 1

❡ ❝♦❧♦❝❛♥❞♦ n ❡♠ ❡✈✐❞ê♥❝✐❛✱ t❡♠✲s❡ q✉❡

nHn +
n

n+ 1
+Hn+1 = n

(
Hn +

1

n+ 1

)
+Hn+1

= nHn+1 +Hn+1

= (n+ 1)Hn+1,

♦ q✉❡ ❝♦♥❝❧✉✐ ❛ ❞❡♠♦♥str❛çã♦✳ �

❊①❡r❝í❝✐♦ ✶✳✸✳✻✳ ❉❡♠♦♥str❡✱ ✉t✐❧✐③❛♥❞♦ ♦ ♠ét♦❞♦ ❞❡ ✐♥❞✉çã♦ ♠❛t❡♠át✐❝❛✱ q✉❡

cos x · cos 2x · cos 4x · . . . · cos 2n−1x =
sen 2nx

2n sen x
,

♣❛r❛ t♦❞♦ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ n > 1 ❡ t♦❞♦ r❡❛❧ x 6= kπ✱ ❝♦♠ k ∈ Z✳

❉❡♠♦♥str❛çã♦✳ ❆ ✐❣✉❛❧❞❛❞❡ tr✐❣♦♥♦♠étr✐❝❛ ❡♠ q✉❡stã♦ é ✈❡r❞❛❞❡✐r❛ ♣❛r❛ n = 1✱ ✉♠❛ ✈❡③

q✉❡

cos x =
2 sen x cos x

2 sen x
=

sen 2x

2 sen x
.

❆❣♦r❛✱ s✉♣♦♥❤❛♠♦s ❛ ✈❛❧✐❞❛❞❡ ❞❛ ♣r♦♣♦s✐çã♦ ♣❛r❛ ✉♠ ❝❡rt♦ ♥❛t✉r❛❧ n = k > 1✱ ♦✉ s❡❥❛✱

❛❞♠✐t❛♠♦s q✉❡

cos x · cos 2x · . . . · cos 2k−1x =
sen 2kx

2k sen x
.

❊♥tã♦✱ ❛ ♣r♦♣♦s✐çã♦ t❛♠❜é♠ é ✈❡r❞❛❞❡✐r❛ ♣❛r❛ n = k + 1✳ ❈♦♠ ❡❢❡✐t♦✱

cos x · cos 2x · . . . · cos 2k−1x · cos 2kx =
sen 2kx · cos 2kx

2k sen x

=
2 sen 2kx · cos 2kx

2 · 2k sen x
=

sen 2k+1x

2k+1 sen x
,

✉♠❛ ✈❡③ q✉❡✱ ♣❡❧❛ ❡①♣r❡ssã♦ ❞♦ s❡♥♦ ❞♦ ❛r❝♦ ❞✉♣❧♦✱ t❡♠♦s

sen 2k+1x = 2 sen 2kx · cos 2kx.

P♦r ✜♠✱ ♦ ♠ét♦❞♦ ❞❡ ✐♥❞✉çã♦ ♠❛t❡♠át✐❝❛ ♥♦s ❣❛r❛♥t❡ q✉❡

cos x · cos 2x · . . . · cos 2n−1x =
sen 2nx

2n sen x
,

♣❛r❛ t♦❞♦ ♥❛t✉r❛❧ n > 1 ❡ t♦❞♦ r❡❛❧ x 6= kπ✱ ❝♦♠ k ∈ Z✳ �



✶✳✸ ❉❡♠♦♥str❛çõ❡s ♣♦r ✐♥❞✉çã♦ ❡♠ ➪❧❣❡❜r❛ ❡ ❡♠ ❚❡♦r✐❛ ❞♦s ◆ú♠❡r♦s ✷✺

❊①❡r❝í❝✐♦ ✶✳✸✳✼✳ ❉❡♠♦♥str❡ q✉❡

1

n+ 1
+

1

n+ 2
+ · · ·+ 1

2n
>

13

24
,

♣❛r❛ t♦❞♦ ♥ú♠❡r♦ ♥❛t✉r❛❧ n > 1✳

❉❡♠♦♥str❛çã♦✳ ■♥✐❝✐❛❧♠❡♥t❡✱ ✐♥❞✐q✉❡♠♦s ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ ♣♦r Sn✳ ❉❡ss❡ ♠♦❞♦✱ t❡♠✲

s❡ q✉❡ S2 s❡ ✈❡r✐✜❝❛✱ ♣♦st♦ q✉❡ S2 =
1

3
+

1

4
=

7

12
>

13

24
✳

❙❡❥❛✱ ❡♥tã♦✱ Sk >
13

24
♣❛r❛ ❝❡rt♦ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ k > 1✳ ❉❡✈❡✲s❡ ♠♦str❛r q✉❡✱ t❛♠❜é♠✱

t❡♠✲s❡ Sk+1 >
13

24
✳

❈♦♠♦

Sk =
1

k + 1
+

1

k + 2
+ · · ·+ 1

2k
❡

Sk+1 =
1

k + 2
+

1

k + 3
+ · · ·+ 1

2k
+

1

2k + 1
+

1

2k + 2
,

❝♦♠♣❛r❛♥❞♦ Sk ❡ Sk+1✱ ✈❡♠♦s q✉❡

Sk+1 − Sk =
1

2k + 1
+

1

2k + 2
− 1

k + 1
,

♦✉ ❛✐♥❞❛✱

Sk+1 − Sk =
1

2(2k + 1)(k + 1)
.

❆ss✐♠✱ t❡♠✲s❡ q✉❡ Sk+1 > Sk✱ ✈✐st♦ q✉❡ ♦ s❡❣✉♥❞♦ ♠❡♠❜r♦ ❞❛ ✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ é ✉♠

♥ú♠❡r♦ ♣♦s✐t✐✈♦✱ ♣❛r❛ q✉❛❧q✉❡r k > 1✳ ❋✐♥❛❧♠❡♥t❡✱ ❝♦♠♦ Sk >
13

24
✱ ♣❡❧❛ ♣r♦♣r✐❡❞❛❞❡

tr❛♥s✐t✐✈❛✾ ❞❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❡♥tr❡ ♥ú♠❡r♦s r❡❛✐s✱ ❝♦♥❝❧✉í♠♦s q✉❡ Sk+1 >
13

24
✱ ✜♥❛❧✐③❛♥❞♦

❛ ❞❡♠♦♥str❛çã♦✳ �

❊①❡r❝í❝✐♦ ✶✳✸✳✽ ✭❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❇❡r♥♦✉❧❧✐✮✳ Pr♦✈❡ q✉❡ (1 + x)n > 1 + nx✱ ♣❛r❛ t♦❞♦

♥❛t✉r❛❧ n > 1✱ s❡♥❞♦ 0 6= x > −1✳

❉❡♠♦♥str❛çã♦✳ ❆ ❞❡s✐❣✉❛❧❞❛❞❡ é ✈❡r❞❛❞❡✐r❛ ♣❛r❛ n = 2✱ ♣♦st♦ q✉❡ 1 + 2x+ x2 > 1 + 2x

✭x2 > 0 ♥❡st❡ ❝❛s♦✮✳ ❆❞❡♠❛✐s✱ s✉♣♦♥❞♦ q✉❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ s❡ ❝✉♠♣r❡ ♣❛r❛ ✉♠ ❞❛❞♦

k > 1✱ ✐st♦ é✱ q✉❡ (1 + x)k > 1 + kx✱ t❡♠✲s❡ q✉❡

(1 + x)k+1 > (1 + kx)(1 + x) = 1 + (k + 1)x+ kx2

︸︷︷︸
>0

> 1 + (k + 1)x,

♦ q✉❡ ♣r♦✈❛ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♣❛r❛ t♦❞♦ ♥❛t✉r❛❧ n > 1 ❡ 0 6= x > −1✳ �

✾➱ ✉♠❛ ❞❛s ♣r♦♣r✐❡❞❛❞❡s ❞❛ r❡❧❛çã♦ ❞❡ ♦r❞❡♠ x < y ❡♠ R✿ s❡ x < y ❡ y < z✱ ❡♥tã♦ x < z✳



✷✻

✷ ❆♣❧✐❝❛çõ❡s ❞❛ ✐♥❞✉çã♦ ♠❛t❡♠át✐❝❛ à

♣r♦❜❧❡♠❛s ❞❡ ●❡♦♠❡tr✐❛

◆❡st❡ ❝❛♣ít✉❧♦✱ ♣r♦❝✉r♦ ❥✉st✐✜❝❛r ❛ r❛③ã♦ ❞❡ s❡r ❞❡st❡ tr❛❜❛❧❤♦✳ ❙❡rã♦ ❡①✐❜✐❞❛s✱ ❛♦ ❧♦♥❣♦ ❞❡

s✉❛s s❡çõ❡s ✭❞✐✈✐❞✐❞❛s ♣❡❧♦ t✐♣♦ ❞❡ ♣r♦❜❧❡♠❛ ❣❡♦♠étr✐❝♦ ❛❜♦r❞❛❞♦✮✱ ❛♣❧✐❝❛çõ❡s ❞♦ ♠ét♦❞♦

❞❡ ✐♥❞✉çã♦ ♠❛t❡♠át✐❝❛ à ●❡♦♠❡tr✐❛✳

❊✈✐❞❡♥❝✐❛r ❞✐❢❡r❡♥t❡s ❛s♣❡❝t♦s ❞♦ ♠ét♦❞♦ ❞❡ ✐♥❞✉çã♦ ♠❛t❡♠át✐❝❛ é ♦ q✉❡ ❤á

❞❡ ♠❛✐s r❡❧❡✈❛♥t❡ ♥❡st❡ ❝❛♣ít✉❧♦✳ ❆❧é♠ ❞✐ss♦✱ é ♣r❡❝✐s♦ ❞✐③❡r q✉❡ é ❢❡✐t❛✱ ❛♦ ❧♦♥❣♦ ❞❡st❡

tr❛❜❛❧❤♦✱ ✉♠❛ ❞✐st✐♥çã♦ ❡♥tr❡ ❡①❡r❝í❝✐♦ ❡ ♣r♦❜❧❡♠❛✱ ❝♦♠ ❡st❡ s✐❣♥✐✜❝❛♥❞♦ ✉♠❛ t❛r❡❢❛ q✉❡

r❡q✉❡r ♠❛✐s tr❛❜❛❧❤♦ ❡✱ ❛q✉❡❧❡✱ ❛❧❣♦ ♠❛✐s ♦✉ ♠❡♥♦s ✏r♦t✐♥❡✐r♦✑✳
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Pr♦❜❧❡♠❛s ❞❡ ●❡♦♠❡tr✐❛ r❡❧❛❝✐♦♥❛❞♦s ❝♦♠ ❝á❧❝✉❧♦✱ ❝♦♠ ♦ ✏❢❛③❡r ❝♦♥t❛s✑✱ ♥❛ ❞❡t❡r♠✐♥❛çã♦

❡①♣❧í❝✐t❛ ❞❡ ✉♠❛ q✉❛♥t✐❞❛❞❡✱ ❞❡ ✉♠ ❝♦♠♣r✐♠❡♥t♦✱ ❞❡ ✉♠ â♥❣✉❧♦✱ ❞❡ ✉♠❛ ár❡❛✱ ❡t❝✳✱

❛ss❡♠❡❧❤❛✲s❡ ❡♠ ♠✉✐t♦ à ❛♣❧✐❝❛çã♦ ♠❛✐s ♥❛t✉r❛❧ ❞♦ ♠ét♦❞♦ ❞❡ ✐♥❞✉çã♦ ♠❛t❡♠át✐❝❛✱ ❛

s❛❜❡r✱ ❡♠ ❚❡♦r✐❛ ❞♦s ◆ú♠❡r♦s ❡ ❡♠ ➪❧❣❡❜r❛✳

❊st❛ s✉❜s❡çã♦ ❞❡❞✐❝❛✲s❡ à ❡❧❡s ❡ às s✉❛s s♦❧✉çõ❡s✳

Pr♦❜❧❡♠❛ ✷✳✶✳✶✳ ❈❛❧❝✉❧❡ ♦ ❧❛❞♦ a2n ❞❡ ✉♠ ♣♦❧í❣♦♥♦ r❡❣✉❧❛r ❞❡ 2n ❧❛❞♦s✱ ✐♥s❝r✐t♦ ❡♠ ✉♠❛

❝✐r❝✉♥❢❡rê♥❝✐❛ ❞❡ r❛✐♦ R✳

❙♦❧✉çã♦✳ ❙❡ n = 2 ✭❞❡✈❡♠♦s ✏❝♦♠❡ç❛r✑ ❝♦♠ ✷ ♣♦✐s✱ ❝♦♠♦ s❛❜❡♠♦s✱ ♥ã♦ ❤á ♣♦❧í❣♦♥♦

❞❡ 21 ❧❛❞♦s✦✮✱ ♦ ♣♦❧í❣♦♥♦ r❡❣✉❧❛r ❞❡ 2n ❧❛❞♦s é ✉♠ q✉❛❞r❛❞♦✱ ❝✉❥♦ ❧❛❞♦ é a4 = R
√
2✳

❊♠♣r❡❣❛♥❞♦✱ ❛❣♦r❛✱ ❛ ❢ór♠✉❧❛ ❞❡ ❞✉♣❧✐❝❛çã♦✶

a2n+1 =

√

2R2 − 2R

√
R2 − a22n

4
,

✶❱❡r ❛ ❞❡♠♦♥str❛çã♦ ❞❡st❛ ❢ór♠✉❧❛ ♥♦ ❛♣ê♥❞✐❝❡ ❆✳✶✳
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❡♥❝♦♥tr❛♠♦s

a8 = R

√
2−

√
2, ♥♦ ❝❛s♦ ❞❡ ✉♠ ♦❝tó❣♦♥♦ r❡❣✉❧❛r✱

a16 = R

√
2−

√
2 +

√
2, ♥♦ ❝❛s♦ ❞❡ ✉♠ ♣♦❧í❣♦♥♦ r❡❣✉❧❛r ❞❡ 16 ❧❛❞♦s ❡

a32 = R

√

2−
√

2 +

√
2 +

√
2, ♥♦ ❝❛s♦ ❞❡ ✉♠ ♣♦❧í❣♦♥♦ r❡❣✉❧❛r ❞❡ 32 ❧❛❞♦s✳

❈♦♠ ✐ss♦✱ s♦♠♦s ❧❡✈❛❞♦s ❛ ❝r❡r q✉❡✱ ♣❛r❛ n > 2✱ ♦ ❧❛❞♦ ❞❡ ✉♠ ♣♦❧í❣♦♥♦ r❡❣✉❧❛r ❞❡ 2n

❧❛❞♦s é

a2n = R

√√√√
2−

√

2 +

√
2 + · · ·+

√
2 +

√
2

︸ ︷︷ ︸
n−2 r❛❞✐❝❛✐s

. ✭✷✳✶✳✶✮

❙✉♣♦♥❤❛♠♦s ❛❣♦r❛ q✉❡✱ ❡♠ ✉♠❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ ❞❡ r❛✐♦ R✱ ♦ ❧❛❞♦ a2n ❞❡ ✉♠

♣♦❧í❣♦♥♦ r❡❣✉❧❛r ❞❡ 2n ❧❛❞♦s é ❞❛❞♦ ♣❡❧❛ ✐❣✉❛❧❞❛❞❡ ✭✷✳✶✳✶✮✳

❉❡ss❡ ♠♦❞♦✱ ❜❛s❡❛♥❞♦✲♥♦s ♥❛ ❢ór♠✉❧❛ ❞❡ ❞✉♣❧✐❝❛çã♦ r❡❢❡r✐❞❛ ❛❝✐♠❛✱ t❡♠♦s q✉❡

a2n+1 =

√√√√√√√√
2R2 − 2R

√√√√√√√
R2 −R2

2−
√

2 + · · ·+
√
2 +

√
2

︸ ︷︷ ︸
n−2 r❛❞✐❝❛✐s

4

=

√√√√√√√√√
2R2 − 2R

√√√√√√√√
4R2 −R2


2−

√
2 + · · ·+

√
2 +

√
2

︸ ︷︷ ︸
n−2 r❛❞✐❝❛✐s




4

= R

√√√√
2−

√

2 +

√
2 + · · ·+

√
2 +

√
2

︸ ︷︷ ︸
n−1 r❛❞✐❝❛✐s

,

♦ q✉❡ ♥♦s ♣❡r♠✐t❡ ❝♦♥❝❧✉✐r q✉❡ ♦ ❧❛❞♦ a2n ❞❡ ✉♠ ♣♦❧í❣♦♥♦ r❡❣✉❧❛r ❞❡ 2n ❧❛❞♦s✱ ✐♥s❝r✐t♦ ❡♠

✉♠❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ ❞❡ r❛✐♦ R✱ é ❡①♣r❡ss♦ ♠❡❞✐❛♥t❡ ❛ ❢ór♠✉❧❛ ✭✷✳✶✳✶✮✱ ♣❛r❛ t♦❞♦ ♥❛t✉r❛❧

n > 2✳ �

❖❜s❡r✈❛çã♦ ✷✳✶✳✶✳ ❉❡❞✉③✲s❡✱ ❛ ♣❛rt✐r ❞❛ ✐❣✉❛❧❞❛❞❡ ✭✷✳✶✳✶✮✱ q✉❡ ♦ ❝♦♠♣r✐♠❡♥t♦ C ❞❡ ✉♠❛

❝✐r❝✉♥❢❡rê♥❝✐❛ ❞❡ r❛✐♦ R é ♦ ❧✐♠✐t❡

lim
n→∞

2nR

√√√√
2−

√

2 +

√
2 + · · ·+

√
2 +

√
2

︸ ︷︷ ︸
n−2 r❛❞✐❝❛✐s
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❡✱ ❥á q✉❡ C = 2πR✱ t❛♠❜é♠ ♣♦❞❡♠♦s ❞❡❞✉③✐r q✉❡

π = lim
n→∞

2n−1

√√√√
2−

√

2 +

√
2 + · · ·+

√
2 +

√
2

︸ ︷︷ ︸
n−2 r❛❞✐❝❛✐s

,

♦✉ ❛✐♥❞❛✱ q✉❡

π = lim
n→∞

2n

√√√√
2−

√

2 +

√
2 + · · ·+

√
2 +

√
2

︸ ︷︷ ︸
n−1 r❛❞✐❝❛✐s

.

❆ ❛✜r♠❛çã♦ ❛ s❡❣✉✐r é ✉♠ ❝♦r♦❧ár✐♦ ❞♦ ♣r♦❜❧❡♠❛ ❛♥t❡r✐♦r ✭❡ ♥♦s ❞á ♦✉tr♦ ♠♦❞♦

❞❡ ❡①♣r❡ss❛r ♦ ♥ú♠❡r♦ π ❝♦♠♦ ✉♠ ❧✐♠✐t❡✮✳

❈♦r♦❧ár✐♦ ✷✳✶✳✶ ✭❞♦ Pr♦❜❧❡♠❛ ✷✳✶✳✶✮✳ ❖ ♥ú♠❡r♦ π é ♦ ❧✐♠✐t❡ ❞♦ q✉♦❝✐❡♥t❡

2
√

1

2

√√√√1

2

(
1 +

√
1

2

)√√√√1

2

(
1 +

√
1

2

(
1 +

√
1

2

))
. . .

,

q✉❛♥❞♦ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❢❛t♦r❡s ✭❡①♣r❡ss♦s ♣❡❧❛s r❛í③❡s q✉❛❞r❛❞❛s✮ ❝r❡s❝❡ ✐♥❞❡✜♥✐❞❛♠❡♥t❡✳

✭❆ r❡❣r❛ q✉❡ ❞❡t❡r♠✐♥❛ ❡st❡s ❢❛t♦r❡s é ❛ s✉❣❡r✐❞❛ ♣❡❧♦s três ♣r✐♠❡✐r♦s✱ ❡s❝r✐t♦s ❡①♣❧✐❝✐t❛✲

♠❡♥t❡ ❛❝✐♠❛✳✮

❙♦❧✉çã♦✳ P❛r❛ ♣r♦✈❛r q✉❡ ♦ ❧✐♠✐t❡ ❞♦ q✉♦❝✐❡♥t❡ ❛❝✐♠❛ é ✐❣✉❛❧ ❛ π✱ ❝♦♥s✐❞❡r❛r✲s❡✲á S2n ❛

ár❡❛ ❞❡ ✉♠ ♣♦❧í❣♦♥♦ r❡❣✉❧❛r ❞❡ 2n ❧❛❞♦s✱ ✐♥s❝r✐t♦ ❡♠ ✉♠❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ ❞❡ r❛✐♦ R✱ h2n

s❡✉ ❛♣ót❡♠❛✷ ❡✱ ❡♠ s❡❣✉✐❞❛✱ s❡rá ❞❡t❡r♠✐♥❛❞❛ ❛ r❛③ã♦
S2n

S2n+1

✳

❋❛③❡♥❞♦✲s❡ ✉s♦ ❞❛ ✐❣✉❛❧❞❛❞❡ ✭✷✳✶✳✶✮✱ ♣♦❞❡✲s❡ ❝♦♥❝❧✉✐r q✉❡

h2n =

√
R2 − a22n

4
=

R

2

√√√√
2−

√

2 +

√
2 + · · ·+

√
2 +

√
2

︸ ︷︷ ︸
n−2 r❛❞✐❝❛✐s

❡ q✉❡ S2n é ✐❣✉❛❧ à s♦♠❛ ❞❛s ár❡❛s ❞❡ 2n tr✐â♥❣✉❧♦s ✐sós❝❡❧❡s ❞❡ ❜❛s❡ a2n ❡ ❛❧t✉r❛ h2n ✱ ♦s

q✉❛✐s ♣r❡❡♥❝❤❡♠ ♦ ♣♦❧í❣♦♥♦ ❞❡ 2n ❧❛❞♦s ❡♠ q✉❡stã♦✳ ❆ss✐♠✱ t❡♠✲s❡ q✉❡

S2n = 2n
(
a2nh2n

2

)

= 2n−2R2

√√√√
2−

√

2 +

√
2 + · · ·+

√
2 +

√
2

︸ ︷︷ ︸
n−3 r❛❞✐❝❛✐s

= 2n−2 ·R · a2n−1 .

