
❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞♦ ▼❛r❛♥❤ã♦

❈❡♥tr♦ ❞❡ ❈✐ê♥❝✐❛s ❊①❛t❛s ❡ ❚❡❝♥♦❧♦❣✐❛

Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ❋ís✐❝❛

❉✐ss❡rt❛çã♦ ❞❡ ▼❡str❛❞♦

❊st✉❞♦ ❞❡ ❈♦❧✐sõ❡s ❦✐♥❦✲❛♥t✐❦✐♥❦ ❡ ❊s♣❛❧❤❛♠❡♥t♦
♣♦r ❈♦♥t♦r♥♦

❋r❡❞ ❏♦r❣❡ ❈❛r✈❛❧❤♦ ▲✐♠❛

❖r✐❡♥t❛❞♦r✿ ❆❞❛❧t♦ ❘♦❞r✐❣✉❡s ●♦♠❡s ❞♦s ❙❛♥t♦s ❋✐❧❤♦

❈♦✲❖r✐❡♥t❛❞♦r✿ ❑❧é❜❡r ❩✉③❛ ◆ó❜r❡❣❛

❙ã♦ ▲✉ís✱ ❉❡③❡♠❜r♦ ❞❡ ✷✵✶✻



❊st✉❞♦ ❞❡ ❈♦❧✐sõ❡s ❦✐♥❦✲❛♥t✐❦✐♥❦ ❡ ❊s♣❛❧❤❛♠❡♥t♦
♣♦r ❈♦♥t♦r♥♦

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ ❛♦ Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦

❡♠ ❋ís✐❝❛ ❞❛ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞♦ ▼❛r❛♥❤ã♦ ❝♦♠♦

r❡q✉❡s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡ ♠❡str❡ ❡♠

❋ís✐❝❛✳
❖r✐❡♥t❛❞♦r✿ ❆❞❛❧t♦ ❘♦❞r✐❣✉❡s ●♦♠❡s ❞♦s ❙❛♥t♦s ❋✐❧❤♦

❉♦✉t♦r ❡♠ ❋ís✐❝❛ ✲ ❯❋▼❆

❙ã♦ ▲✉ís✱ ❉❡③❡♠❜r♦ ❞❡ ✷✵✶✻



▲✐♠❛✱ ❋r❡❞ ❏♦r❣❡ ❈❛r✈❛❧❤♦

❊st✉❞♦ ❞❡ ❈♦❧✐sõ❡s ❦✐♥❦✲❛♥t✐❦✐♥❦ ❡ ❊s♣❛❧❤❛♠❡♥t♦

♣♦r ❈♦♥t♦r♥♦✳ ✴ ❋r❡❞ ❏♦r❣❡ ❈❛r✈❛❧❤♦ ▲✐♠❛✳

✲ ❙ã♦ ▲✉ís ✿ ❖ ❆✉t♦r✱ ✷✵✶✻✳

①①①✐✐✱ ✽✼ ❢♦❧❤❛s ✿ ✐❧✳✱ ❢✐❣✳✱ t❛❜✳

❉✐ss❡rt❛çã♦ ✭♠❡str❛❞♦✮ ✲ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞♦ ▼❛r❛♥❤ã♦✳

Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ❋ís✐❝❛✱ ✷✵✶✻✳

■♥❝❧✉✐ ❜✐❜❧✐♦❣r❛❢✐❛ ❡ ❣❧♦ssár✐♦✳

✶✳❉❡❢❡✐t♦s t♦♣♦❧ó❣✐❝♦s ✷✳❑✐♥❦s

✸✳▼♦❞❡❧♦s ✐♥t❡❣rá✈❡✐s ✹✳ ▼♦❞❡❧♦s ♥ã♦✲✐♥t❡❣rá✈❡✐s ■✳ ❚ít✉❧♦✳

✵✵✼✳✸✷ ❈❉❉✭✷✷✳❡❞✳✮ ▼❊■✷✵✵✽✲✵✹✾



❋r❡❞ ❏♦r❣❡ ❈❛r✈❛❧❤♦ ▲✐♠❛

❊st✉❞♦ ❞❡ ❈♦❧✐sõ❡s ❦✐♥❦✲❛♥t✐❦✐♥❦ ❡ ❊s♣❛❧❤❛♠❡♥t♦
♣♦r ❈♦♥t♦r♥♦

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ ❛♦ Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦

❡♠ ❋ís✐❝❛ ❞❛ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞♦ ▼❛r❛♥❤ã♦ ❝♦♠♦

r❡q✉❡s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡ ♠❡str❡ ❡♠

❋ís✐❝❛✳

❇❆◆❈❆ ❊❳❆▼■◆❆❉❖❘❆

Pr♦❢✳ ❉r✳ ❆❞❛❧t♦ ❘♦❞r✐❣✉❡s ●♦♠❡s ❞♦s ❙❛♥t♦s ❋✐❧❤♦ ✭❖r✐❡♥t❛❞♦r✮

❯❋▼❆

Pr♦❢✳ ❉r✳ ▲✉❝✐❛♥♦ ❈❛s❛r✐♥✐

❯❋❊❙

Pr♦❢✳ ❉r✳ ▲✉✐s ❘❛❢❛❡❧ ❇❡♥✐t♦ ❈❛str♦

❯❋▼❆

Pr♦❢✳ ❉r✳ ❑❧é❜❡r ❩✉③❛ ◆ó❜r❡❣❛ ✭❈♦✲♦r✐❡♥t❛❞♦r✮

■❋▼❆

ifundefinedshowcaptionsetupcaption = falsesubfigsubfig



❆❣r❛❞❡❝✐♠❡♥t♦s

❆❣r❛❞❡ç♦ ♣r✐♠❡✐r❛♠❡♥t❡ à ❉❡✉s✳ ❆❣r❛❞❡ç♦ ❛♦ Pr♦❢✳ ❉r✳ ❆❞❛❧t♦ ♠❡ ♦r✐❡♥t❛r ❞✉r❛♥t❡ ♦

♠❡str❛❞♦✱ ♣♦r s❡✉s ✐♥❝❡t✐✈♦s ❡ ♣❡❧♦ ❛♣r❡♥❞✐③❛❞♦ q✉❡ ✈❡♠ ♠❡ ♦♣♦rt✉♥✐③❛♥❞♦ ❞❡s❞❡ ❞❛ ❣r❛❞✉✲

❛çã♦✳ ◗✉❡r♦ ❛❣r❛❞❡❝❡r ❛♦ Pr♦❢✳ ❉r✳ ❑❧é❜❡r ❩✉③❛ ◆ó❜r❡❣❛ ♣❡❧❛ ❝♦✲♦r✐❡♥t❛çã♦ ❞❡st❡ tr❛❜❛❧❤♦✱

❛❣r❛❞❡❝❡♥❞♦✲♦ t❛♠❜é♠ ♣❡❧♦s ❝♦♥❤❡❝✐♠❡♥t♦s ❛❞q✉✐r✐❞♦s ❞✉r❛♥t❡ ❛ ❞✐s❝✐♣❧✐♥❛ ❞❡ tó♣✐❝♦s q✉❡ ♠✐✲

♥✐str♦✉✳ ❆❣r❛❞❡ç♦ ❛✐♥❞❛ ❛♦ ♣r♦❢✳ ❉r✳ ❋❛❜✐❛♥♦ ❞❡ ❈❛r✈❛❧❤♦ ❙✐♠❛s ♣❡❧❛s ✈❛❧✐♦s❛s ❞✐s❝✉ssõ❡s

t❡ór✐❝❛s❀ ❡st❛s ❢♦r❛♠ ♠✉✐t♦ út❡✐s ♣❛r❛ q✉❡ ❝♦♥s♦❧✐❞❛ss❡ ♦ ❡♥t❡♥❞✐♠❡♥t♦ ❛❝❡r❝❛ ❞♦s t❡♠❛s ❞❡st❡

tr❛❜❛❧❤♦✳ ❆❣r❛❞❡ç♦ ❛♦ Pr♦❢✳ ❘♦❞♦❧❢♦ ❈❛s❛♥❛ ♣❡❧♦ s✉♣♦rt❡ ❞❛❞♦ ❛tr❛✈és ❞❛ ❝♦♦r❞❡♥❛çã♦ ❞♦