✷❆♣ót❡♠❛ ❞❡ ✉♠ ♣♦❧í❣♦♥♦ r❡❣✉❧❛r é ♦ s❡❣♠❡♥t♦ ❞❡ r❡t❛ ❝♦♠ ❡①tr❡♠✐❞❛❞❡s ♥♦ ❝❡♥tr♦ ❞♦ ♣♦❧í❣♦♥♦ ❡ ♥♦

♣♦♥t♦ ♠é❞✐♦ ❞❡ ✉♠ ❞❡ s❡✉s ❧❛❞♦s✳
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➱ ❝❧❛r♦ q✉❡✱ ♥❡st❡ ❝❛s♦✱ ♣❛r❛ q✉❡ ♦ r❛❝✐♦❝í♥✐♦ ❢❛ç❛ s❡♥t✐❞♦✱ ❞❡✈❡✲s❡ t❡r n > 3✳ ❆s ❝♦♥s✐✲

❞❡r❛çõ❡s ❛ s❡❣✉✐r ❞✐③❡♠ r❡s♣❡✐t♦✱ ♣♦rt❛♥t♦✱ ❛ ♣♦❧í❣♦♥♦s ❝✉❥❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❧❛❞♦s é ✉♠❛

♣♦tê♥❝✐❛ ❞❡ ✷ ♠❛✐♦r ❞♦ q✉❡ ✹✳

❊♥tã♦✱ ❝♦♠ s✉❜st✐t✉✐çõ❡s ❝♦♥✈❡♥✐❡♥t❡s✱ t❡♠✲s❡ q✉❡

S2n

S2n+1

=
2n−1a2nh2n

2n−1Ra2n
=

h2n

R
.

▼❛s
h2n

R
é ❡①❛t❛♠❡♥t❡ ♦ ❝♦ss❡♥♦ ❞❛ ♠❡t❛❞❡ ❞♦ â♥❣✉❧♦ ❝❡♥tr❛❧ ❞❡ ✉♠ ♣♦❧í❣♦♥♦ r❡❣✉❧❛r ❞❡

2n ❧❛❞♦s✱ ✐♥s❝r✐t♦ ❡♠ ✉♠❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ ❞❡ r❛✐♦ R✱ ✐st♦ é✱

h2n

R
= cos

360◦

2n

2
= cos

180◦

2n
,

❞♦♥❞❡ ❝♦♥❝❧✉✐✲s❡ q✉❡
S2n

S2n+1

= cos
180◦

2n
✳ ❉❛í✱ s❡❣✉❡ q✉❡

S8

S16

· S16

S32

· . . . · S2n−1

S2n
= cos

180◦

8
· cos 180

◦

16
· . . . · cos 180

◦

2n−1
.

❆❧é♠ ❞✐ss♦✱ t❡♠✲s❡ t❛♠❜é♠ q✉❡
S4

S8

=
2R2

2R2
√
2

=

√
2

2
= cos 45◦ = cos

180◦

4
✳ ▲♦❣♦✱

♣♦❞❡♠♦s ❡s❝r❡✈❡r q✉❡

S4

S2n
=

S4

S8

· S8

S16

· S16

S32

· . . . · S2n−1

S2n

= cos
180◦

4
· cos 180

◦

8
· cos 180

◦

16
· . . . · cos 180

◦

2n−1
.

❋✐♥❛❧♠❡♥t❡✱ ❞❛❞♦ q✉❡ ❛ ár❡❛ πR2 ❞❡ ✉♠ ❝ír❝✉❧♦ ❞❡ r❛✐♦ R é ✐❣✉❛❧ ❛♦ ❧✐♠✐t❡ ❞❡ S2n q✉❛♥❞♦

n ❝r❡s❝❡ s❡♠ ❝♦t❛✱ ✐st♦ é✱ q✉❡

πR2 = lim
n→∞

S2n ,

t❡♠✲s❡ q✉❡

2

π
=

2R2

πR2
=

lim
n→∞

S4

lim
n→∞

S2n
= lim

n→∞

S4

S2n
= lim

n→∞

(
cos

180◦

4
· cos 180

◦

8
· . . . · cos 180

◦

2n−1

)

❡✱ ❢❛③❡♥❞♦✲s❡ ✉s♦ ❞♦ ❢❛t♦ ❞❡ q✉❡✱ ♣❛r❛ q✉❛❧q✉❡r 0 6 x <
π

2
✱ ❛ ✐❣✉❛❧❞❛❞❡ cos x

2
=
√

1+cosx
2

é ✈❡r❞❛❞❡✐r❛✱ s❡❣✉❡ q✉❡

π =
2

lim
n→∞

(
cos

180◦

4
· cos 180

◦

8
· cos 180

◦

16
· . . . · cos 180

◦

2n−1

)

= lim
n→∞

2
√

1

2

√√√√1

2

(
1 +

√
1

2

)√√√√1

2

(
1 +

√
1

2

(
1 +

√
1

2

))
. . .

,

❝♦♠♦ q✉❡rí❛♠♦s ♠♦str❛r✳ �
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Pr♦❜❧❡♠❛ ✷✳✶✳✷✳ ❉❛❞♦ ✉♠ ♣♦❧í❣♦♥♦ r❡❣✉❧❛r ❞❡ 2n ❧❛❞♦s✱ ❝♦♠ ♣❡rí♠❡tr♦ P ✱ ✐♥❞✐q✉❡ ✉♠❛

✐❣✉❛❧❞❛❞❡ q✉❡ ♣❡r♠✐t❛ ❝❛❧❝✉❧❛r ♦ r❛✐♦ rn✱ ❞❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ ♥❡❧❡ ✐♥s❝r✐t❛✱ ❡ ♦ r❛✐♦ Rn✱ ❞❛

❝✐r❝✉♥❢❡rê♥❝✐❛ à ❡❧❡ ❝✐r❝✉♥s❝r✐t❛✱ ❡♠ t❡r♠♦s ❞♦ ♣❡rí♠❡tr♦ P ✳

❙♦❧✉çã♦✳ P❛r❛ ♦ q✉❛❞r❛❞♦ ❞❡ ♣❡rí♠❡tr♦ P ✱ t❡♠♦s q✉❡ r2 =
P

8
❡ R2 =

P
√
2

8
✳

❆ s❡❣✉✐r✱ tr❛t❛r❡♠♦s ❞❡ ❞❡t❡r♠✐♥❛r ✉♠ ♠♦❞♦ ❞❡✱ ❛ ♣❛rt✐r ❞♦s r❛✐♦s rn ❡ Rn ❞❛s ❝✐r❝✉♥✲

❢❡rê♥❝✐❛s ✐♥s❝r✐t❛ ❡♠ ❡ ❝✐r❝✉♥s❝r✐t❛ ❛✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ✉♠ ♣♦❧í❣♦♥♦ r❡❣✉❧❛r ❞❡ 2n ❧❛❞♦s✱

❞❡ ♣❡rí♠❡tr♦ P ✱ ♦s r❛✐♦s rn+1 ❡ Rn+1 ❞❛s ❝✐r❝✉♥❢❡rê♥❝✐❛s ❝♦rr❡s♣♦♥❞❡♥t❡s ❛ ✉♠ ♣♦❧í❣♦♥♦

r❡❣✉❧❛r ❞❡ 2n+1 ❧❛❞♦s✱ ❞❡ ♠❡s♠♦ ♣❡rí♠❡tr♦ P ✳ P❛r❛ ✐st♦✱ ❝♦♥s✐❞❡r❡♠♦s AB ♦ ❧❛❞♦ ❞❡ ✉♠

♣♦❧í❣♦♥♦ r❡❣✉❧❛r ❞❡ 2n ❧❛❞♦s ❞❡ ♣❡rí♠❡tr♦ P ✱ ♦ ♣♦♥t♦ O s❡✉ ❝❡♥tr♦✱ C ♦ ♣♦♥t♦ ♠é❞✐♦ ❞♦

❛r❝♦ AB
⌢

❡ D ♦ ♣♦♥t♦ ♠é❞✐♦ ❞❛ ❝♦r❞❛ AB ✭✈❡r ❋✐❣✉r❛ ✷✳✶✮✳ ❆❞❡♠❛✐s✱ s❡❥❛ EF ♦ s❡❣♠❡♥t♦

❞❡ r❡t❛ q✉❡ ✉♥❡ ♦s ♣♦♥t♦s ♠é❞✐♦s ❞♦s ❧❛❞♦s AC ❡ BC✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❞♦ tr✐â♥❣✉❧♦ ABC

❡ G✱ ♦ ♣♦♥t♦ ♠é❞✐♦ ❞❡ EF ✳

O

C

A B

E F

D

G

❋✐❣✉r❛ ✷✳✶✿ P♦❧í❣♦♥♦ r❡❣✉❧❛r ❞❡ 2n ❧❛❞♦s✱ ❞❡ ♣❡rí♠❡tr♦ P ✱ ❡ s✉❛ ❝♦r❞❛ AB

❈♦♠ ✐ss♦✱ t❡♠♦s q✉❡ EF é ♦ ❧❛❞♦ ❞❡ ✉♠ ♣♦❧í❣♦♥♦ r❡❣✉❧❛r ❞❡ 2n+1 ❧❛❞♦s ✐♥s❝r✐t♦

♥❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ ❞❡ r❛✐♦ OE✱ ✈✐st♦ q✉❡✱ ❝♦♠ ❜❛s❡ ❡♠ ❝♦♥s❡q✉ê♥❝✐❛s ❞❛ ❝♦♥str✉çã♦ ❛❝✐♠❛✱

ÊOF = ÊOC + F̂OC

=
1

2
ÂOC +

1

2
B̂OC

=
1

2
ÂOB.

❆❝✐♠❛✱ ❢♦✐ ✉t✐❧✐③❛❞❛ ❛ ♠❡s♠❛ ♥♦t❛çã♦ ♣❛r❛ ❡①♣r❡ss❛r ✉♠ â♥❣✉❧♦ ❡ s✉❛ ♠❡❞✐❞❛✳ ❆ss✐♠✱

s❡♥❞♦ α ❛ ♠❡❞✐❞❛ ❞♦ â♥❣✉❧♦ ÂOB✱ ❡s❝r❡✈❡r✲s❡✲á s✐♠♣❧❡s♠❡♥t❡ ÂOB = α✳

❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ ♦s tr✐â♥❣✉❧♦s ABC ❡ EFC sã♦ s❡♠❡❧❤❛♥t❡s✱ ❝♦♠ r❛③ã♦ ❞❡

s❡♠❡❧❤❛♥ç❛ ❞♦ s❡❣✉♥❞♦ ♣❛r❛ ♦ ♣r✐♠❡✐r♦ ✐❣✉❛❧ ❛
1

2
✱ ♦ ♣❡rí♠❡tr♦ ❞❡st❡ ♣♦❧í❣♦♥♦ é ✐❣✉❛❧ ❛

2n+1EF = 2n+1AB

2
= 2nAB,

✐st♦ é✱ ✐❣✉❛❧ ❛ P ✳
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P♦rt❛♥t♦✱ t❡♠✲s❡ q✉❡ rn+1 = OG ❡ Rn+1 = OE✳ ❆❧é♠ ❞✐ss♦✱ ❞❛ ✐❣✉❛❧❞❛❞❡

OC−OG = OG−OD ✭❞❡ ❢á❝✐❧ ❝♦♥st❛t❛çã♦✮✱ ♦✉✱ ♥♦✉tr♦s t❡r♠♦s✱ ❞❡ Rn−rn+1 = rn+1−rn✱

t❡♠♦s q✉❡

rn+1 =
Rn + rn

2
. ✭✷✳✶✳✷✮

❊ ❝♦♠♦✱ ❛ ♣❛rt✐r ❞♦ tr✐â♥❣✉❧♦ r❡tâ♥❣✉❧♦ OEC✱ é ✈❡r❞❛❞❡✐r❛ ❛ ✐❣✉❛❧❞❛❞❡ OE
2
= OC ·OG✱

✐st♦ é✱ R2
n+1 = Rn · rn+1✱ t❡♠♦s q✉❡

Rn+1 =
√
Rn · rn+1. ✭✷✳✶✳✸✮

❆❣♦r❛✱ ❞❡ ♣♦ss❡ ❞❛s ❞✉❛s ✐❣✉❛❧❞❛❞❡s ❡♠ ❞❡st❛q✉❡ ❛❝✐♠❛✱ ♣r♦✈✐❞❡♥❝✐❡♠♦s ✉♠

♠♦❞♦ ❞❡ s❡ ❝♦♥❥❡❝t✉r❛r ❛ ✏❢ór♠✉❧❛ ❢❡❝❤❛❞❛✑ ♣❛r❛ ❛ ❞❡t❡r♠✐♥❛çã♦ ❞♦s r❛✐♦s rn ❡ Rn ❞❛s

❝✐r❝✉♥❢❡rê♥❝✐❛s ✐♥s❝r✐t❛ ❡ ❝✐r❝✉♥s❝r✐t❛✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❝♦rr❡s♣♦♥❞❡♥t❡s ❛ ✉♠ ♣♦❧í❣♦♥♦

r❡❣✉❧❛r ❞❡ 2n ❧❛❞♦s✱ ❞❡ ♣❡rí♠❡tr♦ P ✳

P❛r❛ ♦s ♣r✐♠❡✐r♦s três ✈❛❧♦r❡s ✐♥t❡✐r♦s ❞❡ n✱ ♠❛✐♦r❡s ❞♦ q✉❡ ✶✱ t❡♠♦s✿

❼ n = 2✿

r2 =
P · 1
8

❡ R2 =
P
√
2

8

❼ n = 3✿

r3 =
P · (1 +

√
2)

16
❡ R3 =

P
√
2
√
2 +

√
2

16

❼ n = 4✿

r4 =
P · (1 +

√
2 +

√
2
√

2 +
√
2)

32
❡ R4 =

P
√
2
√
2 +

√
2

√
2 +

√
2 +

√
2

32

❆s três ♦❜s❡r✈❛çõ❡s ❛❝✐♠❛ ♥ã♦ ❞❡✐①❛♠ ❞ú✈✐❞❛s ❛❝❡r❝❛ ❞❡ q✉❛❧ ❞❡✈❡ s❡r ♥♦ss❛ ❤✐♣ót❡s❡✿

s❡♥❞♦ n > 2 ✉♠ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦✱ ♦s r❛✐♦s rn ❡ Rn ❡♠ q✉❡stã♦ ❞❡✈❡♠ s❡r ❞❛❞♦s ♣♦r

rn =
P

2n+1
·


 1 +

√
2 +

√
2

√
2 +

√
2 + · · ·+

n−2 ❢❛t♦r❡s︷ ︸︸ ︷
√
2

√
2 +

√
2 . . .

√
2 +

√
2 + · · ·+

√
2

︸ ︷︷ ︸
n−1 ♣❛r❝❡❧❛s




❡

Rn =
P

2n+1
·


√

2

√
2 +

√
2 . . .

√
2 +

√
2 + · · ·+

√
2

︸ ︷︷ ︸
n−1 ❢❛t♦r❡s


.
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❯s❛r❡♠♦s ✐♥❞✉çã♦ s♦❜r❡ n > 2✳ ➱ ❢á❝✐❧ ❝♦♥st❛t❛r q✉❡ ❛ ❤✐♣ót❡s❡ s❡ ✈❡r✐✜❝❛ q✉❛♥❞♦ n = 2✳

❆❣♦r❛✱ s✉♣♦♥❞♦ ✈á❧✐❞❛ ♥♦ss❛ ❤✐♣ót❡s❡ ♣❛r❛ ✉♠ ❞❛❞♦ ♥ú♠❡r♦ ♥❛t✉r❛❧ n > 2 ❡✱ ❝♦♠ ❜❛s❡

♥❛ ✐❣✉❛❧❞❛❞❡ ✭✷✳✶✳✷✮✱ t❡♠♦s q✉❡

rn+1 =
1

2
· P

2n+1
·


√

2

√
2 +

√
2 . . .

√
2 +

√
2 + · · ·+

√
2

︸ ︷︷ ︸
n−1 ❢❛t♦r❡s


+

1

2
· P

2n+1
·


 1 +

√
2 +

√
2

√
2 +

√
2 + · · ·+

n−2 ❢❛t♦r❡s︷ ︸︸ ︷
√
2

√
2 +

√
2 . . .

√
2 +

√
2 + · · ·+

√
2

︸ ︷︷ ︸
n−1 ♣❛r❝❡❧❛s




=
P

2n+2
·


 1 +

√
2 +

√
2

√
2 +

√
2 + · · ·+

n−1 ❢❛t♦r❡s︷ ︸︸ ︷
√
2

√
2 +

√
2 . . .

√
2 +

√
2 + · · ·+

√
2

︸ ︷︷ ︸
n ♣❛r❝❡❧❛s


.

❋✐♥❛❧♠❡♥t❡✱ ♣❛r❛ ♣r♦✈❛r ❛ ❡①♣r❡ssã♦ r❡❢❡r❡♥t❡ à Rn+1 s✉♣♦r❡♠♦s q✉❡ é ✈❡r❞❛❞❡✐r❛ ❛ ❤✐✲

♣ót❡s❡ ❛✈❡♥t❛❞❛ ♣❛r❛ Rn ❡✱ ✉t✐❧✐③❛♥❞♦ ❛ ✐❣✉❛❧❞❛❞❡ ✭✷✳✶✳✸✮✱ t❡r❡♠♦s q✉❡

Rn+1 =

√√√√√√
2 · P

2 · 2n+1
·


√

2

√
2 +

√
2 . . .

√
2 +

√
2 + · · ·+

√
2

︸ ︷︷ ︸
n−1 ❢❛t♦r❡s


 ·

√√√√√√√√
P

2n+2
·


 1 +

√
2 +

√
2

√
2 +

√
2 + · · ·+

n−1 ❢❛t♦r❡s︷ ︸︸ ︷
√
2

√
2 +

√
2 . . .

√
2 +

√
2 + · · ·+

√
2

︸ ︷︷ ︸
n ♣❛r❝❡❧❛s




=
P

2n+2
·


√

2

√
2 +

√
2 . . .

√
2 +

√
2 + · · ·+

√
2

︸ ︷︷ ︸
n ❢❛t♦r❡s


.

❆ ✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ ❞❡✈❡ ❞❡✐①❛r ❝❧❛r♦ ❛ r❛③ã♦ ♣❡❧❛ q✉❛❧ ♦ t❡r♠♦ ✏❢♦r❛ ❞♦ r❛❞✐❝❛❧✑

é ✐❣✉❛❧ ❛ P
2n+2 ✳ ❆❧é♠ ❞✐ss♦✱ ♦ s❡❣✉♥❞♦ ❢❛t♦r ❞♦ ♣r♦❞✉t♦ ❛❝✐♠❛ ✈❡♠ ❞❡ s❡ ♣r♦✈❛r ❛ ✐❣✉❛❧❞❛❞❡

√
2 · . . . ·

√
2 +

√
2 + · · ·+

√
2

︸ ︷︷ ︸
n−1 ❢❛t♦r❡s

·


 1 + · · ·+

n−1 ❢❛t♦r❡s︷ ︸︸ ︷
√
2

√
2 +

√
2 . . .

√
2 +

√
2 + · · ·+

√
2

︸ ︷︷ ︸
n ♣❛r❝❡❧❛s


 =

(
2 +

√
2
)
·
(
2 +

√
2 +

√
2

)
· . . . ·

(
2 +

√
2 +

√
2 + · · ·+

√
2

)

︸ ︷︷ ︸
n−1 ❢❛t♦r❡s

,

♦ q✉❡ ♣♦❞❡ s❡r ❛❧❝❛♥ç❛❞♦ ❢❛③❡♥❞♦✲s❡ ✉s♦✱ ✉♠❛ ✈❡③ ♠❛✐s✱ ❞♦ ♠ét♦❞♦ ❞❡ ✐♥❞✉çã♦ ♠❛t❡♠át✐❝❛

s♦❜r❡ n✳

❉❡st❛ ❢❡✐t❛✱ ✜❝❛ ❞❡♠♦♥str❛❞♦ ♦ q✉❡ s❡ q✉❡r✐❛✳ �
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Pr♦❜❧❡♠❛ ✷✳✶✳✸✳ ❉❡t❡r♠✐♥❡ ❛ s♦♠❛ ❞♦s â♥❣✉❧♦s ✐♥t❡r♥♦s ❞❡ ✉♠ ♣♦❧í❣♦♥♦ ❞❡ n ❧❛❞♦s✱ ♥ã♦

♥❡❝❡ss❛r✐❛♠❡♥t❡ ❝♦♥✈❡①♦✳

❙♦❧✉çã♦✳ ❆ s♦♠❛ ❞♦s â♥❣✉❧♦s ✐♥t❡r♥♦s ❞❡ ✉♠ tr✐â♥❣✉❧♦ ✭q✉❛❧q✉❡r✮ é ✐❣✉❛❧ ❛ 180◦✳ ❊✱ ✉♠❛

✈❡③ q✉❡ t♦❞♦ q✉❛❞r✐❧át❡r♦ ♣♦❞❡ s❡r ❞✐✈✐❞♦ ❡♠ ❞♦✐s tr✐â♥❣✉❧♦s ✭✈✐❞❡ ❋✐❣✉r❛s ✷✳✷ ❡ ✷✳✸✮✱ ❛

s♦♠❛ ❞♦s â♥❣✉❧♦s ✐♥t❡r♥♦s ❞❡ q✉❛❧q✉❡r q✉❛❞r✐❧át❡r♦ é ✐❣✉❛❧ ❛ (4− 2) · 180◦ = 360◦✳

❙✉♣♦r❡♠♦s✱ ❛ s❡❣✉✐r✱ q✉❡ ❛ s♦♠❛ ❞♦s â♥❣✉❧♦s ✐♥t❡r♥♦s ❞❡ ✉♠ ♣♦❧í❣♦♥♦ q✉❛❧q✉❡r ❞❡ k ❧❛❞♦s✱

❝♦♠ k < n✱ é ✐❣✉❛❧ ❛ (k− 2) · 180◦✱ ❝♦♥s✐❞❡r❛r❡♠♦s ✉♠ ♣♦❧í❣♦♥♦ q✉❛❧q✉❡r ❞❡ n > 3 ❧❛❞♦s✱

A1A2 . . . An✱ ❡✱ ♣♦r ✜♠✱ ♠♦str❛r❡♠♦s q✉❡ ❛ s♦♠❛ ❞♦s â♥❣✉❧♦s ✐♥t❡r♥♦s ❞❡ ✉♠ ♣♦❧í❣♦♥♦ ❞❡

n ❧❛❞♦s r❡s✉❧t❛ ✐❣✉❛❧ ❛ (n− 2) · 180◦✳

A D

C

B

❋✐❣✉r❛ ✷✳✷✿ ◗✉❛❞r✐❧át❡r♦ ❝♦♥✈❡①♦

D C

B

A

❋✐❣✉r❛ ✷✳✸✿ ◗✉❛❞r✐❧át❡r♦ ♥ã♦✲❝♦♥✈❡①♦

❆♥t❡s✱ ♣♦ré♠✱ ❞❡♠♦♥str❡♠♦s q✉❡ ❡♠ t♦❞♦ ♣♦❧í❣♦♥♦ ❡①✐st❡ ✉♠❛ ❞✐❛❣♦♥❛❧✸ q✉❡ ♦

❞✐✈✐❞❡ ❡♠ ❞♦✐s ♣♦❧í❣♦♥♦s ❞❡ ♠❡♥♦r ♥ú♠❡r♦ ❞❡ ❧❛❞♦s ✭s❡ ♦ ♣♦❧í❣♦♥♦ ❡♠ q✉❡stã♦ é ❝♦♥✈❡①♦✱