♣r♦❣r❛♠❛✳ ❆❣r❛❞❡ç♦ ❛♦s ♣r♦❢❡ss♦r❡s ❞♦ ♣r♦❣r❛♠❛ ❝♦♠ ♦s q✉❛✐s t✐✈❡ ❛ ♦♣♦rt✉♥✐❞❛❞❡ ❞❡ ❡st✉❞❛r✿

❘♦❞♦❧❢♦ ❈❛s❛♥❛✱ ❊❞✉❛r❞♦ ❉✐♥✐③✱ ❊❞✐❧❜❡rt♦ ❖❧✐✈❡✐r❛ ❙✐❧✈❛✱ ▲✉ís ❘❛❢❛❡❧ ❇❡♥✐t♦✱ ❆❞❛❧t♦ ❘♦❞r✐❣✉❡s

●♦♠❡s ❡ ❊❞✉❛r❞♦ ❞❛ ❍♦r❛✳ ❆❣r❛❞❡ç♦ t❛♠❜é♠ à s❡❝r❡t❛r✐❛ ❞♦ ♣r♦❣r❛♠❛ ♥❛ ♣❡ss♦❛ ❞❡ ▲✉❝✐♠❛r②

❋❡rr❡✐r❛✳

◗✉❡r♦ ❛❣r❛❞❡❝❡r à ♠✐♥❤❛ ♠ã❡✱ ❱❛♥❞❛ ▼❛r✐❛ ❈ ▲✐♠❛✱ q✉❡ t❡♠ s✐❞♦ ❛ ♠✐♥❤❛ ❜❛s❡ ❞❡ s✉st❡♥✲

t❛çã♦ ❞✉r❛♥t❡ t♦❞♦s ❡ss❡s ❛♥♦s✳ ❆❣r❛❞❡ç♦ t❛♠❜é♠ ❛♦s ♠❡✉s ✐r♠ã♦s ❡ ❛♠✐❣♦s✳

❋✐♥❛❧♠❡♥t❡✱ ❛❣r❛❞❡ç♦ ❛♦ ♣♦✈♦ ❜r❛s✐❧❡✐r♦✱ q✉❡ ♣♦r ♠❡✐♦ ❞❛ ❈❆P❊❙ ✜♥❛♥❝✐♦✉ ❡st❡ ❡st✉❞♦✳



❘❡s✉♠♦

◆❡st❛ ❞✐ss❡rt❛çã♦ é r❡❛❧✐③❛❞♦ ✉♠ ❡st✉❞♦ ❞❡ ❝♦❧✐sõ❡s ❞❡ ❞❡❢❡✐t♦s t♦♣♦❧ó❣✐❝♦s ❡♠ ♠♦❞❡❧♦s ❞❡

❝❛♠♣♦s ❡s❝❛❧❛r❡s r❡❛✐s ❞❡ ♥❛t✉r❡③❛ ✐♥t❡❣rá✈❡❧ ❡ ♥ã♦✲✐♥t❡❣rá✈❡❧✱ ❡♠ (1 + 1) ❞✐♠❡♥sõ❡s✳ ❈♦♠♦

t❡♦r✐❛ ✐♥t❡❣rá✈❡❧✱ ❡st✉❞❛✲s❡ ♦ ♠♦❞❡❧♦ s✐♥❡✲●♦r❞♦♥❀ ❝♦♠♦ t❡♦r✐❛s ♥ã♦✲✐♥t❡❣rá✈❡✐s ❡st✉❞❛✲s❡ ♦s

♠♦❞❡❧♦s φ4✱ ❞✉♣❧♦ s✐♥❡✲●♦r❞♦♥ ❡ φ6✳ ❖ ❡st✉❞♦ ❞❡ ❝♦❧✐sõ❡s é r❡❛❧✐③❛❞♦ ❛tr❛✈és ❞❛ s♦❧✉çã♦

♥✉♠ér✐❝❛ ❞❛ ❡q✉❛çã♦ ❞❡ ♠♦✈✐♠❡♥t♦✳ P❛r❛ t❛♥t♦✱ ❛s s♦❧✉çõ❡s t♦♣♦❧ó❣✐❝❛s ♣❛r❛ ❝❛❞❛ ♠♦❞❡❧♦

sã♦ ♣r✐♠❡✐r❛♠❡♥t❡ ❡♥❝♦♥tr❛❞❛s ♣♦r ♠❡✐♦ ❞♦ ❢♦r♠❛❧✐s♠♦ ❞❡ ❇♦❧❣♦♠♦❧✬♥②✐✲Pr❛s❛❞✲❙♦♠♠❡r❢❡❧❞

✭❇P❙✮✳ ❖s r❡s✉❧t❛❞♦s sã♦ ❡①♣❧✐❝❛❞♦s q✉❛❧✐t❛t✐✈❛♠❡♥t❡ ❛tr❛✈és ❞❡ ✉♠ ♠❡❝❛♥✐s♠♦ ❞❡ tr♦❝❛ ❞❡

❡♥❡r❣✐❛ q✉❡ ❡♥✈♦❧✈❡ ♦s ♠♦❞♦s ♥♦r♠❛✐s ❞❡ ✈✐❜r❛çã♦ ❞❛s s♦❧✉çõ❡s ❦✐♥❦s✳ ❚❛❧ ♠❡❝❛♥✐s♠♦ ❡❧✉❝✐❞❛

❛ ❣r❛♥❞❡ ❞✐❢❡r❡♥ç❛ ♥❛ ❞✐♥â♠✐❝❛ ❞❡ ♠♦❞❡❧♦s ✐♥t❡❣rá✈❡✐s ❡ ♥ã♦✲✐♥t❡❣rá✈❡✐s✳ ❚❛♠❜é♠ é r❡❛❧✐③❛❞♦

✉♠ ❡st✉❞♦ ❞❡ ❝♦❧✐sõ❡s ❞❡ ❦✐♥❦s ❡♠ ✉♠❛ s❡♠✐ ❧✐♥❤❛✱ ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❝♦♥t♦r♥♦ ❞❡ ◆❡✉♠❛♥♥✱

♣❛r❛ ♦s ♠♦❞❡❧♦ φ4 ❡ φ6 ✳ ❖s r❡s✉❧t❛❞♦s ♠♦str❛♠ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞❡ ♥♦✈♦s ❝♦♠♣♦rt❛♠❡♥t♦s q✉❡

♥ã♦ sã♦ ♦❜s❡r✈❛❞♦s ❡♠ ❝♦❧✐sõ❡s ❦✐♥❦✲❛♥t✐❦✐♥❦ ♥♦ ❡s♣❛ç♦ ✐❧✐♠✐t❛❞♦✳

P❛❧❛✈r❛s ❝❤❛✈❡✿ ❉❡❢❡✐t♦s t♦♣♦❧ó❣✐❝♦s✱ ❦✐♥❦s✱ ▼♦❞❡❧♦s ✐♥t❡❣rá✈❡✐s✱ ▼♦❞❡❧♦s ♥ã♦✲✐♥t❡❣rá✈❡✐s✳



❆❜str❛❝t

■♥ t❤✐s ❞✐ss❡rt❛t✐♦♥ ✐s ♣❡r❢♦r♠❡❞ ❛ st✉❞② ♦❢ ❝♦❧❧✐s✐♦♥s ♦❢ t♦♣♦❧♦❣✐❝❛❧ ❞❡❢❡❝ts ✐♥ ❜♦t❤ ✐♥t❡❣r❛❜❧❡ ❛♥❞

♥♦♥✲✐♥t❡❣r❛❜❧❡ ♠♦❞❡❧s ♦❢ ✭1+1✮ ❞✐♠❡♥s✐♦♥❛❧ s❝❛❧❛r r❡❛❧ ✜❡❧❞s✳ ❆s ✐♥t❡❣r❛❜❧❡ t❤❡♦r② ✐t ✐s st✉❞✐❡❞

t❤❡ s✐♥❡✲●♦r❞♦♥ ♠♦❞❡❧❀ ❛s ♥♦♥✲✐♥t❡❣r❛❜❧❡ t❤❡♦r✐❡s ✐t ✐s st✉❞✐❡❞ t❤❡ φ4✱ ❞♦✉❜❧❡ s✐♥❡✲●♦r❞♦♥

❛♥❞ φ6 ♠♦❞❡❧s✳ ❚❤❡ r❡s❡❛r❝❤ ♦❢ ❝♦❧❧✐s✐♦♥ ✐s ♠❛❦❡ t❤r♦✉❣❤ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♠♦t✐♦♥