❡st❛ ❛✜r♠❛çã♦ é✱ ❡✈✐❞❡♥t❡♠❡♥t❡✱ ✈❡r❞❛❞❡✐r❛✮✳ ❈♦♥s✐❞❡r❡♠♦s✱ ♣♦✐s✱ três ✈ért✐❝❡s s✉❝❡ss✐✈♦s✱

A✱ B ❡ C✱ ❞❡ ✉♠ ♣♦❧í❣♦♥♦ ❞❡ n ❧❛❞♦s✳ ❆ s❡❣✉✐r✱ tr❛❝❡♠♦s✱ ❛ ♣❛rt✐r ❞♦ ✈ért✐❝❡ B ❡ ❛té

✐♥t❡rs❡❝t❛r ♦ ❝♦♥t♦r♥♦ ❞♦ ♣♦❧í❣♦♥♦✱ t♦❞❛s ❛s s❡♠✐rr❡t❛s ♣♦ssí✈❡✐s ❞❡ s❡r tr❛ç❛❞❛s ❞❡ t❛❧

♠♦❞♦ q✉❡ ❛ r❡❣✐ã♦ ✐♥t❡r♥❛ ❞♦ â♥❣✉❧♦ ÂBC ✜q✉❡ ❝♦♠♣❧❡t❛♠❡♥t❡ ♣r❡❡♥❝❤✐❞❛ ✭❛s ❋✐❣✉r❛s ✷✳✹

❡ ✷✳✺ ❡①✐❜❡♠ ÂBC ❝♦♠♦ ✉♠ â♥❣✉❧♦ ❛❣✉❞♦✱ ♣♦✐s ✐st♦ ♥ã♦ ❛❝❛rr❡t❛ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡

❛♦ r❛❝✐♦❝í♥✐♦✮✳

✸❉✐❛❣♦♥❛❧ ❞❡ ✉♠ ♣♦❧í❣♦♥♦ ✭❝♦♥✈❡①♦ ♦✉ ♥ã♦✮ é ✉♠ s❡❣♠❡♥t♦ ❞❡ r❡t❛ ❝♦♠ ❡①tr❡♠♦s ❡♠ ❞♦✐s ✈ért✐❝❡s

♥ã♦✲❛❞❥❛❝❡♥t❡s ❞❡st❡ ♣♦❧í❣♦♥♦✳ ◆♦t❡♠♦s q✉❡ ❛ ❞✐❛❣♦♥❛❧ ❞❡ ✉♠ ♣♦❧í❣♦♥♦ ♥ã♦✲❝♦♥✈❡①♦ ♣♦❞❡ ✏❛tr❛✈❡ssá✲❧♦✑

❡ ♣♦❞❡ ✏❡st❛r ❢♦r❛ ❞❡❧❡✑ ✭❝♦♠♦ ❛ ❞✐❛❣♦♥❛❧ BD ❞❛ ❋✐❣✉r❛ ✷✳✸✮✳
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B

A
C

❋✐❣✉r❛ ✷✳✹✿ ❉✐❛❣♦♥❛❧ AC

B

A

M

C

❋✐❣✉r❛ ✷✳✺✿ ❉✐❛❣♦♥❛❧ BM

❆ss✐♠ s❡♥❞♦✱ ❞♦✐s sã♦ ♦s ❝❛s♦s q✉❡ ♣♦❞❡♠ s❡ ❛♣r❡s❡♥t❛r✿

✭■✮ ❚♦❞❛s ❛s s❡♠✐rr❡t❛s t❡r♠✐♥❛♠ ❡♠ ✉♠ ♠❡s♠♦ ❧❛❞♦ ❞♦ ♣♦❧í❣♦♥♦ ✭✈✐❞❡ ❋✐❣✉r❛ ✷✳✹✮✳

◆❡st❡ ❝❛s♦✱ ❛ ❞✐❛❣♦♥❛❧ AC ❞✐✈✐❞❡ ♦ t❛❧ ♣♦❧í❣♦♥♦ ❡♠ ✉♠ tr✐â♥❣✉❧♦ ❡ ❡♠ ✉♠ ♣♦❧í❣♦♥♦

❞❡ n− 1 ❧❛❞♦s✳

✭■■✮ ◆❡♠ t♦❞❛s ❛s s❡♠✐rr❡t❛s t❡r♠✐♥❛♠ ❡♠ ✉♠ ♠❡s♠♦ ❧❛❞♦ ❞♦ ♣♦❧í❣♦♥♦ ✭✈✐❞❡ ❋✐❣✉r❛

✷✳✺✮✳ ◆❡st❡ ❝❛s♦✱ ✉♠❛ ❞❛s s❡♠✐rr❡t❛s ✐rá ♣❛ss❛r ♣♦r ✉♠ ✈ért✐❝❡ M ❞♦ ♣♦❧í❣♦♥♦✱ ❞❡

♠♦❞♦ ❛ q✉❡ ❛ ❞✐❛❣♦♥❛❧ BM ♦ ❞✐✈✐❞❛ ❡♠ ❞♦✐s ♣♦❧í❣♦♥♦s✱ ❝❛❞❛ ✉♠ ❞♦s q✉❛✐s ♣♦ss✉✐❞♦r

❞❡ ✉♠❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❧❛❞♦s ♠❡♥♦r ❞♦ q✉❡ n✳

❆❣♦r❛✱ ❡♠ ♣r♦ss❡❣✉✐♠❡♥t♦ à ❞❡♠♦♥str❛çã♦ ❞❛ ♣r♦♣♦s✐çã♦ ♣r✐♥❝✐♣❛❧ ❞♦ ♣r♦❜❧❡♠❛✱ ❝♦♥s✐❞❡✲

r❡♠♦s A1A2 . . . An ✉♠ ♣♦❧í❣♦♥♦ q✉❛❧q✉❡r ❞❡ n ❧❛❞♦s ❡ ♥❡❧❡ tr❛❝❡♠♦s ❛ ❞✐❛❣♦♥❛❧ A1Ak✱ q✉❡

♦ ❞✐✈✐❞❡ ♥♦ ♣♦❧í❣♦♥♦ A1A2 . . . Ak✱ ❞❡ k ❧❛❞♦s✱ ❡ ♥♦ ♣♦❧í❣♦♥♦ AkAk+1 . . . An✱ ❞❡ n + 2 − k

❧❛❞♦s✳ ▼❛s✱ s❡❣✉♥❞♦ ❛ ❤✐♣ót❡s❡ ❛❞♠✐t✐❞❛✱ ❛s s♦♠❛s ❞♦s â♥❣✉❧♦s ✐♥t❡r♥♦s ❞♦ ♣♦❧í❣♦♥♦ ❞❡

k ❧❛❞♦s ❡ ❞♦ ♣♦❧í❣♦♥♦ ❞❡ n + 2 − k ❧❛❞♦s ✭❛♠❜♦s ♣♦❧í❣♦♥♦s ❝♦♠ ♠❡♥♦r ♥ú♠❡r♦ ❞❡ ❧❛❞♦s

❞♦ q✉❡ ♦ n✲á❣♦♥♦✮ sã♦ ✐❣✉❛✐s ❛ (k− 2) · 180◦ ❡ [(n+ 2− k)− 2] · 180◦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❡✱

❞❡ss❡ ♠♦❞♦✱ t❡r✲s❡✲á q✉❡ ❛ s♦♠❛ ❞♦s â♥❣✉❧♦s ✐♥t❡r♥♦s ❞❡ A1A2 . . . An s❡rá ✐❣✉❛❧ ❛

(k − 2) · 180◦ + [(n+ 2− k)− 2] · 180◦ = (n− 2) · 180◦,

❞♦♥❞❡ ❝♦♥❝❧✉í♠♦s q✉❡ ♥♦ss❛ ♣r♦♣♦s✐çã♦ é ✈❡r❞❛❞❡✐r❛✱ q✉❛❧q✉❡r q✉❡ s❡❥❛ n > 3 ♥❛t✉r❛❧✳ �

❖❜s❡r✈❛çã♦ ✷✳✶✳✷✳ ◆♦t❡♠♦s q✉❡ ❡st❛ ❞❡♠♦♥str❛çã♦ ♥ã♦ ❢❡③ ✉s♦ ❞♦ ♠♦❞♦✱ t❛❧✈❡③ ♠❛✐s

❢r❡q✉❡♥t❡ ❡ ♥❛t✉r❛❧✱ ❞♦ ♠ét♦❞♦ ❞❡ ✐♥❞✉çã♦ ♠❛t❡♠át✐❝❛✱ q✉❛❧ s❡❥❛✱ ❛q✉❡❧❡ ❡♠ q✉❡ ❛ ❤✐♣ót❡s❡

❞❡ ✐♥❞✉çã♦ é r❡❢❡r❡♥t❡ ❛ ✉♠ ♥❛t✉r❛❧ ❞❛❞♦ ❡ ✜①♦✳ ❆q✉✐✱ ❝♦♥s✐❞❡r♦✉✲s❡ q✉❡ ❛ ❛✜r♠❛çã♦ é

✈❡r❞❛❞❡✐r❛ ♣❛r❛ t♦❞♦ ♥ú♠❡r♦ ♥❛t✉r❛❧ k ♠❡♥♦r ❞♦ q✉❡ ♦ ♥❛t✉r❛❧ n ❡✱ ❡♠ s❡❣✉✐❞❛✱ ♣r♦✈♦✉✲s❡

❛ ✈❡r❛❝✐❞❛❞❡ ❞❛ ♣r♦♣♦s✐çã♦ ♣❛r❛ n✳
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✷✳✷ ❉❡♠♦♥str❛çã♦ ♣♦r ✐♥❞✉çã♦

❊st❛ s❡çã♦ ❡stá ❞❡❞✐❝❛❞❛ ❛ ❡①❡♠♣❧♦s ❞❡ ❛♣❧✐❝❛çã♦ ❞♦ ♠ét♦❞♦ ❞❡ ✐♥❞✉çã♦ ♠❛t❡♠át✐❝❛ à

❞❡♠♦♥str❛çã♦ ❞❡ t❡♦r❡♠❛s ❞❡ ♥❛t✉r❡③❛ ❣❡♦♠étr✐❝❛✳ ❊♠ ❝♦♥tr❛♣♦s✐çã♦ à s❡çã♦ ❛♥t❡r✐♦r✱

❡♠ q✉❡ ❤❛✈✐❛ ❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡✱ ♣r✐♠❡✐r♦✱ r❡❛❧✐③❛r✲s❡ ❛❧❣✉♠❛s ♦❜s❡r✈❛çõ❡s s♦❜r❡ ✉♠ ❞❛❞♦

r❡s✉❧t❛❞♦✱ ♥❡st❛ s❡rã♦ ❝♦♥❥❡❝t✉r❛❞♦s ❝❡rt♦s ❢❛t♦s ❣❡♦♠étr✐❝♦s✱ s❡♠ q✉❡ ♥❛❞❛ s❡❥❛ ❞✐t♦ ❛

r❡s♣❡✐t♦ ❞❡ s✉❛ ✈❡r❛❝✐❞❛❞❡ ❡♠ ❝❛s♦s ♣❛rt✐❝✉❧❛r❡s✳

◆❡st❡ s❡♥t✐❞♦✱ ♦ Pr♦❜❧❡♠❛ ✷✳✶✳✸✱ ♣♦r ❡①❡♠♣❧♦✱ ♣♦❞❡r✐❛ t❡r s✐❞♦ ❡♥✉♥❝✐❛❞♦ ❛s✲

s✐♠✿ ❞❡♠♦♥str❡ q✉❡ ❛ s♦♠❛ ❞♦s â♥❣✉❧♦s ✐♥t❡r♥♦s ❞❡ ✉♠ ♣♦❧í❣♦♥♦ q✉❛❧q✉❡r ❞❡ n ❧❛❞♦s é

✐❣✉❛❧ ❛ (n− 2) · 180◦✳ ❊①❡♠♣❧♦s ❞❡st❛ ♥❛t✉r❡③❛ ❡stã♦ ♣♦st♦s ♥❡st❛ s❡çã♦✳

Pr♦❜❧❡♠❛ ✷✳✷✳✶✳ ❉❡♠♦♥str❡ q✉❡ é ♣♦ssí✈❡❧ ❞✐✈✐❞✐r n q✉❛❞r❛❞♦s ❡♠ ✏♣❡❞❛ç♦s✑ t❛✐s q✉❡

s❡❥❛ ♣♦ssí✈❡❧ ❢♦r♠❛r ✉♠ ♥♦✈♦ q✉❛❞r❛❞♦ ❝♦♠ ❡st❡s ♠❡s♠♦s ♣❡❞❛ç♦s✳

❙♦❧✉çã♦✳ ❙❡ n = 1✱ ♥ã♦ ❤á ♥❡❝❡ss✐❞❛❞❡ ❛❧❣✉♠❛ ❞❡ ❞❡♠♦♥str❛çã♦✳ P♦rt❛♥t♦✱ tr❛t❛r❡♠♦s

❞❡ ❞❡♠♦♥str❛r ♦ ♣r♦❜❧❡♠❛ ❝♦♥s✐❞❡r❛♥❞♦ n > 2✳ ❙❡❥❛♠✱ ♣♦rt❛♥t♦✱ x ❡ y✱ ❝♦♠ x > y✱ ♦s

❧❛❞♦s ❞❡ ❞♦✐s q✉❛❞r❛❞♦s ❞❛❞♦s ABCD ❡ A1B1C1D1✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❊♥tã♦✱ t♦♠❡♠♦s✱

♥♦s ❧❛❞♦s ❞♦ q✉❛❞r❛❞♦ ABCD✱ ❞❡ ❧❛❞♦s ✐❣✉❛✐s ❛ x ✭✈❡r ❋✐❣✉r❛ ✷✳✻✮✱ ♦s s❡❣♠❡♥t♦s AM ✱

BN ✱ CP ❡ DQ✱ t❛✐s q✉❡

AM = BN = CP = DQ =
x+ y

2
,

✏❝♦rt❛♥❞♦✲♦✑ ❡♠ s❡❣✉✐❞❛ s❡❣✉♥❞♦ ❛s r❡t❛s MP ❡ NQ✳ ◆ã♦ é ❞✐❢í❝✐❧ ❝♦♥❝❧✉✐r q✉❡ ❡st❛s

r❡t❛s sã♦ ♣❡r♣❡♥❞✐❝✉❧❛r❡s ❡ ✐♥t❡rs❡❝t❛♠✲s❡ ♥♦ ❝❡♥tr♦ ❞♦ q✉❛❞r❛❞♦ ABCD✱ ❞✐✈✐❞✐♥❞♦✲♦ ❡♠

q✉❛tr♦ ♣❡❞❛ç♦s ✐❣✉❛✐s ❡♥tr❡ s✐✳

A

D C

B

C1

B1A1

D1

Q

M

N

P

O
x

y

❋✐❣✉r❛ ✷✳✻✿ ◗✉❛❞r❛❞♦s ABCD ❡ A1B1C1D1
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❆❣♦r❛✱ ❥✉♥t❛♥❞♦ ❡st❡s ♣❡❞❛ç♦s ❛♦ q✉❛❞r❛❞♦ A1B1C1D1 ✭❝♦♥❢♦r♠❡ ✐♥❞✐❝❛❞♦ ♥❛

❋✐❣✉r❛ ✷✳✼✮✱ ❛ ✜❣✉r❛ ♦❜t✐❞❛ t❛♠❜é♠ s❡rá ✉♠ q✉❛❞r❛❞♦ ✭❥á q✉❡ ♦s â♥❣✉❧♦s ❞❡ ✈ért✐❝❡s ❡♠

M1✱ P1✱ Q1 ❡ N1 s❡rã♦ â♥❣✉❧♦s r❛s♦s✱ ♦s â♥❣✉❧♦s ❞❡ ✈ért✐❝❡s ❡♠ A2✱ B2✱ C2 ❡ D2 s❡rã♦

r❡t♦s ❡ A2B2 = B2C2 = C2D2 = D2A2✳ Pr♦✈❛♠♦s✱ ❝♦♠ ✐ss♦✱ q✉❡ ❛ ♣r♦♣♦s✐çã♦ ❡♠ q✉❡stã♦

é ✈❡r❞❛❞❡✐r❛ ♣❛r❛ n = 2✳

A1

D1

C1

B1

M1

Q1

A2

D2

B2

C2

N1

P1

❋✐❣✉r❛ ✷✳✼✿ ◗✉❛❞r❛❞♦ A2B2C2D2

❆❣♦r❛✱ s✉♣♦♥❤❛♠♦s q✉❡ ❛ ♣r♦♣♦s✐çã♦ ❡♠ q✉❡stã♦ é ✈❡r❞❛❞❡✐r❛ ♣❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ s❡ t❡♠

n q✉❛❞r❛❞♦s ❡ ❝♦♥s✐❞❡r❡♠♦s ♦s n+1 q✉❛❞r❛❞♦s q✉❛✐sq✉❡r Q1, Q2, . . . , Qn, Qn+1✳ ❈♦♥❢♦r♠❡

❞❡♠♦♥str❛♠♦s ❛❝✐♠❛✱ é ♣♦ssí✈❡❧✱ ❛ ♣❛rt✐r ❞❛ ❞✐✈✐sã♦ ❡♠ ♣❡❞❛ç♦s ❞❡ ✉♠ ❡♥tr❡ ❞♦✐s q✉❛✐sq✉❡r

❞❡st❡s q✉❛❞r❛❞♦s ✭Qn ❡ Qn+1✱ ♣♦r ❡①❡♠♣❧♦✮ ❡ ❞❛ ❥✉♥çã♦ ❞♦s ♣❡❞❛ç♦s ♦❜t✐❞♦s ❛♦ s❡❣✉♥❞♦✱

❢♦r♠❛r ✉♠ ♦✉tr♦ q✉❛❞r❛❞♦✱ Q′✳ ❆❧é♠ ❞✐ss♦✱ s❡❣✉♥❞♦ ❛ ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦✱ ♦s n q✉❛❞r❛❞♦s

Q1, Q2, . . . , Qn−1, Q
′ ♣♦❞❡♠ s❡r ❞❡❝♦♠♣♦st♦s ❡♠ ♣❡❞❛ç♦s q✉❡ ♣❡r♠✐t❛♠ ❢♦r♠❛r ✉♠ ♥♦✈♦

q✉❛❞r❛❞♦✳

❈♦♠♦✱ ♣♦r ✜♠✱ ❝♦♥s❡❣✉✐✉✲s❡ ✉t✐❧✐③❛r ♦s n+1 q✉❛❞r❛❞♦s ♣❛r❛ s❡ ♦❜t❡r ✉♠ ♥♦✈♦ q✉❛❞r❛❞♦✱

❞❛♠♦s ♣♦r ❝♦♥❝❧✉í❞❛ ❛ ❞❡♠♦♥str❛çã♦✳ �

Pr♦❜❧❡♠❛ ✷✳✷✳✷✳ ❙❡❥❛ ABC ✉♠ tr✐â♥❣✉❧♦ q✉❛❧q✉❡r✳ ❚r❛ç❛♠✲s❡✱ ❛ ♣❛rt✐r ❞♦ ✈ért✐❝❡ C✱

n − 1 r❡t❛s✱ CM1, CM2, . . . , CMn−1✱ q✉❡ ♦ ❞✐✈✐❞❡♠ ❡♠ n tr✐â♥❣✉❧♦s ♠❡♥♦r❡s✱ ❛ s❛❜❡r✱

♦s tr✐â♥❣✉❧♦s ACM1,M1CM2, . . . ,Mn−1CB✳ ❙❡❥❛♠ r1, r2, . . . , rn ♦s r❛✐♦s ❞❛s ❝✐r❝✉♥❢❡rê♥✲

❝✐❛s ✐♥s❝r✐t❛s ♥❡st❡s tr✐â♥❣✉❧♦s✳ ❙❡❥❛♠✱ ❛✐♥❞❛✱ ρ1, ρ2, . . . , ρn ♦s r❛✐♦s ❞❛s ❝✐r❝✉♥❢❡rê♥❝✐❛s

❡①✐♥s❝r✐t❛s✹ ♥❡st❡s tr✐â♥❣✉❧♦s ✭❝❛❞❛ ✉♠❛ ❞❛s q✉❛✐s ✐♥s❝r✐t❛ ♥♦ â♥❣✉❧♦ C ❞♦ tr✐â♥❣✉❧♦ ❝♦r✲

r❡s♣♦♥❞❡♥t❡✱ ❝♦♠♦ ♠♦str❛ ❛ ❋✐❣✉r❛ ✷✳✽✮✳ P♦r ✜♠✱ s❡❥❛♠ r ❡ ρ ♦s r❛✐♦s ❞❛s ❝✐r❝✉♥❢❡rê♥❝✐❛s

✐♥s❝r✐t❛ ❡ ❡①✐♥s❝r✐t❛✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♥♦ ♣ró♣r✐♦ tr✐â♥❣✉❧♦ ABC✳ Pr♦✈❡ q✉❡

r1

ρ1
· r2
ρ2

· . . . · rn
ρn

=
r

ρ
.

✹❊①✐♥s❝r✐t❛ é ♦ ♥♦♠❡ ❞❛❞♦ ❛ ✉♠❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ t❛♥❣❡♥t❡ ❛ ✉♠ ❞♦s ❧❛❞♦s ❞❡ ✉♠ tr✐â♥❣✉❧♦ ❡ às r❡t❛s

q✉❡ ❝♦♥té♠ s❡✉s ♦✉tr♦s ❞♦✐s ❧❛❞♦s✳
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r1
r2

ρ1

ρ2

A B

C

M1 M2

❋✐❣✉r❛ ✷✳✽✿ ❚r✐â♥❣✉❧♦s ACM1, . . . ,Mn−1CB ❡ s✉❛s ❝✐r❝✉♥❢❡rê♥❝✐❛s ✐♥s❝r✐t❛s ❡ ❡①✐♥s❝r✐t❛s

❙♦❧✉çã♦✳ ■♥✐❝✐❛❧♠❡♥t❡✱ r❡♣r❡s❡♥t❡♠♦s ♣♦r S ❛ ár❡❛ ❞♦ tr✐â♥❣✉❧♦ ABC ❡ ♣♦r p✱ s❡✉ s❡✲

♠✐♣❡rí♠❡tr♦✱ ✐st♦ é✱ s❡ BC = a✱ AC = b ❡ AB = c sã♦ ❛s ♠❡❞✐❞❛s ❞♦s s❡✉s ❧❛❞♦s✱

❡♥tã♦ p =
a+ b+ c

2
✳ ❈♦♠♦ é ❜❡♠ s❛❜✐❞♦✱ S = pr✳ ❉❡ ♦✉tr♦ ❧❛❞♦✱ s❡ O é ♦ ❝❡♥tr♦ ❞❛

❝✐r❝✉♥❢❡rê♥❝✐❛ ❡①✐♥s❝r✐t❛ ♥♦ tr✐â♥❣✉❧♦ ABC ✭✈❡r ❋✐❣✉r❛ ✷✳✾✮✱ ❡♥tã♦ t❡♠♦s q✉❡

S = S△OAC + S△OCB − S△OAB

=
bρ

2
+

aρ

2
− cρ

2

=
(a+ b+ c− 2c)ρ

2

= (p− c)ρ,

❡✱ ❡♠ ❝♦♥s❡q✉ê♥❝✐❛✱ pr = (p− c)ρ✱ ♦✉ ❛✐♥❞❛✱

r

ρ
=

p− c

p
.

❆❧é♠ ❞✐ss♦✱ ❞❛ ❚r✐❣♦♥♦♠❡tr✐❛✱ t❡♠♦s ❛s ✐❣✉❛❧❞❛❞❡s✺ ❛❜❛✐①♦

tg
Â

2
=

√
(p− b)(p− c)

p(p− a)
❡ tg

B̂

2
=

√
(p− a)(p− c)

p(p− b)
, ✭✷✳✷✳✶✮

❞♦♥❞❡ r❡s✉❧t❛ q✉❡

tg
Â

2
· tg B̂

2
=

√
(p− b)(p− c)

p(p− a)
· (p− a)(p− c)

p(p− b)

=
p− c

p

=
r

ρ
.

✭✷✳✷✳✷✮

✺❆s ✐❣✉❛❧❞❛❞❡s tr✐❣♦♥♦♠étr✐❝❛s ❡♠ q✉❡stã♦ ❡♥❝♦♥tr❛♠✲s❡ ❥✉st✐✜❝❛❞❛s ♥♦ ❛♣ê♥❞✐❝❡ ❆✳✷✳
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A B
c

C

b a

O

ρ

ρ
ρ

❋✐❣✉r❛ ✷✳✾✿ ❈✐r❝✉♥❢❡rê♥❝✐❛ ❡①✐♥s❝r✐t❛ ♥♦ tr✐â♥❣✉❧♦ ABC

❉❡ ♣♦ss❡ ❞❡st❛s ✐♠♣♦rt❛♥t❡s ♦❜s❡r✈❛çõ❡s ♣r❡❧✐♠✐♥❛r❡s✱ ❡❢❡t✐✈❡♠♦s ❛ ❞❡♠♦♥s✲

tr❛çã♦ ❞♦ t❡♦r❡♠❛ ♣r♦♣♦st♦✳ ❈♦♥st❛t❡♠♦s✱ ♣♦✐s✱ ❛ ✈❡r❛❝✐❞❛❞❡ ❞❛ ♣r♦♣♦s✐çã♦ ♣❛r❛ n = 2✱

✐st♦ é✱ ♣❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ ♦ tr✐â♥❣✉❧♦ ABC ✜❝❛ ❞✐✈✐❞♦ ❡♠ ❞♦✐s tr✐â♥❣✉❧♦s✱ ❛ s❛❜❡r✱ ACM

❡ MCB✳

❉❛s ❢ór♠✉❧❛s ✭✷✳✷✳✶✮✱ r❡s✉❧t❛ q✉❡

r1

ρ1
· r2
ρ2

= tg
Â

2
· tg ĈMA

2
· tg ĈMB

2
· tg B̂

2

= tg
Â

2
· tg ĈMA

2
· tg 180◦ − ĈMA

2︸ ︷︷ ︸
1

· tg B̂

2

= tg
Â

2
· tg B̂

2

=
r

ρ
.

❆❝✐♠❛✱ ♦ ♣r♦❞✉t♦ ❡♥tr❡ ❛s ❢❛t♦r❡s ❝❡♥tr❛✐s é ✐❣✉❛❧ ❛ ✶ ❡♠ ✈✐st❛ ❞❡ s❡r❡♠ ❝♦♠♣❧❡♠❡♥t❛r❡s

♦s â♥❣✉❧♦s ĈMA
2

❡ 180◦−ĈMA
2

❡✱ ❡♠ ❝♦♥s❡q✉ê♥❝✐❛✱ s❡r❡♠ r❡❝í♣r♦❝♦s ♦s ♥ú♠❡r♦s tg ĈMA
2

❡

tg 180◦−ĈMA
2

✳

❙✉♣♦♥❤❛♠♦s✱ ❛❣♦r❛✱ q✉❡ ❛ ♣r♦♣♦s✐çã♦ ❛ s❡r ♣r♦✈❛❞❛ é ✈❡r❞❛❞❡✐r❛ q✉❛♥❞♦ s❡

t❡♠ n − 1 r❡t❛s✳ ❊♠ s❡❣✉✐❞❛✱ t♦♠❡♠♦s n r❡t❛s CM1, CM2, . . . , CMn q✉❡ ❞✐✈✐❞❡♠ ♦

tr✐â♥❣✉❧♦ ABC ❡♠ n + 1 tr✐â♥❣✉❧♦s ♠❡♥♦r❡s✱ q✉❛✐s s❡❥❛♠ ACM1,M1CM2, . . . ,MnCB✳

❈♦♥s✐❞❡r❛♥❞♦ ❞♦✐s q✉❛✐sq✉❡r ❞❡st❡s tr✐â♥❣✉❧♦s✱ ❞✐❣❛♠♦s ACM1 ❡ M1CM2✱ t❡♠♦s q✉❡

r1

ρ1
· r2
ρ2

=
r12

ρ12
,

♦♥❞❡ r12 ❡ ρ12 sã♦ ♦s r❛✐♦s ❞❛s ❝✐r❝✉♥❢❡rê♥❝✐❛s ✐♥s❝r✐t❛ ❡ ❡①✐♥s❝r✐t❛ ♥♦ tr✐â♥❣✉❧♦ ACM2

✭❛ ❥✉st✐✜❝❛t✐✈❛ ❞❡st❡ ❢❛t♦ s❡ ❜❛s❡✐❛ ♥♦ q✉❡ ❥á ❢♦✐ ♣r♦✈❛❞♦ ❛❝✐♠❛✮✳ ❋✐♥❛❧♠❡♥t❡✱ ❡♠ ❝♦♥✲



✷✳✷ ❉❡♠♦♥str❛çã♦ ♣♦r ✐♥❞✉çã♦ ✸✾

s❡q✉ê♥❝✐❛ ❞❛ ❤✐♣ót❡s❡ ❢❡✐t❛✱ ♣❛r❛ ♦s n tr✐â♥❣✉❧♦s ACM2,M2CM3, . . . ,MnCB ❝✉♠♣r❡✲s❡

❛ ✐❣✉❛❧❞❛❞❡
r12

ρ12
· r3
ρ3

· . . . · rn
ρn

· rn+1

ρn+1

=
r

ρ

❡✱ ❝♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛✱
r1

ρ1
· r2
ρ2

· r3
ρ3

· . . . · rn
ρn

· rn+1

ρn+1

=
r

ρ
,

♣❡❧♦ q✉❡ ❝♦♥❝❧✉í♠♦s ❛ ❞❡♠♦♥str❛çã♦✳ �

❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ✐♠❡❞✐❛t❛ ❞♦ t❡♦r❡♠❛ r❡❧❛t✐✈♦ ❛♦ Pr♦❜❧❡♠❛ ✷✳✷✳✷✱ t❡♠✲s❡ ❛

s❡❣✉✐♥t❡ ♣r♦♣♦s✐çã♦✳

❈♦r♦❧ár✐♦ ✷✳✷✳✶ ✭❞♦ Pr♦❜❧❡♠❛ ✷✳✷✳✷✮✳ ❙❡❥❛♠ CM ❡ CM ′ ❞✉❛s r❡t❛s q✉❡ ❞✐✈✐❞❡♠ ❞❡ ❞♦✐s

♠♦❞♦s ✉♠ ❞❛❞♦ tr✐â♥❣✉❧♦ ABC ❡♠ ❞♦✐s ♣❛r❡s ❞❡ tr✐â♥❣✉❧♦s✿ ACM,CMB ❡ ACM ′, CM ′B✳

❙❡❥❛♠✱ ❛✐♥❞❛✱ r1, r2 ❡ r′1, r
′

2 ♦s r❛✐♦s r❡s♣❡❝t✐✈♦s ❞❛s ❝✐r❝✉♥❢❡rê♥❝✐❛s ✐♥s❝r✐t❛s ♥❡st❡s ❞♦✐s

♣❛r❡s ❞❡ tr✐â♥❣✉❧♦s✳ ❙❡ r1 = r′1✱ ❡♥tã♦ r2 = r′2 ✭❡ ♣r♦♣r✐❡❞❛❞❡ ❛♥á❧♦❣❛ s❡ ❝✉♠♣r❡ ❡♠ s❡

tr❛t❛♥❞♦ ❞♦s r❛✐♦s ❞❛s ❝✐r❝✉♥❢❡rê♥❝✐❛s ❡①✐♥s❝r✐t❛s✮✳

❙♦❧✉çã♦✳ P❛r❛ ❛ ♣r♦✈❛ ❞❡st❡ ❝♦r♦❧ár✐♦✱ s❡rã♦ ✉s❛❞❛s ❛s ♥♦t❛çõ❡s r❡❧❛t✐✈❛s ❛♦ Pr♦❜❧❡♠❛

✷✳✷✳✷ ❡ ❛ ✜❣✉r❛ ❛❜❛✐①♦✱ q✉❡ ✐rá ❛✉①✐❧✐❛r ♥♦ss♦ r❛❝✐♦❝í♥✐♦✳

A B

C

M

ED

ρ

r

h− 2r

h

❋✐❣✉r❛ ✷✳✶✵✿ ❚r✐â♥❣✉❧♦ ABC✱ ❛✉①✐❧✐❛r ♥❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❝♦r♦❧ár✐♦ ✷✳✷✳✶

❙❡♥❞♦ ♦ s❡❣♠❡♥t♦ DE ♣❛r❛❧❡❧♦ ❛♦ ❧❛❞♦ AB ❞♦ tr✐â♥❣✉❧♦ ABC ❡ t❛♥❣❡♥t❡ à

❝✐r❝✉♥❢❡rê♥❝✐❛ ❛ ❡❧❡ ✐♥s❝r✐t❛✱ t❡♠✲s❡ q✉❡ ♦s tr✐â♥❣✉❧♦s ACM ❡ ADE sã♦ s❡♠❡❧❤❛♥t❡s✻ ❡✱

✻❈♦♠♦ é ❜❡♠ s❛❜✐❞♦✱ s❡ ❛ r❛③ã♦ ❞❡ s❡♠❡❧❤❛♥ç❛ ❡♥tr❡ ❞♦✐s tr✐â♥❣✉❧♦s é k✱ ❡♥tã♦ ❛ r❛③ã♦ ❡♥tr❡ ❧❛❞♦s

❤♦♠ó❧♦❣♦s é k✱ ❛ r❛③ã♦ ❡♥tr❡ ♦s r❛✐♦s ❞❛s ❝✐r❝✉♥❢❡rê♥❝✐❛s ✐♥s❝r✐t❛s✱ ❝✐r❝✉♥s❝r✐t❛s ❡ ❡①✐♥s❝r✐t❛s é k ❡✱ ❡♠

❣❡r❛❧✱ ❛ r❛③ã♦ ❡♥tr❡ ❞♦✐s ❡❧❡♠❡♥t♦s ❧✐♥❡❛r❡s ✭q✉❛✐sq✉❡r✮ ❤♦♠ó❧♦❣♦s é k✳
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♣♦rt❛♥t♦✱ q✉❡

r

h− 2r
=

ρ

h
⇒ r

ρ
=

h− 2r

h
,

♦♥❞❡ h 6= 0 é ❛ ❛❧t✉r❛ ❞♦ tr✐â♥❣✉❧♦ ACM ✱ r❡❧❛t✐✈❛♠❡♥t❡ ❛♦ ✈ért✐❝❡ C✳

❉❛í✱ ❝♦♠ ❜❛s❡ ♥❛ ❞❡♠♦♥str❛çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❛♥t❡r✐♦r✱ t❡♠♦s q✉❡
(
h− 2r1

h

)(
h− 2r2

h

)
=

r

ρ
=

(
h− 2r′1

h

)(
h− 2r′2

h

)
.

❋✐♥❛❧♠❡♥t❡✱ s✉♣♦♥❞♦ ✈❡r❞❛❞❡✐r❛ ❛ ✐❣✉❛❧❞❛❞❡ r1 = r′1✱ t❡♠♦s q✉❡
(
h− 2r1

h

)(
h− 2r2

h

)
=

(
h− 2r1

h

)(
h− 2r′2

h

)
=⇒

h− 2r2
h

=
h− 2r′2

h
=⇒

1− 2r2
h

= 1− 2r′2
h

=⇒

r2 = r′2.

❆ ❞❡♠♦♥str❛çã♦ ❞❛ ♣r♦♣r✐❡❞❛❞❡ ❛♥á❧♦❣❛ r❡❢❡r❡♥t❡ ❛♦s r❛✐♦s ρ1, ρ2 ❡ ρ′1, ρ
′

2 ❞❛s ❝✐r❝✉♥❢❡✲

rê♥❝✐❛s ❡①✐♥s❝r✐t❛s ❛♦s tr✐â♥❣✉❧♦s ACM,CMB ❡ ACM ′, CM ′B✱ ♥❡ss❛ ♦r❞❡♠✱ é ❢❡✐t❛ ❞❡

❢♦r♠❛ ❝♦♠♣❧❡t❛♠❡♥t❡ s✐♠✐❧❛r à ❞❡♠♦♥str❛çã♦ r❡❛❧✐③❛❞❛ ❛❝✐♠❛✱ ❝♦♠ ❜❛s❡ ♥❛ ♣r♦♣♦rçã♦

ρ

h+ 2ρ
=

r

h
,

❞♦♥❞❡ s❡ ❞❡❞✉③❡♠ ❛s ✐❣✉❛❧❞❛❞❡s
(
1 +

2ρ1
h

)(
1 +

2ρ2
h

)
= 1 +

2ρ

h
=

(
1 +

2ρ′1
h

)(
1 +

2ρ′2
h

)

❡✱ ✜♥❛❧♠❡♥t❡✱ ❛ ✐❣✉❛❧❞❛❞❡ ρ2 = ρ′2 ❡♥tr❡ ♦s r❛✐♦s ❞❛s ❝✐r❝✉♥❢❡rê♥❝✐❛s ❡①✐♥s❝r✐t❛s ❝♦rr❡s♣♦♥✲

❞❡♥t❡s ✭s✉♣♦♥❞♦✱ ♣♦r ❤✐♣ót❡s❡✱ q✉❡ ρ1 = ρ′1✮✳ �

Pr♦❜❧❡♠❛ ✷✳✷✳✸✳ ❙❡❥❛♠ C1, C2, . . . , Cn✱ ❝♦♠ n > 3✱ n ❝✐r❝✉♥❢❡rê♥❝✐❛s q✉❡ ♣❛ss❛♠ ♣❡❧♦

♣♦♥t♦ O ❡ s❡❥❛♠✱ ❛✐♥❞❛✱ A1, A2, . . . , An ♦s ♦✉tr♦s ♣♦♥t♦s ❞❡ ✐♥t❡rs❡❝çã♦ ❡♥tr❡ ❛s ❝✐r❝✉♥✲

❢❡rê♥❝✐❛s C1 ❡ C2✱ C2 ❡ C3✱✳ ✳ ✳ ✱Cn−1 ❡ Cn✱ Cn ❡ C1✱ r❡s♣❡❝t✐✈❛♠❡♥t❡ ✭✈❡r ❋✐❣✉r❛ ✷✳✶✶✮✳

❙❡❥❛ B1 ✉♠ ♣♦♥t♦ ❛r❜✐trár✐♦ ❞❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ C1✱ ❞✐st✐♥t♦ ❞❡ A1 ❡ ❞❡ O✳ ❚r❛❝❡♠♦s ❛ r❡t❛

s❡❝❛♥t❡ B1A1 q✉❡ ✐♥t❡rs❡❝t❛ ❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ C2 ♥♦ ♣♦♥t♦ B2❀ ❡♠ s❡❣✉✐❞❛✱ ❛ s❡❝❛♥t❡ B2A2

q✉❡ ❝♦rt❛ ❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ C3 ♥♦ ♣♦♥t♦ B3
✼✱ ❡ ❛ss✐♠ ♣♦r ❞✐❛♥t❡✳ ❉❡♠♦♥str❡ q✉❡ ♦ ♣♦♥t♦

Bn+1✱ q✉❡ s❡ ♦❜té♠✱ ✜♥❛❧♠❡♥t❡✱ ♥❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ C1✱ ❝♦♥❝✐❞❡ ❝♦♠ ♦ ♣♦♥t♦ B1✳

✼❙❡✱ ❡✈❡♥t✉❛❧♠❡♥t❡✱ ♦ ♣♦♥t♦ B2 ❝♦✐♥❝✐❞✐r ❝♦♠ A2✱ tr❛ç❛r❡♠♦s ♣❡❧♦ ♣♦♥t♦ A2 ❛ t❛♥❣❡♥t❡ à ❝✐r❝✉♥❢❡rê♥❝✐❛

C2✳
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O1
O

O2

O3

O4

B1

A1

A2

B2

B3

A3

B4A4

C1

C2

C3

C4

❋✐❣✉r❛ ✷✳✶✶✿ ❈✐r❝✉♥❢❡rê♥❝✐❛s C1, . . . , Cn✱ ❝♦♠ n > 3✱ ♣❛ss❛♥❞♦ ♣♦r ✉♠ ♠❡s♠♦ ♣♦♥t♦

❆♥t❡s✱ ♣♦ré♠✱ ❞❛ ❞❡♠♦♥str❛çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❛❝✐♠❛✱ ❥✉st✐✜q✉❡♠♦s ♦ s❡❣✉✐♥t❡

❧❡♠❛✳

▲❡♠❛ ✷✳✷✳✶✳ ❙❡ O1 ❡ O2 sã♦ ♦s ❝❡♥tr♦s ❞❡ ❞✉❛s ❝✐r❝✉♥❢❡rê♥❝✐❛s C1 ❡ C2 q✉❡ s❡ ✐♥s❡r❝t❛♠

❡♠ ✉♠ ♣♦♥t♦ O ❡ s❡ B1B2 é ❛ r❡t❛ s❡❝❛♥t❡ q✉❡ ♣❛ss❛ ♣❡❧♦ ♦✉tr♦ ♣♦♥t♦ A1 ❞❡ ✐♥t❡rs❡❝çã♦

❞❡st❛s ❝✐r❝✉♥❢❡rê♥❝✐❛s ✭✈❡r ❋✐❣✉r❛ ✷✳✶✷✮✱ ❡♥tã♦ ♦s â♥❣✉❧♦s Ô1OO2 ❡ B̂1OB2 sã♦ ❝♦♥❣r✉✲

❡♥t❡s✳

O1

C1

O

O2

C2

A1

B1

B2

❋✐❣✉r❛ ✷✳✶✷✿ ❈✐r❝✉♥❢❡rê♥❝✐❛s C1 ❡ C2✱ ❛✉①✐❧✐❛r❡s ♥❛ ♣r♦✈❛ ❞♦ ▲❡♠❛ ✷✳✷✳✶

❉❡♠♦♥str❛çã♦✳ ❈♦♠❡❝❡♠♦s ♣♦r ✈❡r q✉❡ ♦ â♥❣✉❧♦ B̂1OB2✱ ♣♦r s❡r â♥❣✉❧♦ ✐♥s❝r✐t♦ ♥❛ ❝✐r✲

❝✉♥❢❡rê♥❝✐❛ C1✱ t❡♠ ♠❡❞✐❞❛ ✐❣✉❛❧ à ♠❡t❛❞❡ ❞❛ ♠❡❞✐❞❛ ❞♦ â♥❣✉❧♦ ❝❡♥tr❛❧ ❞♦ ❛r❝♦ q✉❡ ❡❧❡

s✉❜❡♥t❡♥❞❡ ✭♥❡st❡ ❝❛s♦✱ é ✐❣✉❛❧ à ♠❡t❛❞❡ ❞❛ ♠❡❞✐❞❛ ❞❡ ÔO1A1✮✳ P♦r ♦✉tr♦ ❧❛❞♦✱ é ❢á❝✐❧

✈❡r q✉❡ ÔO1O2 =
ÔO1A1

2
✱ ♣♦✐s ♦s tr✐â♥❣✉❧♦s ✭❝♦♠♦ t❛♠❜é♠ é ❢á❝✐❧ ❞❡ ♦❜s❡r✈❛r✮ OO1O2 ❡

A1O1O2 sã♦ ❝♦♥❣r✉❡♥t❡s✳ P♦r r❛❝✐♦❝í♥✐♦ ❛♥á❧♦❣♦✱ ♠♦str❛✲s❡ q✉❡ t❛♠❜é♠ sã♦ ❝♦♥❣r✉❡♥t❡s

♦s â♥❣✉❧♦s ÔO2O1 ❡ B̂1B2O✱ ♣❡❧♦ q✉❡ ❝♦♥❝❧✉í♠♦s q✉❡ ♦s â♥❣✉❧♦s Ô1OO2 ❡ B̂1OB2 sã♦

❝♦♥❣r✉❡♥t❡s✳ �
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Pr♦❝❡❞❛♠♦s✱ ❛❣♦r❛✱ à ❞❡♠♦♥str❛çã♦ ❞♦ Pr♦❜❧❡♠❛ ✷✳✷✳✸✳

❙♦❧✉çã♦✳ Pr♦✈❡♠♦s ❛ ♣r♦♣♦s✐çã♦ ♣❛r❛ ♦ ❝❛s♦ ✐♥✐❝✐❛❧ n = 3✱ ❝♦♥s❡r✈❛♥❞♦ ❛s ♥♦t❛çõ❡s ❡st❛✲

❜❡❧❡❝✐❞❛s ♥♦ ♣r♦❜❧❡♠❛ ❡♠ q✉❡stã♦✳ ❆ss✐♠✱ ♣❛r❛ ♠♦str❛r q✉❡ ♦s ♣♦♥t♦s B4 ❡ B1 ❝♦✐♥❝✐❞❡♠✱

✐st♦ é✱ q✉❡ ❛ r❡t❛ s❡❝❛♥t❡ B3A3 ♣❛ss❛ ♣♦r B1✱ é s✉✜❝✐❡♥t❡ ♣r♦✈❛r q✉❡ ♦ â♥❣✉❧♦ B̂1A3B3 é

✉♠ â♥❣✉❧♦ r❛s♦✱ ♦✉ ❛✐♥❞❛✱ q✉❡ ♦ ✏q✉❛❞r✐❧át❡r♦ OB1A3B3✑ é ✉♠ tr✐â♥❣✉❧♦✱ ❞❡ ✈ért✐❝❡s O✱