❡q✉❛t✐♦♥✳ ❋♦r t❤✐s ♣✉r♣♦s❡✱ ✜rst ❛r❡ ♦❜t❛✐♥❡❞ t❤❡ t♦♣♦❧♦❣✐❝❛❧ s♦❧✉t✐♦♥s ❢♦r ❡❛❝❤ ♠♦❞❡❧ ❜② ✉s✐♥❣

t❤❡ ❇♦❧❣♦♠♦❧✬♥②✐✲Pr❛s❛❞✲❙♦♠♠❡r❢❡❧❞ ✭❇P❙✮ ❢♦r♠❛❧✐s♠✳ ❲❡ ❡①♣❧❛✐♥❡❞ t❤❡ r❡s✉❧ts ❛♥❛❧②t✐❝❛❧❧②

t❤r♦✉❣❤ ♦❢ ❛ ❡①❝❤❛♥❣❡ ❡♥❡r❣② ♠❡❝❤❛♥✐s♠✱ ✇❤✐❝❤ ✐s ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ♥♦r♠❛❧ ✈✐❜r❛t✐♦♥❛❧ ♠♦❞❡s

♦❢ ❦✐♥❦s s♦❧✉t✐♦♥s✳ ❚❤✐s ♠❡❝❤❛♥✐s♠ ❡①♣❧❛✐♥s t❤❡ ❧❛r❣❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ❞②♥❛♠✐❝s ♦❢ t❤❡

✐♥t❡❣r❛❜❧❡ ❛♥❞ ♥♦♥✲✐♥t❡❣r❛❜❧❡ ♠♦❞❡❧s✳ ■t ✐s ❛❧s♦ ❝❛rr✐❡❞ ♦✉t ❛ st✉❞② ♦❢ ❦✐♥❦s ❝♦❧❧✐s✐♦♥ ❢♦r ❜♦t❤

φ4 ❛♥❞ φ6 ♦♥ ❛ ❤❛❧❢ ❧✐♥❡ ✇✐t❤ ❛ ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✳ ❚❤❡ r❡s✉❧ts s❤♦✇ ❛ ✈❛r✐❡t② ♦❢

♥❡✇ ❢❡❛t✉r❡s ✇❤✐❝❤ ❞♦ ♥♦t ♦❜s❡r✈❡❞ ❢♦r ❦✐♥❦✲❛♥t✐❦✐♥❦ ❝♦❧❧✐s✐♦♥s ♦♥ ❢✉❧❧ ❧✐♥❡✳

❑❡②✲✇♦r❞s✿ ❚♦♣♦❧♦❣✐❝❛❧ ❞❡❢❡❝ts✱ ❦✐♥❦s✱ ✐♥t❡❣r❛❜❧❡ ♠♦❞❡❧s✱ ♥♦♥✲✐♥t❡❣r❛❜❧❡ ♠♦❞❡❧s



❙✉♠ár✐♦

✶ ■♥tr♦❞✉çã♦ ✶

✷ ❈❛♠♣♦ ❊s❝❛❧❛r ❘❡❛❧ ✻

✷✳✶ ❋♦r♠✉❧❛çã♦ ▲❛❣r❛♥❣❡❛♥❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻

✷✳✷ ▼ét♦❞♦ ❞❡ ❇♦❧❣♦♠♦❧✬♥②✐ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾

✷✳✸ ❆♥á❧✐s❡ ♣❡rt✉r❜❛t✐✈❛ ❞❛s s♦❧✉çõ❡s ❡stát✐❝❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶

✸ ▼♦❞❡❧♦s ■♥t❡❣rá✈❡✐s ✶✺

✸✳✶ ▼♦❞❡❧♦ ❙✐♥❡✲●♦r❞♦♥ ✭❙●✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺

✹ ▼♦❞❡❧♦s ◆ã♦✲■♥t❡❣rá✈❡✐s ✷✸

✹✳✶ ▼♦❞❡❧♦ λφ4 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸

✹✳✷ ❉✉♣❧♦ ❙✐♥❡✲●♦r❞♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✻

✹✳✷✳✶ ❈♦❧✐sõ❡s ❦✐♥❦✲❛♥t✐❦✐♥❦ ♣❛r❛ η = −1
2

✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵

✹✳✸ ▼♦❞❡❧♦ φ6 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✹

✺ ❊s♣❛❧❤❛♠❡♥t♦ ❡♠ ❇❛rr❡✐r❛s ❞❡ ❈♦♥t♦r♥♦ ✺✶

✺✳✶ ▼♦❞❡❧♦ λφ4 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✶

✺✳✶✳✶ ❙♦❧✉çõ❡s ❡ ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✷

✺✳✶✳✷ ❊♥❡r❣✐❛ ♥❛ ❋r♦♥t❡✐r❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✹

✺✳✷ ❈♦❧✐sã♦ ❆♥t✐❦✐♥❦✲❋r♦♥t❡✐r❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✽

✺✳✸ ▼♦❞❡❧♦ φ6 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✺

✺✳✸✳✶ ❙♦❧✉çõ❡s ❡ ❝♦♥❞✐çã♦ ❞❡ ❝♦♥t♦r♥♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✺

✺✳✸✳✷ ❊♥❡r❣✐❛s ♥❛ ❋r♦♥t❡✐r❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✻

✺✳✹ ❈♦❧✐sã♦ ❆♥t✐❦✐♥❦ ✲❋r♦♥t❡✐r❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✼

✐✈



❙❯▼➪❘■❖ ✈

✺✳✹✳✶ ❘❡s✉❧t❛❞♦s ❡ ❉✐s❝✉ssã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✽

✻ ❈♦♥❝❧✉sã♦ ✼✵

❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s ✼✷

❆ ▼ét♦❞♦s ◆✉♠ér✐❝♦s ✼✽

❆✳✶ ❉✐❢❡r❡♥ç❛s ❋✐♥✐t❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✽

❇ ❋♦rç❛ ❊stát✐❝❛ ✽✶

❇✳✶ ▼♦❞❡❧♦ φ4 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✶

❇✳✶✳✶ ❋♦rç❛ ❡stát✐❝❛ ❞❡ ✐♥t❡r❛çã♦ ❦✐♥❦✲❛♥t✐❦✐♥❦ ♥♦ ♠♦❞❡❧♦ φ4✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✶

❇✳✶✳✷ ❋♦rç❛ ❞❡ ✐♥t❡r❛çã♦ ❡♥tr❡ ♦ ❛♥t✐❦✐♥❦ ❡ ❛ ❋r♦♥t❡✐r❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✸

❇✳✷ ▼♦❞❡❧♦ φ6 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✹

❇✳✷✳✶ ❋♦rç❛ ❡♥tr❡ ❦✐♥❦s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✹

❇✳✷✳✷ ❋♦rç❛ ❡♥tr❡ ♦ ❦✐♥❦ ❡ ❛ ❋r♦♥t❡✐r❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✻



▲✐st❛ ❞❡ ❋✐❣✉r❛s

✶✳✶ ❊①❡♠♣❧♦ ❝♦t✐❞✐❛♥♦ ❞❡ q✉❡❜r❛ ❡s♣♦♥tâ♥❡❛ ❞❡ s✐♠❡tr✐❛✳ ❛✮ ❖s ♣♦♥t♦s 1a✱ 3a ❡ 3c

sã♦ ✐♥❞✐❢❡r❡♥t❡s ❞✐❛♥t❡ ❞❛ ❡str❛té❣✐❛ ❞♦ sí♠❜♦❧♦  ✱ ❜✮ ✉♠❛ ✈❡③ ❡s❝♦❧❤✐❞♦ ♦ ♣♦♥t♦

3c✱ ❛ ❝♦♥✜❣✉r❛çã♦ ♠✉❞❛rá ♣❛r❛ ✶✳✶❝✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷

✸✳✶ P♦t❡♥❝✐❛❧✱ ♠♦❞❡❧♦ s✐♥❡✲●♦r❞♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻

✸✳✷ P♦t❡♥❝✐❛❧ VSch(x) ❡ ❛ ❛✉t♦❢✉♥çã♦ ❞♦ ♠♦❞♦ ③❡r♦ η0 (x) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾

✸✳✸ P❡r✜❧ ✐♥✐❝✐❛❧ ❡stát✐❝♦ ❦✐♥❦✲❛♥t✐❦✐♥❦ ♣❛r❛ ♦ ♠♦❞❡❧♦ s✐♥❡✲●♦r❞♦♥✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵

✸✳✹ ❈♦❧✐sã♦ ❦✐♥❦ ❝♦♠ ❛♥t✐❦✐♥❦ ♥♦ ♠♦❞❡❧♦ s✐♥❡✲●♦r❞♦♥✳ vini = 0.2✳ ❛✮ ▼❛❧❤❛ ✸❉ ❞❛ ❡✈♦❧✉çã♦

❡s♣❛ç♦✲t❡♠♣♦r❛❧ ❞♦ ♣❡r✜❧✿ ✈❡r❞❡ r❡♣r❡s❡♥t❛ ♦ ✈á❝✉♦ φv = 0✱ ❛♠❛r❡❧♦ φv = 2π ❡ ❛③✉❧ φv = −2π✳

❜✮ r❡❝♦rt❡ ❞❡ ❛✮ ❡♠ x = 0✳ ❝✮ r❡❝♦rt❡ ❞❡ ❛✮ ❡♠ t = 180✱ ♠♦str❛♥❞♦ q✉❡ ❛♣ós ❛ ❝♦❧✐sã♦ ♦ ♣❡r✜❧

✐♥t❡r♣♦❧❛ ❡♥tr❡ 0 ❡ −2π✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶

✹✳✶ P♦t❡♥❝✐❛❧ λφ4 ♣❛r❛ λ = 2 ❡ m =
√
2 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹

✹✳✷ P❡r✜❧ ❡stát✐❝♦ ♣❛r❛ ✉♠❛ ❝♦❧✐sã♦ ❞♦ t✐♣♦ ❦✐♥❦✲❛♥t✐❦✐♥❦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼

✹✳✸ ❛✮ ❈♦❧✐sã♦ ❦✐♥❦✲❛♥t✐❦✐♥❦ ♣❛r❛ vi = 0.25✳ t❡♥❞♦ ❝♦♠♦ ❡st❛❞♦ ✜♥❛❧ ✉♠ ❜✐♦♥✳ ❜✮

❝❡♥tr♦ ❞❡ ♠❛ss❛ ❞♦ ❝❛♠♣♦ ❡s❝❛❧❛r φ (x = 0, t) ❡♠ x = 0 ❡♠ ❢✉♥çã♦ ❞♦ t❡♠♣♦

❝♦♠ vi = 0.18✱ ♠♦str❛♥❞♦ ♦ ❛s♣❡❝t♦ ❝❛ót✐❝♦ ❞♦ ❜✐♦♥✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾

✹✳✹ ❛✮ ❈♦❧✐sã♦ ❦✐♥❦✲❛♥t✐❦✐♥❦ ♣❛r❛ vi = 0.2✱ r❡s✉❧t❛♥❞♦ ❡♠ t✇♦✲❜♦✉♥❝❡✳ ❜✮ ❝❡♥tr♦ ❞❡

♠❛ss❛ ❞♦ ❝❛♠♣♦ ❡s❝❛❧❛r φ (x = 0, t) ❡♠ x = 0 ❡♠ ❢✉♥çã♦ ❞♦ t❡♠♣♦ ❝♦♠ vi = 0.2✳ ✸✵

✹✳✺ ❛✮ ❊✈♦❧✉çã♦ ❞♦ ❝❛♠♣♦ ❡s❝❛❧❛r φ(x, t) ❝♦♠ vi = 0.36✱ ♠♦str❛♥❞♦ ✉♠❛ ❝♦❧✐sã♦ ❞♦

t✐♣♦ ♦♥❡✲❜♦✉♥❝❡✳ ❜✮ r❡❝♦rt❡ ❞♦ ❝❛♠♣♦ φ (x = 0, t) ❡♠ x = 0 ❡♠ ❢✉♥çã♦ ❞♦ t❡♠♣♦

♣❛r❛ vi = 0.36✳ ❆ ❝♦❧✐sã♦ é ❝❛r❛❝t❡r✐③❛❞❛ ♣❡❧♦ ♣✐❝♦ ❞❡ ♠í♥✐♠♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✵