B1 ❡ B3 ✭✈❡r ❋✐❣✉r❛ ✷✳✶✸✮✳

O1
O

O2

O3

B1

A1

A2

B2

B3

C1

C2

C3

A3

❋✐❣✉r❛ ✷✳✶✸✿ ✏◗✉❛❞r✐❧át❡r♦ OB1A3B3✑

P❡❧♦ ❧❡♠❛ ❞❡♠♦♥str❛❞♦ ❛❝✐♠❛✱ t❡♠♦s q✉❡ ♦s tr✐â♥❣✉❧♦s O1OO2 ❡ B1OB2 sã♦

s❡♠❡❧❤❛♥t❡s✱ ❛ss✐♠ ❝♦♠♦ ♦ sã♦ ♦s tr✐â♥❣✉❧♦s O2OO3 ❡ B2OB3✱ ♦ q✉❡ s✐❣♥✐✜❝❛ q✉❡ ♦s

â♥❣✉❧♦s Ô1OO3 ❡ B̂1OB3 sã♦ ❝♦♥❣r✉❡♥t❡s✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ t❛♠❜é♠ sã♦ ❝♦♥❣r✉❡♥t❡s ♦s

â♥❣✉❧♦s ÔB1A3 ❡ ÔO1O3✱ ❜❡♠ ❝♦♠♦ tê♠ ❛ ♠❡s♠❛ ♠❡❞✐❞❛ ♦s â♥❣✉❧♦s ÔO3O1 ❡ ÔB3A3✱

t❡♠♦s q✉❡✱ r❡❧❛t✐✈❛♠❡♥t❡ ❛♦ ✏q✉❛❞r✐❧át❡r♦ OB1A3B3✑✱

B̂1 + Ô + B̂3 + Â3 = 360◦

180◦ + Â3 = 360◦

Â3 = 180◦,

✐st♦ é✱ ♦s ♣♦♥t♦s B1✱ A3 ❡ B3 sã♦ ❝♦❧✐♥❡❛r❡s✳ ❊♥tã♦✱ s❡ ❛ r❡t❛ B3A3✱ s❡❝❛♥t❡ às ❝✐r❝✉♥❢❡rê♥✲

❝✐❛s C1 ❡ C3✱ ✐♥t❡rs❡❝t❛ C1 ❡♠ ✉♠ ♣♦♥t♦ B4✱ ❞❡✈❡✲s❡ t❡r q✉❡ B4 = B1✱ ♣♦✐s✱ ❞♦ ❝♦♥trár✐♦✱

❡st❛ r❡t❛ t❡r✐❛ três ♣♦♥t♦s ❡♠ ❝♦♠✉♠ ❝♦♠ ❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ C1✱ ❥á q✉❡ ♦s ♣♦♥t♦s B1 ❡ A3

♣❡rt❡♥❝❡♠ ❛ ❡❧❛✳

❋✐♥❛❧♠❡♥t❡✱ s✉♣♦♥❞♦ ✈❡r❞❛❞❡✐r❛ ❛ ♣r♦♣♦s✐çã♦ ♣❛r❛ ♦ ❝❛s♦ ❞❡ s❡ t❡r n − 1

❝✐r❝✉♥❢❡rê♥❝✐❛s q✉❛✐sq✉❡r✱ ❝♦♥s✐❞❡r❡♠♦s n ❝✐r❝✉♥❢❡rê♥❝✐❛s C1, C2, . . . , Cn−1, Cn✳ ❆❣♦r❛✱

tr❛ç❛♥❞♦✲s❡ ❛ s❡❝❛♥t❡ q✉❡ ✉♥❡ ♦ ♣♦♥t♦ Bn−1 ❡ ♦ ♣♦♥t♦ ❞❡ ✐♥t❡rs❡❝çã♦ ❞❛s ❝✐r❝✉♥❢❡rê♥❝✐❛s



✷✳✸ ❈♦♥str✉çõ❡s ❣❡♦♠étr✐❝❛s ♣♦r ✐♥❞✉çã♦ ✹✸

Cn−1 ❡ C1✱ ❝♦♠ ❜❛s❡ ♥❛ ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦✱ t❡r✲s❡✲á q✉❡ ♦s ♣♦♥t♦s B1 ❡ Bn−1 sã♦ ❝♦✐♥✲

❝✐❞❡♥t❡s✳ ◆❡st❡ ❝❛s♦✱ r❡❝❛í♠♦s ♥❛ ♣r♦♣♦s✐çã♦ ♣❛r❛ ♦ ❝❛s♦ n = 3 ✭s❡♥❞♦ C1✱ Cn−1 ❡ Cn ❛s

❝✐r❝✉♥❢❡rê♥❝✐❛s ❡♠ q✉❡stã♦✮✱ q✉❡ ❥á ♣r♦✈❛♠♦s s❡r ✈❡r❞❛❞❡✐r❛✳

P♦rt❛♥t♦✱ ❛ ♣r♦♣♦s✐çã♦ ❡♥❝♦♥tr❛✲s❡ ❞❡♠♦♥str❛❞❛ ♣❛r❛ t♦❞♦ ♥❛t✉r❛❧ n > 3✳ �

✷✳✸ ❈♦♥str✉çõ❡s ❣❡♦♠étr✐❝❛s ♣♦r ✐♥❞✉çã♦

❖ ♠ét♦❞♦ ❞❡ ✐♥❞✉çã♦ ♠❛t❡♠át✐❝❛ t❛♠❜é♠ ♣♦❞❡ s❡r ❛♣❧✐❝❛❞♦ à s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s

❞❡ ❝♦♥str✉çã♦ ❣❡♦♠étr✐❝❛✱ ❞❡s❞❡ q✉❡ ♥❡❧❡s ✜❣✉r❡ ✉♠ ♥ú♠❡r♦ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ n ✭❝♦♠♦ ❥á

✈✐♠♦s s❡r ♦ ❝❛s♦ q✉❛♥❞♦ s❡ ❡stá ❛ tr❛t❛r ❞❛ ❝♦♥str✉çã♦ ❞❡ ♣♦❧í❣♦♥♦s q✉❛✐sq✉❡r ❞❡ n ❧❛❞♦s✮✳

❆ s❡❣✉✐r✱ tr❛✈❛r❡♠♦s ❝♦♥t❛t♦ ❝♦♠ três ❡①❡♠♣❧♦s ❞❡st❡ ❣ê♥❡r♦✳

Pr♦❜❧❡♠❛ ✷✳✸✳✶✳ ❊♠ ✉♠ ♣❧❛♥♦ s❡ t♦♠❛♠ 2n+1 ♣♦♥t♦s✳ ❈♦♥str✉❛✱ ✉s❛♥❞♦ ♦ ♠ét♦❞♦ ❞❡

✐♥❞✉çã♦ ♠❛t❡♠át✐❝❛✱ ✉♠ ♣♦❧í❣♦♥♦ ❞❡ 2n+1 ❧❛❞♦s ❞❡ t❛❧ ♠♦❞♦ q✉❡ ♦s ♣♦♥t♦s ❝♦♥s✐❞❡r❛❞♦s

s❡❥❛♠ ♦s ♣♦♥t♦s ♠é❞✐♦s ❞♦s ❧❛❞♦s ❞❡st❡ ♣♦❧í❣♦♥♦✳

❙♦❧✉çã♦✳ ❖♠❡♥♦r ♣♦❧í❣♦♥♦ ♣❛r❛ ♦ q✉❛❧ ❢❛③ s❡♥t✐❞♦ ❛ ❛✜r♠❛çã♦ ❛❝✐♠❛ é ♦ tr✐â♥❣✉❧♦✳ ❊♥tã♦✱

s❡ n = 1✱ ♦ ♣r♦❜❧❡♠❛ ❝♦♥s✐st❡ ❡♠ ❝♦♥str✉✐r ✉♠ tr✐â♥❣✉❧♦ ❛ ♣❛rt✐r ❞♦s ♣♦♥t♦s ♠é❞✐♦s ❞❡

s❡✉s ❧❛❞♦s✳ ▼❛s ✐st♦ ♣♦❞❡ ❢❛❝✐❧♠❡♥t❡ s❡r r❡s♦❧✈✐❞♦✱ ❜❛st❛♥❞♦ ♣❛r❛ t❛❧ s❡ tr❛ç❛r✱ ♣❛r❛ ❝❛❞❛

✉♠ ❞♦s três ♣♦♥t♦s ❞❛❞♦s✱ ❛ ♣❛r❛❧❡❧❛ à r❡t❛ q✉❡ ♣❛ss❛ ♣❡❧♦s ♦✉tr♦s ❞♦✐s ♣♦♥t♦s ✭♦ ❝❛s♦

❞❡ ❝♦♥❣r✉ê♥❝✐❛ ❞❡ tr✐â♥❣✉❧♦s â♥❣✉❧♦✕❧❛❞♦✕â♥❣✉❧♦ ♥♦s ♣❡r♠✐t✐rá ❝♦♥❝❧✉✐r q✉❡ ♦s ♣♦♥t♦s ❞❡

✐♥t❡rs❡❝çã♦ ❡♥tr❡ ❡st❛s r❡t❛s s❡rã♦ ✈ért✐❝❡s ❞❡ ✉♠ tr✐â♥❣✉❧♦ ❝✉❥♦s ♣♦♥t♦s ♠é❞✐♦s ❞❡ s❡✉s

❧❛❞♦s sã♦ ♦s ♣♦♥t♦s ❞❛❞♦s ✐♥✐❝✐❛❧♠❡♥t❡✮✳

❙✉♣♦♥❤❛♠♦s✱ ❛❣♦r❛✱ q✉❡ é ♣♦ssí✈❡❧ ✭✐st♦ é✱ q✉❡ s❛❜❡♠♦s✮ ❝♦♥str✉✐r ✉♠ ♣♦❧í❣♦♥♦

❞❡ 2n − 1 ❧❛❞♦s ❛ ♣❛rt✐r ❞♦s ♣♦♥t♦s ♠é❞✐♦s ❞❡ s❡✉s ❧❛❞♦s✳ ❆ss✐♠✱ ❝♦♥s✐❞❡r❡♠♦s 2n + 1

♣♦♥t♦s q✉❛✐sq✉❡r ♥♦ ♣❧❛♥♦✱ A1, A2, . . . , A2n−1, A2n, A2n+1✱ ♣♦♥t♦s ♠é❞✐♦s ❞♦s ❧❛❞♦s ❞❡ ✉♠

✭❝❡rt♦✮ ♣♦❧í❣♦♥♦ ❞❡ 2n+ 1 ❧❛❞♦s✱ X1, X2, . . . , X2n+1✳

❈♦♥s✐❞❡r❡♠♦s ♦ q✉❛❞r✐❧át❡r♦ X1X2n−1X2nX2n+1 ✭✈❡r ❋✐❣✉r❛ ✷✳✶✹✮✳ ❖s ♣♦♥✲

t♦s A2n−1✱ A2n ❡ A2n+1 sã♦ ♦s ♣♦♥t♦s ♠é❞✐♦s ❞❡ s❡✉s três ❧❛❞♦s X2n−1X2n✱ X2nX2n+1

❡ X2n+1X1✳ ❙❡❥❛ A ♦ ♣♦♥t♦ ♠é❞✐♦ ❞♦ q✉❛rt♦ ❧❛❞♦✳ ❆ss✐♠✱ t❡♠✲s❡ q✉❡ ♦ q✉❛❞r✐❧át❡r♦

A2n−1A2nA2n+1A é ✉♠ ♣❛r❛❧❡❧♦❣r❛♠♦ ✭♣❛r❛ ❛ ♣r♦✈❛ ❞❡st❡ ❢❛t♦✱ ❜❛st❛ q✉❡ s❡ tr❛❝❡♠ ❛

r❡t❛s X1X2n ❡ X2n−1X2n+1 ❡ s❡ ❝♦♥s✐❞❡r❡♠ ♦s tr✐â♥❣✉❧♦s X1X2n−1X2n ❡ X1X2n−1X2n✱ ❞❡

✉♠ ❧❛❞♦✱ ❡ ♦s tr✐â♥❣✉❧♦s X2n−1X2nX2n+1 ❡ X1X2n−1X2n+1✱ ❞❡ ♦✉tr♦✮✳ ❆✐♥❞❛✱ ♣♦st♦ q✉❡



✷✳✸ ❈♦♥str✉çõ❡s ❣❡♦♠étr✐❝❛s ♣♦r ✐♥❞✉çã♦ ✹✹

❝♦♥❤❡❝❡♠♦s ✭♣♦✐s ♦s t♦♠❛♠♦s ❛ ♣r✐♦r✐✮ ♦s ♣♦♥t♦s A2n−1, A2n ❡ A2n+1✱ ♥ã♦ é t❛r❡❢❛ ❞✐❢í❝✐❧

❝♦♥str✉✐r ♦ ✈ért✐❝❡ A ❞♦ ♣❛r❛❧❡❧♦❣r❛♠♦✳ ❆❧é♠ ❞✐ss♦✱ ♦s ♣♦♥t♦s A1, A2, . . . , A2n−2, A sã♦ ♦s

♣♦♥t♦s ♠é❞✐♦s ❞♦s ❧❛❞♦s ❞♦ ♣♦❧í❣♦♥♦ ❞❡ 2n − 1 ❧❛❞♦s X1, X2, . . . , X2n−1✱ ♦ q✉❛❧ s❛❜❡♠♦s

❝♦♥str✉✐r ❡♠ ✈✐rt✉❞❡ ❞❛ ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦✳

X1

X2

X2n−2

X2n−1

X2n+1

X2n

A2

A1

A2n−2

A

A2n+1

A2n

A2n−1

❋✐❣✉r❛ ✷✳✶✹✿ ◗✉❛❞r✐❧át❡r♦ X1X2n−1X2nX2n+1

❋✐♥❛❧♠❡♥t❡✱ ♣❛r❛ ❝♦♥❝❧✉✐r♠♦s ❛ ❞❡♠♦♥str❛çã♦✱ ❜❛st❛ q✉❡ s❡ ❝♦♥str✉❛♠ ♦s s❡❣✲

♠❡♥t♦s X1X2n+1 ❡ X2n−1X2n ✭❛ ♣❛rt✐r ❞♦s ♣♦♥t♦s X1 ❡ X2n−1✱ q✉❡ ❥á ❝♦♥❤❡❝❡♠♦s✮ ❞❡

♠❛♥❡✐r❛ ❛ q✉❡ ♦s ♣♦♥t♦s A2n+1 ❡ A2n−1 ✭t❛♠❜é♠ ❝♦♥❤❡❝✐❞♦s✮ s❡❥❛♠ s❡✉s ♣♦♥t♦s ♠é❞✐♦s

✭♥ã♦ é ❞✐❢í❝✐❧ ❝♦♥st❛t❛r q✉❡ ♦ tr❛ç❛❞♦ ❞❡st❡s s❡❣♠❡♥t♦s ❣❛r❛♥t❡ q✉❡ ♦ s❡❣♠❡♥t♦ ❞❡ ❡①tr❡♠♦s

X2n+1 ❡ X2n t❡♠ ❝♦♠♦ ♣♦♥t♦ ♠é❞✐♦ ♦ ♣♦♥t♦ A2n✮✳ �

Pr♦❜❧❡♠❛ ✷✳✸✳✷✳ ❚♦♠❛♠✲s❡ n ♣♦♥t♦s ♥♦ ♣❧❛♥♦ ✭três ❛ três ♥ã♦✲❝♦❧✐♥❡❛r❡s✮✳ ❈♦♥str✉❛

♦ ♣♦❧í❣♦♥♦ ❞❡ n ❧❛❞♦s t❛❧ q✉❡ s❡✉s ❧❛❞♦s s❡❥❛♠ ❛s ❜❛s❡s ❞♦s tr✐â♥❣✉❧♦s ✐sós❝❡❧❡s ❝✉❥♦s

✈ért✐❝❡s sã♦ ♦s n ♣♦♥t♦s ❞❛❞♦s ❡ ❝✉❥♦s â♥❣✉❧♦s ♥❡st❡s ✈ért✐❝❡s sã♦ ✐❣✉❛✐s ❛ α1, α2, . . . , αn
✽✱

❝♦♠ α1 + α2 + · · ·+ αn 6= 360◦✳

❙♦❧✉çã♦✳ ❈♦♥✈❡♥❝✐♦♥❛r❡♠♦s q✉❡✱ s❡ ❛❧❣✉♠ ❞♦s â♥❣✉❧♦s α1, α2, . . . , αn ✭αi✱ ♣♦r ❡①❡♠♣❧♦✮

❢♦r ♠❛✐♦r ❞♦ q✉❡ 180◦✱ ♦ tr✐â♥❣✉❧♦ ✐sós❝❡❧❡s ❝♦rr❡s♣♦♥❞❡♥t❡ ❛ ❡st❡ â♥❣✉❧♦ s❡rá ❝♦♥s✐❞❡r❛❞♦

❝♦♠♦ ❡st❛♥❞♦ ❞✐r✐❣✐❞♦ ♣❛r❛ ♦ ❧❛❞♦ ✐♥t❡r✐♦r ❞♦ ♣♦❧í❣♦♥♦ ❛ s❡r ❝♦♥str✉í❞♦ ✭❡✱ ♥❡st❡ ❝❛s♦✱ ♦

â♥❣✉❧♦ ♥♦ ✈ért✐❝❡ ❞❡st❡ tr✐â♥❣✉❧♦ s❡rá ✐❣✉❛❧ ❛ 360◦ − αi✮✳ ❉✐✈✐❞✐r❡♠♦s ❛ ♣r♦✈❛ ❡♠ ❞✉❛s

♣❛rt❡s✳

✶➟ P❛rt❡✳ ❆♥❛❧✐s❡♠♦s ♦ ❝❛s♦ ✐♥✐❝✐❛❧ n = 3✳ ◆♦ ✐♥t✉✐t♦ ❞❡ ❛✉①✐❧✐❛r ♦ r❛❝✐♦❝í♥✐♦ ❡

❣✉✐❛r ♥♦ss♦s ❛r❣✉♠❡♥t♦s✱ s✉♣♦r❡♠♦s ♦ ♣r♦❜❧❡♠❛ r❡s♦❧✈✐❞♦✱ ✐st♦ é✱ ❛❞♠✐t✐r❡♠♦s ❝♦♥❤❡❝✐❞♦s

✽❖ ♣r♦❜❧❡♠❛ ❛♥t❡r✐♦r é ✉♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞❡st❡✱ q✉❛♥❞♦ s❡ t♦♠❛♠ α1 = α2 = · · · = αn = 180◦✳
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♦s ✈ért✐❝❡s X1✱ X2 ❡ X3 ❞♦ tr✐â♥❣✉❧♦ ❜✉s❝❛❞♦✱ ❝✉❥♦s ❧❛❞♦s sã♦ ❜❛s❡s ❞♦s tr✐â♥❣✉❧♦s ✐sós❝❡❧❡s

❞❡ ✈ért✐❝❡s ♥♦s ♣♦♥t♦s ❝♦♥s✐❞❡r❛❞♦s A1✱ A2 ❡ A3✱ ♥♦s q✉❛✐s ♦s â♥❣✉❧♦s sã♦ ❝♦♥❤❡❝✐❞♦s ❡

✐❣✉❛✐s ❛ α1✱ α2 ❡ α3✱ r❡s♣❡❝t✐✈❛♠❡♥t❡ ✭✈❡r ❋✐❣✉r❛ ✷✳✶✺✮✳

X1 X3

X2

A1

A3

A2

α1

α2

A

α3

❋✐❣✉r❛ ✷✳✶✺✿ ❚r✐â♥❣✉❧♦ X1X2X3✱ ❞♦ ❝❛s♦ n = 3✱ ❜❛s❡ ❞❛ ✐♥❞✉çã♦

P♦r ❡❢❡✐t♦ ❞❛ r♦t❛çã♦✾ ❞♦ ♣❧❛♥♦ ❞❡ â♥❣✉❧♦ α1 ❡♠ t♦r♥♦ ❞♦ ♣♦♥t♦ A1✱ ♦ ✈ért✐❝❡

X1 s❡ tr❛♥s❢♦r♠❛ ♥♦ ✈ért✐❝❡ X2✳ ❏á ❡♠ r❛③ã♦ ❞❛ r♦t❛çã♦ ❞♦ ♣❧❛♥♦ ❞❡ â♥❣✉❧♦ α2 ❡♠ t♦r♥♦

❞♦ ♣♦♥t♦ A2✱ ♦ ✈ért✐❝❡ X2 é ❧❡✈❛❞♦ ❡♠ X3✳ ❆❧é♠ ❞✐ss♦✱ s❛❜❡♠♦s q✉❡ ❛♠❜❛s ❛s r♦t❛❝õ❡s

r❡❛❧✐③❛❞❛s s✐♠✉❧t❛♥❡❛♠❡♥t❡ ❡q✉✐✈❛❧❡♠ ❛ ✉♠❛ ú♥✐❝❛ r♦t❛çã♦ ❞❡ â♥❣✉❧♦ α1 + α2✱ ❡♠ t♦r♥♦

❞♦ ♣♦♥t♦ A✱ ✈ért✐❝❡ ❞♦ tr✐â♥❣✉❧♦ A1AA2✱ ❡♠ q✉❡ s❡ t❡♠ Â2A1A =
α1

2
❡ Â1A2A =

α2

2
✶✵✳

❖ ✈ért✐❝❡ X1 s❡ tr❛♥s❢♦r♠❛ ♥♦ ✈ért✐❝❡ X3 ❡♠ ✈✐rt✉❞❡ ❞❡st❛ r♦t❛çã♦ r❡s✉❧t❛♥t❡✱

❞❡ â♥❣✉❧♦ α1+α2✳ P♦rt❛♥t♦✱ ♦ ✈ért✐❝❡ X3 é ❧❡✈❛❞♦ ❡♠ X1 ♣♦r ❡❢❡✐t♦ ❞❛ r♦t❛çã♦ ❞❡ â♥❣✉❧♦

−(α1 + α2) ♦✉✱ ♦ q✉❡ é ♦ ♠❡s♠♦✱ ♣♦r ❡❢❡✐t♦ ❞❛ r♦t❛çã♦ ❞❡ â♥❣✉❧♦ 360◦ − (α1 + α2)
✶✶✱ ❡♠

✾❉❛❞♦ ✉♠ â♥❣✉❧♦ ❞❡ ♠❡❞✐❞❛ α✱ ❛ r♦t❛çã♦ ❞❡ ❝❡♥tr♦ O ❡ â♥❣✉❧♦ ✭❛♠♣❧✐t✉❞❡✮ α é ❛ tr❛♥s❢♦r♠❛çã♦

✭❢✉♥çã♦✮ ♥♦ ♣❧❛♥♦ Π✱ RO,α : Π → Π✱ q✉❡ ❛ ❝❛❞❛ ♣♦♥t♦ A ∈ Π ❛ss♦❝✐❛ ♦ ♣♦♥t♦ RO,α(A) = A′ ∈ Π

❞❡ ❢♦r♠❛ t❛❧ ❛ q✉❡ s❡ t❡♥❤❛ OA′ = OA✱ ÂOA′ = α ❡ ♦ s❡♥t✐❞♦ ❞❡ A ♣❛r❛ A′ ✭❛♦ r❡❞♦r ❞❡ O✮ s❡❥❛ ♦

❛♥t✐✲❤♦rár✐♦ ✭♣❛r❛ ♠❛✐♦r❡s ❞❡t❛❧❤❡s✱ ❝♦♥s✉❧t❛r ❬✶✹❪✮✳
✶✵■st♦ ❡stá ❜❛s❡❛❞♦ ♥♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✱ ❞❡♠♦♥str❛❞♦✱ ♣♦r ❡①❡♠♣❧♦✱ ❡♠ ❬✶✸❪✮✿

Pr♦♣♦s✐çã♦ ✷✳✸✳✶ ✭❈♦♠♣♦s✐çã♦ ❞❡ r♦t❛çõ❡s✮✳ ❙❡❥❛♠ RA,α ❡ RB,β r♦t❛çõ❡s ❞❡ ❝❡♥tr♦s ❡♠ A ❡ B ❡

❛♠♣❧✐t✉❞❡s ✭♦✉ â♥❣✉❧♦s✮ α ❡ β✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❖ ♣♦♥t♦ C t❛❧ q✉❡ B̂AC = −α

2
❡ ÂBC =

β

2
é ♦ ❝❡♥tr♦

❞❛ r♦t❛çã♦ ❝♦♠♣♦st❛ ❞❛s ❞✉❛s ♣r✐♠❡✐r❛s✱ ❞❡ ❛♠♣❧✐t✉❞❡ α+ β✱ ✐st♦ é✱

RB,β ◦RA,α = RC,α+β ,

❡♠ ♥♦t❛çã♦ ❢✉♥❝✐♦♥❛❧✳

✶✶P❛r❛ t♦❞♦ k ♣♦s✐t✐✈♦✱ ❛s r♦t❛çõ❡s ❞❡ â♥❣✉❧♦s α ❡ α+ 360◦ · k sã♦ ✐❞ê♥t✐❝❛s✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ❛ r♦t❛çã♦

❞❡ â♥❣✉❧♦ −α✱ ❝♦♠ 0◦ 6 α 6 360◦✱ é ✐❣✉❛❧ à r♦t❛çã♦ ❞❡ â♥❣✉❧♦ 360◦ − α✳
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t♦r♥♦ ❞♦ ♣♦♥t♦ A✱ ♦ q✉❡✱ ♣♦r ❝♦♥s❡❣✉✐♥t❡✱ ♥♦s ♣❡r♠✐t❡ ❝♦♥❝❧✉✐r q✉❡ ♦ tr✐â♥❣✉❧♦ AX1X3 é

✐sós❝❡❧❡s ❞❡ ❜❛s❡ X1X3 ❡ ❞❡ â♥❣✉❧♦ 360◦ − (α1 + α2) ♥♦ ✈ért✐❝❡ A ✭♦✉ ❞❡ â♥❣✉❧♦ α1 + α2

❡♠ A✱ ♥♦ ❝❛s♦ ❞❡ s❡r α1 + α2 < 180◦✮✳

P♦r ❡st❛r♠♦s s✉♣♦♥❞♦ α1 + α2 + · · ·+ αn 6= 360◦✱ t❡♠♦s q✉❡ ♦s ♣♦♥t♦s A ❡ A3

♥ã♦ sã♦ ❝♦✐♥❝✐❞❡♥t❡s ❡✱ ♣♦rt❛♥t♦✱ ♣♦❞❡♠♦s ❝♦♥str✉✐r✱ ❛ ♣❛rt✐r ❞❡❧❡s✱ ♦ ❧❛❞♦ X1X3✳ P❛r❛

t❛♥t♦✱ ❜❛st❛ q✉❡ s❡ ❝♦♥str✉❛♠✱ ❡♠ ❛♠❜♦s ♦s ❧❛❞♦s ❞♦ s❡❣♠❡♥t♦ AA3 ❡ ❝♦♠ ✈ért✐❝❡s ❡♠

❝❛❞❛ ✉♠ ❞♦s s❡✉s ❡①tr❡♠♦s✱ â♥❣✉❧♦s ❞❡ ♠❡❞✐❞❛s
360◦ − (α1 + α2)

2
✱ ❡♠ A✱ ❡

α3

2
✱ ❡♠ A3✳

◆❡st❡ ❝❛s♦✱ ♦s ❧❛❞♦s ❞♦s â♥❣✉❧♦s ✭❡♠ ❝❛❞❛ ✉♠ ❞♦s ❧❛❞♦s ❞♦ s❡❣♠❡♥t♦ AA3✮ s❡ ❝♦rt❛rã♦

♥♦s ✈ért✐❝❡s X1 ❡ X3 ❞♦ tr✐â♥❣✉❧♦ ♣r♦❝✉r❛❞♦ ✭❡♠ ♥♦ss❛ ❛✉①✐❧✐❛r ❋✐❣✉r❛ ✷✳✶✺✱ ❡stá s✉❣❡r✐❞♦

q✉❡ α1 + α2 é â♥❣✉❧♦ ♦❜t✉s♦ ❡✱ ❡♠ s❡♥❞♦ ❛ss✐♠✱ ❞❡✈❡r✲s❡✲í❛ ❝♦♥str✉✐r ♥♦ s❡❣♠❡♥t♦ AA3 ❡

❛ ♣❛rt✐r ❞❡ A✱ ♦ â♥❣✉❧♦ ❞❡ ♠❡❞✐❞❛ α1+α2

2
✮✳

P♦r ✜♠✱ ❞❡t❡r♠✐♥❛r ♦ ✈ért✐❝❡ X2 é t❛r❡❢❛ s✐♠♣❧❡s✿ ❛ ♣❛rt✐r ❞❡ q✉❛❧q✉❡r ❞♦s

♣♦♥t♦s A1 ❡ A2✱ ❝♦♥str✉í♠♦s ♦ â♥❣✉❧♦ ❝♦rr❡s♣♦♥❞❡♥t❡ ❡♠ ✉♠ ❞❡❧❡s✱ α1 ❡♠ A1✱ ♣♦r ❡①❡♠♣❧♦✱

❡ ♠❛r❝❛♠♦s ❛ ✐♥t❡rs❡çã♦ ❞♦ ❝ír❝✉❧♦ ❞❡ ❝❡♥tr♦ ❡♠ A1 ❡ r❛✐♦ A1X1 ❝♦♠ ♦ ❧❛❞♦ ❝♦♥str✉í❞♦

❞♦ â♥❣✉❧♦ α1✳

✷➟ P❛rt❡✳ ◆♦ss❛ ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦ s❡rá ❛ s✉♣♦s✐çã♦ ❞❡ q✉❡ s❛❜❡♠♦s ❝♦♥s✲

tr✉✐r ✉♠ ♣♦❧í❣♦♥♦ ❞❡ n ❧❛❞♦s ❛ ♣❛rt✐r ❞♦s ✈ért✐❝❡s ❞♦s tr✐â♥❣✉❧♦s ✐sós❝❡❧❡s ❝✉❥❛s ❜❛s❡s

sã♦ s❡✉s ❧❛❞♦s ❡ q✉❡ tê♠ ♣r❡❞❡t❡r♠✐♥❛❞♦s â♥❣✉❧♦s ♥❡st❡s ✈ért✐❝❡s✳ ◗✉❡r❡♠♦s✱ ❡♥tã♦✱

❝♦♥str✉✐r ✉♠ ♣♦❧í❣♦♥♦ ❞❡ n+ 1 ❧❛❞♦s ❛ ♣❛rt✐r ❞♦s ✈ért✐❝❡s A1, A2, . . . , An, An+1 ❞♦s tr✐â♥✲

❣✉❧♦s ✐sós❝❡❧❡s q✉❡ ✏❞❡s❝❛♥s❛♠✑ ❡♠ s❡✉s ❧❛❞♦s ❡ q✉❡ tê♠ â♥❣✉❧♦s r❡s♣❡❝t✐✈❛♠❡♥t❡ ✐❣✉❛✐s

❛ α1, α2, . . . , αn, αn+1 ♥♦s ✈ért✐❝❡s ❡♠ q✉❡stã♦✳

❈♦♠♦ ✜③❡♠♦s ♥❛ ✶➟ ♣❛rt❡✱ ✐r❡♠♦s s✉♣♦r ❛ ❝♦♥str✉çã♦ ❞♦ ♣♦❧í❣♦♥♦ q✉❡ ❞❡s❡❥❛✲

♠♦s ♦❜t❡r ❥á r❡❛❧✐③❛❞❛✳ ❙❡❥❛✱ ❡♥tã♦✱ X1X2 . . . XnXn+1 ♦ ♣♦❧í❣♦♥♦ ❞❡ n+1 ❧❛❞♦s ♣r♦❝✉r❛❞♦

✭✈❡r ❋✐❣✉r❛ ✷✳✶✻✮✳ ❈♦♥s✐❞❡r❡♠♦s✱ ❛ s❡❣✉✐r✱ ♦ tr✐â♥❣✉❧♦ X1XnXn+1✳ ❆ ♣❛rt✐r ❞♦s ✈ért✐❝❡s

An ❡ An+1 ❞♦s tr✐â♥❣✉❧♦s ✐sós❝❡❧❡s XnAnXn+1 ❡ Xn+1An+1X1 ✭❝✉❥❛s ❜❛s❡s sã♦ ♦s ❧❛❞♦s

XnXn+1 ❡ Xn+1X1✮✱ ♣♦❞❡♠♦s ❞❡t❡r♠✐♥❛r ✭r❛❝✐♦❝✐♥❛♥❞♦ ❝♦♠♦ ✜③❡♠♦s ♥❛ ♣r♦✈❛ ❞♦ ❝❛s♦

❜❛s❡ ❞❛ ✐♥❞✉çã♦✮ ♦ ✈ért✐❝❡ A ❞♦ tr✐â♥❣✉❧♦ ✐sós❝❡❧❡s X1AXn✱ q✉❡ ✏r❡♣♦✉s❛✑ ♥❛ ❞✐❛❣♦♥❛❧

X1Xn✱ ❝✉❥♦ â♥❣✉❧♦ ❡♠ A é ✐❣✉❛❧ ❛ 360◦ − (αn + αn+1)✳

■st♦ ♣♦st♦✱ ♥♦ss♦ ♣r♦❜❧❡♠❛ ❡stá r❡❞✉③✐❞♦ ❛♦ ♣r♦❜❧❡♠❛ ❞❛ ❝♦♥str✉çã♦ ❞♦ ♣♦❧í✲

❣♦♥♦ ❞❡ n ❧❛❞♦s X1X2 . . . Xn ❛ ♣❛rt✐r ❞♦s ✈ért✐❝❡s A1, A2, . . . , An, A ❞♦s tr✐â♥❣✉❧♦s ✐sós✲

❝❡❧❡s q✉❡ tê♠ ❝♦♠♦ ❜❛s❡s s❡✉s ❧❛❞♦s ❡ ❝✉❥♦s â♥❣✉❧♦s ♥♦s r❡❢❡r✐❞♦s ✈ért✐❝❡s sã♦ ✐❣✉❛✐s ❛

α1, α2, . . . , αn−1, 360
◦ − (αn + αn+1)✳
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X1 Xn

X2
Xn−1

Xn+1

A1

A2

An−2

An−1

An+1
An

A

❋✐❣✉r❛ ✷✳✶✻✿ P♦❧í❣♦♥♦ ❞❡ n ❧❛❞♦s X1X2 . . . Xn ❛ ♣❛rt✐r ❞♦s ✈ért✐❝❡s A1, . . . , An, A

❆❞❡♠❛✐s✱ ❡♠ ✈✐rt✉❞❡ ❞❡ ♥♦ss❛ ❤✐♣ót❡s❡ ✐♥❞✉t✐✈❛✱ s❛❜❡♠♦s ❝♦♠♦ ❝♦♥str✉✐r ❡st❡

♣♦❧í❣♦♥♦ ❞❡ n ❧❛❞♦s✳ ❊✱ ✉♠❛ ✈❡③ ❢❡✐t♦ ✐ss♦✱ ♦ ✈ért✐❝❡Xn+1 s❡ t♦r♥❛ ❢á❝✐❧ ❞❡ s❡r ❞❡t❡r♠✐♥❛❞♦✱

s❡♥❞♦ ♦❜t✐❞♦✱ ♣♦r ❡①❡♠♣❧♦✱ ♣♦r ♠❡✐♦ ❞❛ ✐♥t❡rs❡❝çã♦ ❡♥tr❡ ❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ ❞❡ ❝❡♥tr♦ An+1

❡ r❛✐♦ X1An+1 ❡ ❛ s❡♠✐rr❡t❛ ❞❡ ♦r✐❣❡♠ ❡♠ An+1 ❡ q✉❡ ❢♦r♠❛ ❝♦♠ X1An+1 ✉♠ â♥❣✉❧♦ ❞❡

♠❡❞✐❞❛ αn+1✳

�

Pr♦❜❧❡♠❛ ✷✳✸✳✸✳ ❙❡❥❛♠ r1 ❡ r2 ❞✉❛s r❡t❛s ♣❛r❛❧❡❧❛s✳ ❉✐✈✐❞❛ ♦ s❡❣♠❡♥t♦ AB ❞❛ r❡t❛ r1

❡♠ n ♣❛rt❡s ✐❣✉❛✐s✱ ❡♠♣r❡❣❛♥❞♦ ❛♣❡♥❛s ❡ tã♦ s♦♠❡♥t❡ ❛ ré❣✉❛✳

❙♦❧✉çã♦✳ ▼♦str❡♠♦s✱ ✐♥✐❝✐❛❧♠❡♥t❡✱ ❝♦♠♦ ❞❡t❡r♠✐♥❛r ♦ ♣♦♥t♦ ♠é❞✐♦ ❞♦ s❡❣♠❡♥t♦ AB✱ ✐st♦

é✱ ❛♥❛❧✐s❡♠♦s ♦ ❝❛s♦ n = 2✳ ❙❡❥❛ X ✉♠ ♣♦♥t♦ ❛r❜✐trár✐♦ ❞♦ ♣❧❛♥♦✱ ♥ã♦ ♣❡rt❡♥❝❡♥t❡ ❛ ❝❛❞❛

✉♠❛ ❞❛s r❡t❛s r1 ❡ r2✱ t❛❧ q✉❡ C ❡ D sã♦ ♦s ♣♦♥t♦s ❞❡ ✐♥t❡rs❡❝çã♦ ❞❛s r❡t❛s AX ❡ BX

❝♦♠ ❛ r❡t❛ r2 ✭✈❡r ❋✐❣✉r❛ ✷✳✶✼✮✳ ❆✐♥❞❛✱ s❡❥❛♠ T2 ♦ ♣♦♥t♦ ❞❡ ✐♥t❡rs❡❝çã♦ ❞❛s r❡t❛s AD

A B

X

C

r1

D

T2

P2

r2 Q2

❋✐❣✉r❛ ✷✳✶✼✿ ❘❡t❛s ♣❛r❛❧❡❧❛s r1 ❡ r2
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❡ BC ❡ P2 ♦ ♣♦♥t♦ ❞❡ ✐♥t❡rs❡❝çã♦ ❞❛s r❡t❛s XT2 ❡ r1✳ ❉❡♠♦♥str❡♠♦s q✉❡ P2 é ♦ ♣♦♥t♦

♣r♦❝✉r❛❞♦✱ ✐st♦ é✱ q✉❡ AP2 =
1

2
AB✳

❙❡♥❞♦ Q2 ♦ ♣♦♥t♦ ❞❡ ✐♥t❡rs❡❝çã♦ ❞❛s r❡t❛s XT2 ❡ r2✱ ♥ã♦ é ❞✐❢í❝✐❧ ❝♦♥st❛t❛r q✉❡

sã♦ s❡♠❡❧❤❛♥t❡s ♦s s❡❣✉✐♥t❡s ♣❛r❡s ❞❡ tr✐â♥❣✉❧♦s✿ T2P2B ❡ T2Q2C✱ ABT2 ❡ DCT2✱ SAP2

❡ XCQ2✱ XAB ❡ XCD✳ ❊✱ ❞❛ s❡♠❡❧❤❛♥ç❛ ✈❡r✐✜❝❛❞❛ ❛❝✐♠❛✱ t❡♠✲s❡ ❛s ♣r♦♣♦rçõ❡s

P2B

Q2C
=

T2B

T2C
=

AB

CD
❡

P2A

Q2C
=

XA

XC
=

AB

CD
,

♦ q✉❡ ♥♦s ❞á✱ ❝♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛✱

P2B

Q2C
=

P2A

Q2C
,

♣❡r♠✐t✐♥❞♦✲♥♦s ❝♦♥❝❧✉✐r q✉❡ P2A = P2B✱ ♦✉ s❡❥❛✱ q✉❡ AP2 =
1

2
AB✳ ■st♦ ❞❡♠♦♥str❛ ❛

♣r♦♣♦s✐çã♦ ♣❛r❛ n = 2✳

❙✉♣♦♥❤❛♠♦s✱ ❛❣♦r❛✱ q✉❡ s❛❜❡♠♦s ❝♦♥str✉✐r✱ ✉t✐❧✐③❛♥❞♦ ❛♣❡♥❛s ❛ ré❣✉❛✱ ♦ ♣♦♥t♦

Pn ♥♦ s❡❣♠❡♥t♦ AB t❛❧ q✉❡ APn =
1

n
AB ✭❝♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ s✉♣♦r♠♦s s❛❜❡r ❞✐✈✐❞✐r

AB ❡♠ n ♣❛rt❡s ✐❣✉❛✐s✮✳ ❉❡✈❡♠♦s ♠♦str❛r q✉❡ s❛❜❡r❡♠♦s ❝♦♥str✉✐r ♦ ♣♦♥t♦ Pn+1 ∈ AB t❛❧

q✉❡ APn+1 =
1

n+ 1
AB✳ P❛r❛ ✐ss♦✱ ❝♦♥s✐❞❡r❡♠♦s ✉♠ ♣♦♥t♦ ❛r❜✐trár✐♦ X✱ ♥ã♦ ♣❡rt❡♥❝❡♥t❡

à r❡t❛ r1 ♥❡♠ à r❡t❛ r2✳ ❆ss✐♠✱ s❡❥❛♠ Tn ❡ Qn ♦s ♣♦♥t♦s ❞❡ ✐♥t❡rs❡❝çã♦ ❞❛s r❡t❛s AD ❡

r2✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❝♦♠ ❛ r❡t❛ XPn ✭✈❡r ❋✐❣✉r❛ ✷✳✶✽✮✳

A B

X

C D

Pn

Tn+1

Tn

Pn+1

Qn+1

Qn

r1

r2

❋✐❣✉r❛ ✷✳✶✽✿ Tn ❡ Qn✱ ✐♥t❡rs❡❝çõ❡s ❞❛s r❡t❛s AD ❡ r2 ❝♦♠ ❛ r❡t❛ XPn

❆ r❡t❛ q✉❡ ♣❛ss❛ ♣❡❧♦s ♣♦♥t♦s X ❡ Tn+1 ✭♣♦♥t♦ ❞❡ ✐♥t❡rs❡❝çã♦ ❞❛s r❡t❛s AD

❡ CPn✮ ✏❝♦rt❛✑ ❛s r❡t❛s r1 ❡ r2 ♥♦s ♣♦♥t♦s Pn+1 ❡ Qn+1✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❉❡♠♦♥str❡♠♦s

q✉❡ Pn+1 é ♦ ♣♦♥t♦ ❜✉s❝❛❞♦✳

◆♦✈❛♠❡♥t❡✱ ❢❛r❡♠♦s ✉s♦ ❞♦ ✉t✐❧íss✐♠♦ ❝♦♥❝❡✐t♦ ❞❡ s❡♠❡❧❤❛♥ç❛ ❞❡ tr✐â♥❣✉❧♦s✳

❉❡ss❡ ♠♦❞♦✱ ❞❛ s❡♠❡❧❤❛♥ç❛ ❞♦s tr✐â♥❣✉❧♦s CQn+1Tn+1 ❡ PnPn+1Tn+1 ❡ ❞♦s tr✐â♥❣✉❧♦s
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CTn+1D ❡ PnTn+1A ✭❡♠ ❛♠❜♦s ♦s ♣❛r❡s✱ ❞❡ ❢á❝✐❧ ✈❡r✐✜❝❛çã♦✮✱ t❡♠♦s q✉❡

Pn+1Pn

CQn+1

=
PnTn+1

CTn+1

=
APn

CD
✭✷✳✸✳✶✮

❡✱ ❞❛ s❡♠❡❧❤❛♥ç❛ ❞♦s tr✐â♥❣✉❧♦s XAPn+1 ❡ XCQn+1 ❡ ❞♦s tr✐â♥❣✉❧♦s XAB ❡ XCD✱ t❡♠♦s

APn+1

CQn+1

=
XA

XC
=

AB

CD
. ✭✷✳✸✳✷✮

❆s ✐❣✉❛❧❞❛❞❡s ✭✷✳✸✳✶✮ ❡ ✭✷✳✸✳✷✮ ♥♦s ❞✐③❡♠ q✉❡

Pn+1Pn

APn

=
CQn+1

CD
=

APn+1

AB
,

❞♦♥❞❡ ♣♦❞❡♠♦s✱ ✜♥❛❧♠❡♥t❡✱ ♦❜t❡r ❛ ✐❣✉❛❧❞❛❞❡

Pn+1Pn

APn+1

=
APn

AB
.

▼❛s ❝♦♠♦ Pn+1Pn = APn − APn+1 ❡ APn = 1
n
AB t❡♠♦s q✉❡

1

n
AB − APn+1

APn+1

=

1

n
AB

AB
=⇒ 1

n
AB − APn+1 =

1

n
APn+1,

✐st♦ é✱
AB

n
=

(n+ 1)APn+1

n
✱ ♣❡❧♦ q✉❡ ❝♦♥❝❧✉í♠♦s ❡♠ ❞❡✜♥✐t✐✈♦ q✉❡

APn+1 =
1

n+ 1
AB.

✭❈♦♠ ✐ss♦✱ ♠♦str❛♠♦s q✉❡ é ♣♦ssí✈❡❧ ❞❡t❡r♠✐♥❛r✱ q✉❛❧q✉❡r q✉❡ s❡❥❛ ♦ ♥❛t✉r❛❧ n > 2✱ ❡♠

✉♠ ❞❛❞♦ s❡❣♠❡♥t♦ ❞❡ r❡t❛ AB✱ ✉♠ ♣♦♥t♦ Pn t❛❧ q✉❡ APn = 1
n
AB✳✮

P♦rt❛♥t♦✱ ♣❛r❛ ♣r♦✈❛r♠♦s q✉❡ é ♣♦ssí✈❡❧ ❞✐✈✐❞✐r ♦ s❡❣♠❡♥t♦ AB ❞❛ r❡t❛ r1 ❡♠

n+ 1 ♣❛rt❡s ✐❣✉❛✐s ❡♥tr❡ s✐✱ ❛✐♥❞❛ ❞❡✈❡♠♦s ❞❡t❡r♠✐♥❛r ♦s ♣♦♥t♦s P
′

n+1, P
′′

n+1, . . . t❛✐s q✉❡

Pn+1P
′

n+1 =
1

n
Pn+1B, P

′

n+1P
′′

n+1 =
1

n− 1
P

′

n+1B, . . . ,

♦ q✉❡ ♣♦❞❡ s❡r ❢❡✐t♦ ❝♦♠ ❜❛s❡ ♥❛ ❞❡♠♦♥str❛çã♦ r❡❛❧✐③❛❞❛ ❛❝✐♠❛✳ �

❖❜s❡r✈❛çã♦ ✷✳✸✳✶✳ ❖✉tr❛ ♠❛♥❡✐r❛ ❞❡ s❡ ♦❜t❡r ♦s ♣♦♥t♦s P
′

n+1, P
′′

n+1, . . . ♠❡♥❝✐♦♥❛❞♦s ❛❝✐♠❛

✭❡✱ ♣♦r ❝♦♥s❡❣✉✐♥t❡✱ ❞❡ s❡ ♣r♦✈❛r ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❛ ❞✐✈✐sã♦ ❞❡ AB ❡♠ n + 1 ✏♣❡❞❛ç♦s✑

✐❣✉❛✐s✮ ❡stá ❞❡s❝r✐t❛ ❛❜❛✐①♦✳

❚r❛ç❛♠♦s✱ ✐♥✐❝✐❛❧♠❡♥t❡✱ ❛ ♣❛rt✐r ❞♦ ♣♦♥t♦ X ✉♠❛ r❡t❛ r3 ♣❛r❛❧❡❧❛ à r❡t❛ r1✳

P❛r❛ ❢❛③ê✲❧♦ ✉s❛♥❞♦ ❛♣❡♥❛s ❛ ré❣✉❛ ✭s❡♠ ❝♦♠♣❛ss♦ ♦✉ q✉❛❧q✉❡r ♦✉tr♦ ✐♥str✉♠❡♥t♦ ❞❡

❞❡s❡♥❤♦✮✱ ❜❛s❡❛♠♦✲♥♦s ♥❛ ❋✐❣✉r❛ ✷✳✶✼ ✭q✉❡ tr❛t❛ ❞❛ ❞✐✈✐sã♦ ❞❡ ✉♠ s❡❣♠❡♥t♦ AB ❡♠
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❞✉❛s ♣❛rt❡s ✐❣✉❛✐s ❡♥tr❡ s✐✮✱ ♣r♦❝❡❞❡♥❞♦ ♥♦ s❡♥t✐❞♦ ❝♦♥trár✐♦✶✷ ❛♦ q✉❡ s❡❣✉✐♠♦s ♣❛r❛ ❛

❝♦♥str✉çã♦ ❞♦ ♣♦♥t♦ ♠é❞✐♦ ❞❡ AB ✭é ❢á❝✐❧ ✈❡r✱ r❛❝✐♦❝✐♥❛♥❞♦ ♣♦r ❛❜s✉r❞♦✱ q✉❡ ♦ ❛❧❣♦r✐t♠♦

✐♥✈❡rs♦ ❞❛q✉❡❧❡ q✉❡ ♥♦s ♣❡r♠✐t✐✉ ♦❜t❡r ♦ ♣♦♥t♦ ♠é❞✐♦ ❞❡ AB ❛ ♣❛rt✐r ❞♦ ♣❛r❛❧❡❧✐s♠♦

❡♥tr❡ ❛s r❡t❛s r1 ❡ r2 ♥♦s ❝♦♥❞✉③ à ❝♦♥str✉çã♦ ❝♦rr❡t❛ ❞❛ r❡t❛ ♣❛r❛❧❡❧❛ à r❡t❛ r1✱ s✉♣♦♥❞♦

❝♦♥❤❡❝✐❞♦ ♦ ♣♦♥t♦ ♠é❞✐♦ ❞♦ s❡❣♠❡♥t♦ AB✮✳

❆ s❡❣✉✐r✱ s❡❥❛ K1 ♦ ♣♦♥t♦ ❞❡ ✐♥t❡rs❡❝çã♦ ❡♥tr❡ ❛s r❡t❛s Pn+1C ❡ r3 ❡ s❡❥❛ P ′

n+1

♦ ♣♦♥t♦ ❞❡ ✐♥t❡rs❡❝çã♦ ❡♥tr❡ ❛s r❡t❛s K1Qn+1 ❡ r1 ✭✈✐❞❡ ❋✐❣✉r❛ ✷✳✶✾✮✳

A

X

C

Pn+1

Qn+1

K1

P ′

n+1

K2

P ′′

n+1

r3

r2

r1

❋✐❣✉r❛ ✷✳✶✾✿ ❉❡t❡r♠✐♥❛çã♦ ❞♦s ♣♦♥t♦s P
′

n+1, P
′′

n+1, . . .

❙❡♥❞♦ ❛ss✐♠✱ t❡♠✲s❡ q✉❡

Pn+1P
′
n+1 = APn+1 =

1

n+ 1
AB.

❉❡ ❢❛t♦✱ s❡❥❛♠ S1 ❡ S2 ❛s ár❡❛s ❞♦s tr✐â♥❣✉❧♦s s❡♠❡❧❤❛♥t❡s △AXPn+1 ❡ △CXQn+1✱ r❡s✲

♣❡❝t✐✈❛♠❡♥t❡✱ ❡ S ′

1 ❡ S ′

2 ❛s ár❡❛s ❞♦s tr✐â♥❣✉❧♦s s❡♠❡❧❤❛♥t❡s △Pn+1K1P
′

n+1 ❡ △CK1Qn+1✱

r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❙❡❥❛♠✱ ❛✐♥❞❛✱ h ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ❛s r❡t❛s r2 ❡ r3 ❡ H✱ ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡

r1 ❡ r3✳ ❊♥tã♦✱ t❡♠✲s❡ q✉❡

S1

S2

=

(
H

h

)2

=
S ′

1

S ′
2

❡✱ ❝♦♠♦ S2 = S ′

2 ✭♣♦✐s tê♠ ♠❡s♠❛ ❜❛s❡ ❡ ❛❧t✉r❛s ✐❣✉❛✐s✮✱ t❡♠✲s❡ q✉❡ S1 = S ′

1✱ ♣❡❧♦ q✉❡

❝♦♥❝❧✉í♠♦s q✉❡ Pn+1P
′
n+1 = APn+1 = 1

n+1
AB ✭❥á q✉❡ ♦s tr✐â♥❣✉❧♦s ❝♦♠ ❡st❛s ár❡❛s tê♠

❛❧t✉r❛s ✐❣✉❛✐s✮✱ ❝♦♥❢♦r♠❡ q✉❡rí❛♠♦s ♠♦str❛r✳

✶✷❖ s❡♥t✐❞♦ ❝♦♥trár✐♦ ❛❝✐♠❛ r❡❢❡r✐❞♦ é ♦ q✉❡ s❡❣✉❡✿ tr❛ç❛♠♦s ❛ r❡t❛ BX ❡✱ t♦♠❛♥❞♦ ✉♠ ♣♦♥t♦ T

❛r❜✐trár✐♦ ♥❡st❛✱ tr❛ç❛♠♦s ❛ r❡t❛ q✉❡ ♣❛ss❛ ♣❡❧♦s ♣♦♥t♦s P2 ❡ T ❀ ❛ s❡❣✉✐r✱ tr❛ç❛♠♦s ❛ r❡t❛ AX ❡ ❛ r❡t❛

q✉❡ ♣❛ss❛ ♣❡❧♦s ♣♦♥t♦s B ❡ ♦ ♣♦♥t♦ ❞❡ ✐♥t❡rs❡❝çã♦ ❡♥tr❡ ❛ r❡t❛ AX ❡ P2T ✳ ❖ ♣♦♥t♦ ❞❡ ✐♥t❡rs❡❝çã♦ ❡♥tr❡

❡st❛ ú❧t✐♠❛ r❡t❛ ❝♦♥str✉í❞❛ ❡ ❛ q✉❡ ♣❛ss❛ ♣❡❧♦s ♣♦♥t♦s A ❡ T ♣❡rt❡♥❝❡ à r❡t❛ ♣❛r❛❧❡❧❛ à r1✱ ♣❛ss❛♥❞♦ ♣❡❧♦

♣♦♥t♦ X✳
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❖ ♠ét♦❞♦ ❞❡ ✐♥❞✉çã♦ ♠❛t❡♠át✐❝❛ ✭q✉❡✱ ❛ ♣ró♣♦s✐t♦✱ é ✉♠ ♠ét♦❞♦ ❞❡❞✉t✐✈♦ ❞❡ ❞❡♠♦♥s✲

tr❛çã♦✶✱ ✉♠❛ ✈❡③ q✉❡ ♥♦s ♣❡r♠✐t❡ ❞❡❞✉③✐r✱ ❛ ♣❛rt✐r ❞♦ ❝❛s♦ ❜❛s❡ ❞❛ ✐♥❞✉çã♦ ❡ ❞❛ ❤✐♣ó✲

t❡s❡ ✐♥❞✉t✐✈❛✱ ❛ ✈❡r❛❝✐❞❛❞❡ ❞❡ ✉♠❛ ❞❛❞❛ ♣r♦♣♦s✐çã♦ ♣❛r❛ t♦❞♦s ♦s ♥ú♠❡r♦s ♥❛t✉r❛✐s n✮

❝♦♥st✐t✉✐✲s❡✱ ♣♦r s✉❛ ♣ró♣r✐❛ ❡ssê♥❝✐❛✱ ❡♠ ✉♠❛ ♣♦❞❡r♦s❛ ❢❡rr❛♠❡♥t❛ ✭❡♠ ❛❧❣✉♥s ❝❛s♦s✱ ❛

ú♥✐❝❛✮ ♣❛r❛ ❛ ❞❡♠♦♥str❛çã♦ ❞❡ t❡♦r❡♠❛s ❞❡ ♥❛t✉r❡③❛ ❛r✐t♠ét✐❝❛ ♦✉✱ ❞✐t♦ ❞❡ ♠♦❞♦ ♣r❡❝✐s♦✱

❞❡ t❡♦r❡♠❛s ❝♦♥❝❡r♥❡♥t❡s à ♣r♦♣r✐❡❞❛❞❡s ❣❡r❛✐s ❞♦s ♥ú♠❡r♦s ♥❛t✉r❛✐s✳

❊♥tr❡t❛♥t♦✱ ♥ã♦ ♦❜st❛♥t❡ ♦ ❝❛rát❡r ✐♥tr✐♥s❡❝❛♠❡♥t❡ ❛r✐t♠ét✐❝♦ ❞♦ ♠ét♦❞♦ ❞❡

✐♥❞✉çã♦ ♠❛t❡♠át✐❝❛✱ ♦ ♦❜❥❡t✐✈♦ ♠❛✐♦r ❞❡st❛s ♥♦t❛s ❢♦✐ ♦ ❞❡ ❡st✉❞❛r ❡ ❡①✐❜✐r ❛❧❣✉♠❛s

❞❡ s✉❛s ❛♣❧✐❝❛çõ❡s ❡♠ ♣r♦❜❧❡♠❛s ♦r✐✉♥❞♦s ❞❛ ●❡♦♠❡tr✐❛✱ ❛✐♥❞❛ q✉❡✱ ❡♠ ❛❧❣✉♥s ❞❡❧❡s✱

❛ ✈❛♥t❛❣❡♠ ✭❡✱ ♠❡s♠♦✱ ❛ ♥❡❝❡ss✐❞❛❞❡✮ ❞❡ s✉❛ ✉t✐❧✐③❛çã♦ ♥ã♦ s❡❥❛ ❡✈✐❞❡♥t❡✳ P❛r❛ t❛♥t♦✱

❡st❛s ❛♣❧✐❝❛çõ❡s ❢♦r❛♠ ❡①tr❛í❞❛s ❞❡ ♣r♦❜❧❡♠❛s ❧✐❣❛❞♦s à q✉❡stõ❡s ❞❡ ❝á❧❝✉❧♦ ✭❝♦♠♦ ♥❛

❞❡t❡r♠✐♥❛çã♦ ❡①♣❧í❝✐t❛ ❞❡ ✉♠ ❝♦♠♣r✐♠❡♥t♦✱ ❞❡ ✉♠ â♥❣✉❧♦ ♦✉ ❞❡ ✉♠❛ ár❡❛✱ ♣♦r ❡①❡♠♣❧♦✮✱

à ❞❡♠♦♥str❛çã♦ ❞❡ t❡♦r❡♠❛s ✭❝✉❥♦s ❡♥✉♥❝✐❛❞♦s ❜❛s❡✐❛♠✲s❡ ❡♠ ♦❜s❡r✈❛çõ❡s ♣❛rt✐❝✉❧❛r❡s ❞❡

✉♠❛ s✉♣♦st❛ ❝♦♥❞✐çã♦ ❣❡r❛❧✮ ❡ à ❝♦♥str✉çõ❡s ❣❡♦♠étr✐❝❛s ✭❞❡s❞❡ q✉❡✱ ♥❛t✉r❛❧♠❡♥t❡✱ ♥❡❧❡s

❝♦♥st❡ ✉♠ ♥ú♠❡r♦ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ n✮✳

❆❧é♠ ❞✐ss♦✱ ❛❧❣✉♥s ❞❡st❡s ♣r♦❜❧❡♠❛s ❣❡♦♠étr✐❝♦s ❛♦s q✉❛✐s ❡♠♣r❡❣❛♠♦s ♦ ♠é✲

t♦❞♦ ❞❡ ✐♥❞✉çã♦ ♠❛t❡♠át✐❝❛ ♥❛ ❜✉s❝❛ ❞❡ s✉❛ s♦❧✉çã♦ ❥á tr❛③❡♠ ❝♦♥s✐❣♦ ✐♥t❡r❡ss❡ ♣ró♣r✐♦✱

✐st♦ é✱ r❡q✉❡r❡♠✱ ♣❛r❛ s❡✉ ❡♥t❡♥❞✐♠❡♥t♦ ❡ ❝♦♥s❡q✉❡♥t❡ t♦♠❛❞❛ ❞❡ ❞❡❝✐sã♦ ✭❛❝❡r❝❛ ❞♦ ❝❛✲

♠✐♥❤♦ ❛ s❡❣✉✐r ♣❛r❛ ❡♥❝♦♥tr❛r ❛ s♦❧✉çã♦✮✱ ❝❡rt❛ ❞♦s❡ ❞❡ ❝r✐❛t✐✈✐❞❛❞❡ ❡ ❡♥❣❡♥❤♦s✐❞❛❞❡✳

❊✱ ♥❡st❡s ❝❛s♦s✱ é s♦♠❡♥t❡ ❛♣ós ❡ss❛ r❡✢❡①ã♦ s♦❜r❡ q✉❡ ❝♦♥❝❡✐t♦s ❡stã♦ ❛ss♦❝✐❛❞♦s ❛♦ ✭❡

♣♦❞❡♠ s❡r út❡✐s ♥❛ t❡♥t❛t✐✈❛ ❞❡ s❡ r❡s♦❧✈❡r ♦✮ ♣r♦❜❧❡♠❛ q✉❡ ❛ ❛♣❧✐❝❛çã♦ ❞♦ ♠ét♦❞♦ ❞❡ ✐♥✲

❞✉çã♦ t♦r♥❛✲s❡ ♥❡❝❡ssár✐❛ ❡ ❡✜❝✐❡♥t❡✳ ❖✉tr❛ ♦❜s❡r✈❛çã♦ ❛ s❡r s✉❜❧✐♥❤❛❞❛ é ❛ ❞❡ q✉❡✱ ❝♦♠♦

❝♦r♦❧ár✐♦ ❞❡ ✉♠ r❡s✉❧t❛❞♦ ♣r♦✈❛❞♦ ♣♦r ✐♥❞✉çã♦ ♠❛t❡♠át✐❝❛✱ ♦❜t✐✈❡♠♦s ✭❡♠❜♦r❛ ✐st♦ ♥ã♦

t❡♥❤❛ s✐❞♦ ♦ ♦❜❥❡t✐✈♦ ❞❡st❡ tr❛❜❛❧❤♦✮ ✉♠ ♠♦❞♦ ❛❧t❡r♥❛t✐✈♦ ❞❡ ❡①♣r❡ss❛r ♦ ♥♦tá✈❡❧ ♥ú♠❡r♦

π ✭❝♦♠♦ ♦ ❧✐♠✐t❡ ❞❡ ✉♠ ❝❡rt♦ q✉♦❝✐❡♥t❡✮✳

❊st❡ tr❛❜❛❧❤♦✱ ❞❡ ♠♦❞♦ ❛❧❣✉♠✱ t❡♠ ❛ ♣r❡t❡♥sã♦ ❞❡ ❡s❣♦t❛r ♦ ❛ss✉♥t♦ ✭✐♥❝❧✉s✐✈❡

♣♦r ✐st♦ ❝♦♥st✐t✉✐r✲s❡ ❡♠ t❛r❡❢❛ ❞❡ ❞✐❢í❝✐❧ ❝♦♥s❡❝✉çã♦✦✮✳ ❆s ♣r✐♥❝✐♣❛✐s r❡❢❡rê♥❝✐❛s ✉t✐❧✐③❛❞❛s

✶❱❡r ❡♣í❧♦❣♦ ✭❞♦ ♠❛t❡♠át✐❝♦ r✉ss♦ ❨✳ ●ást❡✈✮ ❝♦♥t✐❞♦ ♥❛ r❡❢❡rê♥❝✐❛ ❬✸❪✱ ♣❛r❛ ♠❛✐♦r❡s ❡s❝❧❛r❡❝✐♠❡♥t♦s✳
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♣❛r❛ s✉❛ ❝♦♥❝r❡t✐③❛çã♦✱ ❛ s❛❜❡r✱ ♦s ❡st✐♠✉❧❛♥t❡s ❧✐✈r❡t♦s ▼ét♦❞♦ ❞❡ ■♥❞✉❝❝✐ó♥ ▼❛t❡♠át✐❝❛

❡✱ s♦❜r❡t✉❞♦✱ ■♥❞✉❝❝✐ó♥ ❡♥ ❧❛ ●❡♦♠❡trí❛✱ ❞❛ sér✐❡ ▲❡❝❝✐♦♥❡s ♣♦♣✉❧❛r❡s ❞❡ ▼❛t❡♠át✐❝❛s✱

♣✉❜❧✐❝❛❞♦s ♣❡❧❛ ❊❞✐t♦r❛ ▼■❘✷✱ ❞ã♦✲♥♦s ✐❞é✐❛ ❞♦ q✉❛♥t♦ ❤á ♣❛r❛ s❡r ❝♦♥❤❡❝✐❞♦ ❡ ❡st✉✲

❞❛❞♦ s♦❜r❡ ❛s ❛♣❧✐❝❛çõ❡s ❞❛ ✐♥❞✉çã♦ ♠❛t❡♠át✐❝❛ à ●❡♦♠❡tr✐❛✱ ❛❧é♠ ❞❛q✉❡❧❛s q✉❡✱ ♥❡st❡

tr❛❜❛❧❤♦✱ ❢♦r❛♠ ❡①♣♦st❛s✳

✷❊❞✐t♦r❛ r✉ss❛ ❞❡ ❧✐✈r♦s té❝♥✐❝♦s ❡ ❝✐❡♥tí✜❝♦s✱ ❝♦♠ tr❛❞✉çõ❡s ♣❛r❛ ✈ár✐♦s ✐❞✐♦♠❛s ✭❡♥tr❡ ❡❧❡s✱ ♦ ♣♦rt✉✲

❣✉ês ❡ ♦ ❡s♣❛♥❤♦❧✮ ❡ q✉❡ ♣❡r♠❛♥❡❝❡ ❛✐♥❞❛ ❤♦❥❡ ❝♦♠ s❡✉ tr❛❜❛❧❤♦ ❞❡ ❞✐✈✉❧❣❛çã♦ ❡ ❞✐❢✉sã♦ ❞❡ ❈✐ê♥❝✐❛ ❡

❈✉❧t✉r❛✱ ❛❣♦r❛ ❝♦♠♦ ❡♠♣r❡s❛ ❡st❛t❛❧ ❞❛ ❋❡❞❡r❛çã♦ ❘✉ss❛✳



❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s

❬✶❪ ❆P❖❙❚❖▲✱ ❚✳ ▼✳ ❈❛❧❝✉❧✉s✱ ❱♦❧✳ ✶✳ ❚r❛❞✉çã♦ ❞❡ ●r✐s❡❧❞❛ P✳ ❳✉❢ré✳ ❇❛r❝❡❧♦♥❛✿ ❊❞✐✲

t♦r✐❛❧ ❘❡✈❡rté ❙✳ ❆✳✱ ✶✾✻✺✳

❬✷❪ ●❖▲❖❱■◆➪✱ ▲✳ ■✳❀ ❨❆●▲❖▼✱ ■✳ ▼✳ ■♥❞✉❝❝✐ó♥ ❡♥ ❧❛ ●❡♦♠❡trí❛✳ ❚r❛❞✉çã♦ ❞❡ ❈❛r✲

❧♦s ❱❡❣❛✳ ▼♦s❝♦✉✿ ❊❞✐t♦r✐❛❧ ▼■❘✱ ✶✾✼✻✳ ✭❙ér✐❡ ▲❡❝❝✐♦♥❡s ♣♦♣✉❧❛r❡s ❞❡ ♠❛t❡♠át✐❝❛s✳✮

❬✸❪ ❙❖▼■◆❙❑■✱ ■✳ ❙✳ ▼ét♦❞♦ ❞❡ ■♥❞✉❝❝✐ó♥ ▼❛t❡♠át✐❝❛✳ ❚r❛❞✉çã♦ ❞❡ ❈❛r❧♦s ❱❡❣❛✳

▼♦s❝♦✉✿ ❊❞✐t♦r✐❛❧ ▼■❘✱ ✶✾✼✻✳ ✭❙ér✐❡ ▲❡❝❝✐♦♥❡s ♣♦♣✉❧❛r❡s ❞❡ ♠❛t❡♠át✐❝❛s✳✮

❬✹❪ ❋❊❚■❙❙❖❱✱ ❆✳ ■✳ ❆❝❡r❝❛ ❞❡ ❧❛ ❉❡♠♦str❛❝✐ó♥ ❡♥ ●❡♦♠❡trí❛✳ ❚r❛❞✉çã♦ ❞❡ ❆♥t♦✲

♥✐♦ ▼✳ ●❛r❝í❛✳ ▼♦s❝♦✉✿ ❊❞✐t♦r✐❛❧ ▼■❘✱ ✶✾✽✵✳ ✭❙ér✐❡ ▲❡❝❝✐♦♥❡s ♣♦♣✉❧❛r❡s ❞❡ ♠❛t❡♠á✲

t✐❝❛s✳✮

❬✺❪ ❋❖▼■◆✱ ❉✳❀ ■❚❊◆❇❊❘●✱ ■✳❀ ●❊◆❑■◆✱ ❙✳ ❈ír❝✉❧♦s ▼❛t❡♠át✐❝♦s✿ ❆ ❊①♣❡r✐ê♥❝✐❛

❘✉ss❛✳ ❘✐♦ ❞❡ ❏❛♥❡✐r♦✿ ■♥st✐t✉t♦ ◆❛❝✐♦♥❛❧ ❞❡ ▼❛t❡♠át✐❝❛ P✉r❛ ❡ ❆♣❧✐❝❛❞❛✱ ✷✵✶✵✳

✭❈♦❧❡çã♦ ❈ír❝✉❧♦s ▼❛t❡♠át✐❝♦s✳✮

❬✻❪ ▲■▼❆✱ ❊✳ ▲✳✱ ❡t ❛❧✳ ❆ ▼❛t❡♠át✐❝❛ ❞♦ ❊♥s✐♥♦ ▼é❞✐♦✱ ❱♦❧✳ ✶✳ ❘✐♦ ❞❡ ❏❛♥❡✐r♦✿

❙♦❝✐❡❞❛❞❡ ❇r❛s✐❧❡✐r❛ ❞❡ ▼❛t❡♠át✐❝❛✱ ✷✵✶✷✳ ✭❈♦❧❡çã♦ ❞♦ Pr♦❢❡ss♦r ❞❡ ▼❛t❡♠át✐❝❛✳✮

❬✼❪ ✳❆♥á❧✐s❡ ❘❡❛❧✿ ❋✉♥çõ❡s ❞❡ ❯♠❛ ❱❛r✐á✈❡❧✱ ❱♦❧✳✶✳ ❘✐♦ ❞❡ ❏❛♥❡✐r♦✿ ■♥st✐t✉t♦

◆❛❝✐♦♥❛❧ ❞❡ ▼❛t❡♠át✐❝❛ P✉r❛ ❡ ❆♣❧✐❝❛❞❛✱ ✷✵✵✽✳ ✭❈♦❧❡çã♦ ▼❛t❡♠át✐❝❛ ❯♥✐✈❡rs✐tár✐❛✳✮

❬✽❪ ❍❊❋❊❩✱ ❆✳ ❊❧❡♠❡♥t♦s ❞❡ ❆r✐t♠ét✐❝❛✳ ❘✐♦ ❞❡ ❏❛♥❡✐r♦✿ ❙♦❝✐❡❞❛❞❡ ❇r❛s✐❧❡✐r❛ ❞❡

▼❛t❡♠át✐❝❛✱ ✷✵✶✵✳ ✭❈♦❧❡çã♦ ❚❡①t♦s ❯♥✐✈❡rs✐tár✐♦s✳✮

❬✾❪ ✳ ❈✉rs♦ ❞❡ ➪❧❣❡❜r❛✱ ❱♦❧✳ ✶✳ ✹➟ ❡❞✐çã♦✳ ❘✐♦ ❞❡ ❏❛♥❡✐r♦✿ ■♥st✐t✉t♦ ◆❛❝✐♦♥❛❧

❞❡ ▼❛t❡♠át✐❝❛ P✉r❛ ❡ ❆♣❧✐❝❛❞❛✱ ✷✵✶✵✳ ✭❈♦❧❡çã♦ ▼❛t❡♠át✐❝❛ ❯♥✐✈❡rs✐tár✐❛✳✮

❬✶✵❪ ❙❆◆❚❖❙✱ ❏✳ P✳ ❞❡ ❖✳ ■♥tr♦❞✉çã♦ à ❚❡♦r✐❛ ❞♦s ◆ú♠❡r♦s✳ ❘✐♦ ❞❡ ❏❛♥❡✐r♦✿ ■♥st✐✲

t✉t♦ ◆❛❝✐♦♥❛❧ ❞❡ ▼❛t❡♠át✐❝❛ P✉r❛ ❡ ❆♣❧✐❝❛❞❛✱ ✷✵✶✷✳ ✭❈♦❧❡çã♦ ▼❛t❡♠át✐❝❛ ❯♥✐✈❡rs✐✲

tár✐❛✳✮

❬✶✶❪ ✳ ■♥tr♦❞✉çã♦ à ❆♥á❧✐s❡ ❈♦♠❜✐♥❛tór✐❛✳ ❙ã♦ P❛✉❧♦✿ ❊❞✐t♦r❛ ❞❛ ❯♥✐✲

❝❛♠♣✱ ✶✾✾✽✳



❘❊❋❊❘✃◆❈■❆❙ ❇■❇▲■❖●❘➪❋■❈❆❙ ✺✹

❬✶✷❪ PÓ▲❨❆✱ ●✳▼❛t❡♠át✐❝❛s ② ❘❛③♦♥❛♠✐❡♥t♦ P❧❛✉s✐❜❧❡✳ ▼❛❞r✐❞✿ ❊❞✐t♦r✐❛❧ ❚❡❝♥♦s

❙✳ ❆✳✱ ✶✾✻✻✳

❬✶✸❪ ❨❆●▲❖▼✱ ■✳ ▼✳●❡♦♠❡tr✐❝ ❚r❛♥s❢♦r♠❛t✐♦♥s ■✳ ◆❡✇ ❨♦r❦✿ ❘❛♥❞♦♠ ❍♦✉s❡✱ ✶✾✻✷✳

❬✶✹❪ ❲❆●◆❊❘✱ ❊✳ ❈♦♥str✉çõ❡s ●❡♦♠étr✐❝❛s✳ ✻➟ ❡❞✐çã♦✳ ❘✐♦ ❞❡ ❏❛♥❡✐r♦✿ ❙♦❝✐❡❞❛❞❡

❇r❛s✐❧❡✐r❛ ❞❡ ▼❛t❡♠át✐❝❛✱ ✷✵✵✼✳ ✭❈♦❧❡çã♦ ❞♦ Pr♦❢❡ss♦r ❞❡ ▼❛t❡♠át✐❝❛✳✮

❬✶✺❪ ❖▲■❱❊■❘❆✱ ❑✳ ■✳❀ ❋❊❘◆➪◆❉❊❩✱ ❆✳ ❏✳ ■♥✐❝✐❛çã♦ à ▼❛t❡♠át✐❝❛✿ ❯♠ ❈✉rs♦ ❝♦♠

Pr♦❜❧❡♠❛s ❡ ❙♦❧✉çõ❡s✳ ❘✐♦ ❞❡ ❏❛♥❡✐r♦✿ ❙♦❝✐❡❞❛❞❡ ❇r❛s✐❧❡✐r❛ ❞❡ ▼❛t❡♠át✐❝❛✱ ✷✵✶✷✳

✭❈♦❧❡çã♦ ❖❧✐♠♣í❛❞❛s ❞❡ ▼❛t❡♠át✐❝❛✳✮

❬✶✻❪ ❘■❇❊◆❇❖■▼✱ P✳ ◆ú♠❡r♦s Pr✐♠♦s✿ ❱❡❧❤♦s ▼✐stér✐♦s ❡ ◆♦✈♦s ❘❡❝♦r❞❡s✳ ❘✐♦ ❞❡

❏❛♥❡✐r♦✿ ❙♦❝✐❡❞❛❞❡ ❇r❛s✐❧❡✐r❛ ❞❡ ▼❛t❡♠át✐❝❛✱ ✷✵✶✵✳ ✭❈♦❧❡çã♦ ▼❛t❡♠át✐❝❛ ❯♥✐✈❡rs✐tá✲

r✐❛✳✮

❬✶✼❪ ■❊❩❩■✱ ●✳❀ ❉❖▼■◆●❯❊❙✱ ❍✳ ❍✳ ➪❧❣❡❜r❛ ▼♦❞❡r♥❛✳ ✹➟ ❡❞✐çã♦✳ ❙ã♦ P❛✉❧♦✿ ❊❞✐t♦r❛

❆t✉❛❧✱ ✷✵✵✻✳

❬✶✽❪ ❈❆❘❱❆▲❍❖✱ ◆✳ ❚✳❀ ●■▼❊◆❊❩✱ ❈✳ ❙✳ ❈✳ ❋✉♥❞❛♠❡♥t♦s ❞❛ ▼❛t❡♠át✐❝❛ ■✳ ❋❧♦r✐✲

❛♥ó♣♦❧✐s✿ ❯❋❙❈✴❊❆❉✴❈❊❉✴❈❋▼✱ ✷✵✵✻✳

❬✶✾❪ ▲❖❱➪❙❩✱ ▲✳❀ P❊▲■❑➪◆✱ ❏✳❀ ❱❊❙❚❊❘●❖▼❇■✱ ❑✳ ▼❛t❡♠át✐❝❛ ❉✐s❝r❡t❛✳ ❚r❛❞✉✲

çã♦✿ ❘✉② ❏♦sé ❞❡ ◗✉❡✐r♦③✳ ❘✐♦ ❞❡ ❏❛♥❡✐r♦✿ ❙♦❝✐❡❞❛❞❡ ❇r❛s✐❧❡✐r❛ ❞❡ ▼❛t❡♠át✐❝❛✱ ✷✵✵✺✳

✭❈♦❧❡çã♦ ❚❡①t♦s ❯♥✐✈❡rs✐tár✐♦s✳✮

❬✷✵❪ ❋■▲❍❖✱ ❉✳ ❈✳ ❞❡ ▼✳ ❯♠ ❈♦♥✈✐t❡ à ▼❛t❡♠át✐❝❛✳ ❘✐♦ ❞❡ ❏❛♥❡✐r♦✿ ❙♦❝✐❡❞❛❞❡

❇r❛s✐❧❡✐r❛ ❞❡ ▼❛t❡♠át✐❝❛✱ ✷✵✶✷✳ ✭❈♦❧❡çã♦ ❞♦ Pr♦❢❡ss♦r ❞❡ ▼❛t❡♠át✐❝❛✳✮

❬✷✶❪ ✳ ▼❛♥✉❛❧ ❞❡ ❘❡❞❛çã♦ ▼❛t❡♠át✐❝❛✳ ❘✐♦ ❞❡ ❏❛♥❡✐r♦✿ ❙♦❝✐❡❞❛❞❡ ❇r❛s✐✲

❧❡✐r❛ ❞❡ ▼❛t❡♠át✐❝❛✱ ✷✵✶✹✳ ✭❈♦❧❡çã♦ ❞♦ Pr♦❢❡ss♦r ❞❡ ▼❛t❡♠át✐❝❛✳✮



✺✺

❆ ❉❡♠♦♥str❛çõ❡s s❡❧❡❝✐♦♥❛❞❛s

❊st❡ ❛♣ê♥❞✐❝❡ ❡stá ❞❡❞✐❝❛❞♦ à ❥✉st✐✜❝❛t✐✈❛ ❞❡ ❞♦✐s r❡s✉❧t❛❞♦s ✉t✐❧✐③❛❞♦s ❛♦ ❧♦♥❣♦ ❞♦ t❡①t♦

❡ q✉❡ s❡r✈✐r❛♠ ❞❡ ❛✉①í❧✐♦ ♣❛r❛ ❛ ❞❡♠♦♥str❛çã♦ ❞❡ ✉♠❛ ❞❛❞❛ ♣r♦♣♦s✐çã♦ ♣r✐♥❝✐♣❛❧✳

❆✳✶ ❊①♣r❡ssã♦ ❞❛ ❞✉♣❧✐❝❛çã♦ ❞♦ ❧❛❞♦ ❞❡ ✉♠ ♣♦❧í❣♦♥♦

r❡❣✉❧❛r ❞❡ 2
n ❧❛❞♦s

◆♦ Pr♦❜❧❡♠❛ ✷✳✶✳✶ ♥♦s r❡❢❡r✐♠♦s à ❝❤❛♠❛❞❛ ❢ór♠✉❧❛ ❞❡ ❞✉♣❧✐❝❛çã♦ ❞♦ ❧❛❞♦ ❞❡ ✉♠ ♣♦❧í❣♦♥♦

r❡❣✉❧❛r ❞❡ 2n ❧❛❞♦s✳

Pr♦❝❡❞❛♠♦s à s✉❛ ❞❡❞✉çã♦✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ A1A2 . . . A2n ✉♠ ♣♦❧í❣♦♥♦ r❡❣✉❧❛r ❞❡ 2n ❧❛❞♦s ✐♥s❝r✐t♦ ❡♠ ✉♠❛

❝✐r❝✉♥❢❡rê♥❝✐❛ ❞❡ r❛✐♦ R ❡ a2n ❛ ♠❡❞✐❞❛ ❞❡ s❡✉ ❧❛❞♦✳ ❊♥tã♦✱ é ❢á❝✐❧ ✈❡r q✉❡ ❛s ❜✐ss❡tr✐③❡s ❞♦s

â♥❣✉❧♦s ❝❡♥tr❛✐s ❞❡st❡ ♣♦❧í❣♦♥♦ ✐♥t❡rs❡❝t❛♠ ❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ ❞❡ r❛✐♦ R q✉❡ ♦ ❝✐r❝✉♥s❝r❡✈❡

♥♦s ♣♦♥t♦s B1, B2, . . . , B2n t❛✐s q✉❡ A1B1 = B1A2 = A2B2 = B2A3 = · · · = A2nB2n =

a2n+1 ✱ ✐st♦ é✱ ❛ ♣❛rt✐r ❞❡ss❛s ❜✐ss❡tr✐③❡s ♦❜t❡♠♦s ✉♠ ♥♦✈♦ ♣♦❧í❣♦♥♦ r❡❣✉❧❛r ❝♦♠ ♦ ❞♦❜r♦

❞❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❧❛❞♦s ❞♦ ❛♥t❡r✐♦r ✭✈✐❞❡ ❋✐❣✉r❛ ❆✳✶✮✳

A3

A2

A1

An

O

R
R

X

B1

❋✐❣✉r❛ ❆✳✶✿ P♦❧í❣♦♥♦ r❡❣✉❧❛r A1A2 . . . A2n ✱ ✐♥s❝r✐t♦ ❡♠ ✉♠❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ ❞❡ r❛✐♦ R

Pr♦✈❡♠♦s✱ ❡♥tã♦✱ q✉❡

a2n+1 =

√

2R2 − 2R

√
R2 − a22n

4
.



❆✳✷ ❊①♣r❡ssã♦ ❞❛ t❛♥❣❡♥t❡ ❞♦ ❛r❝♦ ♠❡t❛❞❡ ❡♠ ❢✉♥çã♦ ❞♦s ❧❛❞♦s ❞♦ tr✐â♥❣✉❧♦ ✺✻

❉❛ ❋✐❣✉r❛ ❆✳✶✱ t❡♠♦s q✉❡ A1B1 = a2n+1 ✱ A1X = a2n ❡✱ ❞♦ ❢❛t♦ ❞❡ q✉❡ sã♦

r❡tâ♥❣✉❧♦s ✭❡♠ X✮ ♦s tr✐â♥❣✉❧♦s A1XB1 ❡ A1XO✱ t❡♠♦s

a22n+1 =
a22n

4
+

(
R−

√
R2 − a22n

4

)2

=
a22n

4
+R2 −R

√
4R2 − a22n +R2 − a22n

4

= 2R2 − 2R

√
R2 − a22n

4
,

❞♦♥❞❡ ❝♦♥❝❧✉í♠♦s ❛ ✐❣✉❛❧❞❛❞❡ a2n+1 =

√

2R2 − 2R

√
R2 − a22n

4
✳ �

❆✳✷ ❊①♣r❡ssã♦ ❞❛ t❛♥❣❡♥t❡ ❞♦ ❛r❝♦ ♠❡t❛❞❡ ❡♠ ❢✉♥çã♦

❞♦s ❧❛❞♦s ❞♦ tr✐â♥❣✉❧♦

❆s ❢ór♠✉❧❛s ✭✷✳✷✳✶✮ ❞♦ Pr♦❜❧❡♠❛ ✷✳✷✳✷ ♣♦❞❡♠ s❡r ❞❡♠♦♥str❛❞❛s ❝♦♠ ❜❛s❡ ♥❛s ✐❣✉❛❧❞❛❞❡s

sen
Â

2
=

√
(p− b)(p− c)

bc
❡ cos

Â

2
=

√
p(p− a)

bc
,

♣♦✐s✱ ❞❡ss❡ ♠♦❞♦✱ t❡r❡♠♦s q✉❡ tg
Â

2
=

√
(p− b)(p− c)

p(p− a)
✳

Pr♦❝❡❞❛♠♦s✱ ♣♦rt❛♥t♦✱ à ❥✉st✐✜❝❛t✐✈❛ ❞❛s ❞✉❛s ✐❣✉❛❧❞❛❞❡s✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ ABC ✉♠ tr✐â♥❣✉❧♦ q✉❛❧q✉❡r✱ ❝♦♠ BC = a✱ AC = b ❡ AB = c✱ ❡

p =
a+ b+ c

2
s❡✉ s❡♠✐♣❡rí♠❡tr♦✳ ❙❡❥❛ X ∈ BC ✉♠ ♣♦♥t♦ t❛❧ q✉❡ ❛ s❡♠✐rr❡t❛ AX é ❛

❜✐ss❡tr✐③ ✐♥t❡r♥❛ ❞♦ â♥❣✉❧♦ Â = B̂AC✳ ❉❡ss❡ ♠♦❞♦✱ ✈❛❧❡ ❛ ✐❣✉❛❧❞❛❞❡✶

AX =
2

b+ c

√
bcp(p− a). ✭❆✳✷✳✶✮

❆ss✐♠✱ s❡♥❞♦ SABC ✱ SABX ❡ SAXC ❛s ár❡❛s ❞♦s tr✐â♥❣✉❧♦s ABC✱ ABX ❡ AXC✱ ✉s❛♥❞♦ ❛

❢ór♠✉❧❛ ❞❡ ❍❡rã♦ ❡ ♦ ❢❛t♦ ❞❡ q✉❡✱ ❡♠ q✉❛❧q✉❡r tr✐â♥❣✉❧♦✱ ❛ ár❡❛ é ✐❣✉❛❧ ❛♦ s❡♠✐♣r♦❞✉t♦

✶◗✉❡✱ ♣♦r s✉❛ ✈❡③✱ ♣♦❞❡ s❡r ♣r♦✈❛❞❛ ❝♦♠ ❜❛s❡ ♥♦ ❢❛t♦ ❞❡ q✉❡ ❛ ❜✐ss❡tr✐③ ✐♥t❡r♥❛ ❞❡ ✉♠ â♥❣✉❧♦ ❞❡ ✉♠

tr✐â♥❣✉❧♦ ❞✐✈✐❞❡ ♦ ❧❛❞♦ ♦♣♦st♦ ❛ ❡ss❡ â♥❣✉❧♦ ❡♠ s❡❣♠❡♥t♦s ♣r♦♣♦r❝✐♦♥❛✐s ❛♦s ❞❡♠❛✐s ❧❛❞♦s ✭❝♦♠ r❡s♣❡✐t♦

❛ ❝❛❞❛ s❡❣♠❡♥t♦✮ ❡ ♥❛ ▲❡✐ ❞♦s ❈♦ss❡♥♦s ✭❛♣❧✐❝❛❞❛ ❡♠ q✉❛❧q✉❡r ❞♦s tr✐â♥❣✉❧♦s ❡♠ q✉❡ ✜❝❛ ❞✐✈✐❞✐❞♦✱ ♣♦r

❡ss❛ ❜✐ss❡tr✐③✱ ♦ tr✐â♥❣✉❧♦ ♦r✐❣✐♥❛❧✮✳



❆✳✷ ❊①♣r❡ssã♦ ❞❛ t❛♥❣❡♥t❡ ❞♦ ❛r❝♦ ♠❡t❛❞❡ ❡♠ ❢✉♥çã♦ ❞♦s ❧❛❞♦s ❞♦ tr✐â♥❣✉❧♦ ✺✼

❞❡ ❞♦✐s ❧❛❞♦s ♠✉❧t✐♣❧✐❝❛❞♦ ♣❡❧♦ s❡♥♦ ❞♦ â♥❣✉❧♦ q✉❡ ❡❧❡s ❞❡t❡r♠✐♥❛♠✱ t❡♠✲s❡ q✉❡

√
p(p− a)(p− b)(p− c) =

b · 2

b+ c

√
bcp(p− a) sen

Â

2
2

+
c · 2

b+ c

√
bcp(p− a) sen

Â

2
2

= b ·
sen

Â

2
b+ c

√
bcp(p− a) + c ·

sen
Â

2
b+ c

√
bcp(p− a)

= (b+ c) ·
sen

Â

2
b+ c

√
bcp(p− a)

= sen
Â

2

√
bcp(p− a),

♦ q✉❡ ♥♦s ♣❡r♠✐t❡ ❝♦♥❝❧✉✐r q✉❡

sen
Â

2
=

√
p(p− a)(p− b)(p− c)√

bcp(p− a)
=

√
(p− b)(p− c)

bc
.

❆❣♦r❛✱ ♣❛r❛ ♠♦str❛r ❛ ✐❣✉❛❧❞❛❞❡ r❡❧❛t✐✈❛ ❛♦ ❝♦ss❡♥♦✱ ❢❛ç❛♠♦s ✉s♦ ❞❛ r❡❧❛çã♦

❢✉♥❞❛♠❡♥t❛❧ ❞❛ ❚r✐❣♦♥♦♠❡tr✐❛✱ ❛ s❛❜❡r✱ sen2 x + cos2 x = 1✱ q✉❛❧q✉❡r q✉❡ s❡❥❛ x ∈ R✳

❆ss✐♠✱ t❡♠✲s❡

cos2
Â

2
= 1− sen2 Â

2

= 1− (p− b)(p− c)

bc

=
bc− (p− b)(p− c)

bc

=
bc− (−p+ a+ c)(−p+ a+ b)

bc

=
(p− a)(b+ c− p+ a)

bc

=
(p− a)p

bc

❡✱ ✜♥❛❧♠❡♥t❡✱

cos
Â

2
=

√
p(p− a)

bc
,

♦ q✉❡ ❝♦♠♣❧❡t❛ ❛ ❞❡♠♦♥str❛çã♦✳ �


	Lista de Figuras
	Introdução
	O método de indução matemática
	Raciocínio indutivo
	Indução matemática
	Exemplo de demonstração por indução matemática
	Princípio de indução matemática

	Demonstrações por indução em Álgebra e em Teoria dos Números
	Identidades e problemas aritméticos
	Desigualdades e (outros) problemas algébricos


	Aplicações da indução matemática à problemas de Geometria
	Cálculo por indução
	Demonstração por indução
	Construções geométricas por indução

	Considerações
	Referências Bibliográficas
	Demonstrações selecionadas
	Expressão da duplicação do lado de um polígono regular de 2n lados
	Expressão da tangente do arco metade em função dos lados do triângulo