✹✳✻ ❛✮ vi = 0.226✱ t✇♦✲❜♦✉♥❝❡ q✉❡ ♣❡rt❡♥❝❡ ❛ s❡❣✉♥❞❛ ❥❛♥❡❧❛❀ n = 2✱ ❜✮ vi = 0.2386

t✇♦✲❜♦✉♥❝❡ ♥❛ t❡r❝❡✐r❛ ❥❛♥❡❧❛❀ n = 3 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✷

✈✐
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✹✳✼ ❛✮ ◆ú♠❡r♦ ❞❛ ❥❛♥❡❧❛ n ❛❝r❡s❝✐❞♦ ♣♦r ✷ ✈❡rs✉s T12 ❜✮ ◆ú♠❡r♦ ❞❡ ❜♦✉♥❝❡s ✭Nb✮

✈❡rs✉s ✈❡❧♦❝✐❞❛❞❡ ✐♥✐❝✐❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹

✹✳✽ ❛✮ ❏❛♥❡❧❛s ❞❡ ✸✲❜♦✉♥❝❡s ♥❛ ✈✐③✐♥❤❛♥ç❛ ❞❛s ❥❛♥❡❧❛s ❞❡ ✷✲❜♦✉♥❝❡s✳ ❜✮ ❩♦♦♠ ❞❛

r❡❣✐ã♦ ❡♠ ✈❡r♠❡❧❤♦ ❞❡ ❛✮✱ ♠♦str❛ ❛ ✈✐③✐♥❤❛♥ç❛ ❞❛ s❡❣✉♥❞❛ ❥❛♥❡❧❛ ❞❡ t✇♦✲❜♦✉♥❝❡s✳

➱ ♣♦ss✐✈❡❧ ✈❡r ❛s ❥❛♥❡❧❛s ❞❡ ❢♦✉r✲❜♦✉♥❝❡s ♥❛s ♣ró①✐♠✐❞❛❞❡s ❞❛s ❥❛♥❡❧❛s ❞❡ t❤r❡❡✲

❜♦✉♥❝❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✻

✹✳✾ V (φ) ♣❛r❛ η = −1.0 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽

✹✳✶✵ V (φ) ♣❛r❛ ❛✮ η = −0.2✱ ❜✮ η = +0.2 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾

✹✳✶✶ V (φ) ♣❛r❛ η = +1.0 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾

✹✳✶✷ n = −1✳ ❛✮ s♠❛❧❧ ❦✐♥❦ ❜✮ ❧❛r❣❡ ❦✐♥❦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✶

✹✳✶✸ ❈♦❧✐sõ❡s ❞❡ ❦✐♥❦s ♥♦ ♠♦❞❡❧♦ ❉s● ❝♦♠ η = −1/2✿ ❛✮ ◆ú♠❡r♦ ❞❡ ❜♦✉♥❝❡s ✈❡rs✉s

vi ❜✮ ❏❛♥❡❧❛s ❞❡ t❤r❡❡✲❜♦✉♥❝❡s ♥❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ ✉♠❛ ❥❛♥❡❧❛ ❞❡ t✇♦✲❜♦✉♥❝❡ ✳ ✳ ✳ ✹✸

✹✳✶✹ η = −1.0✳ ❊♠ ❛❧t❛ ✈❡❧♦❝✐❞❛❞❡s✱ ✉♠ ♣❛r ❞❡ s♠❛❧❧ ❦✐♥❦s ❞❡❝❛✐ ❡♠ ✉♠ ♣❛r ❞❡ ❧❛r❣❡

❦✐♥❦s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✹

✹✳✶✺ P♦t❡♥❝✐❛❧ ❞♦ ♠♦❞❡❧♦ φ6 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✺

✹✳✶✻ P♦t❡♥❝✐❛❧ ❞❡ ♣❡rt✉❜❛çã♦ Vsch ♣❛r❛ ✉♠ ✐♥❞✐✈✐❞✉❛❧ ❛♥t✐❦✐♥❦ φ(1,0) (x) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✽

✹✳✶✼ ❆❝✐♠❛ ❞❡ ✉♠❛ ✈❡❧♦❝✐❞❛❞❡ ❝rít✐❝❛ vcr ♦ ♣❛r KK̄ ❞❡❝❛✐ ❡♠ ✉♠ K̄K ♥♦ s❡t♦r t♦♣♦✲

❧ó❣✐❝♦ (0,−1) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✽

✹✳✶✽ ❚❡♠♣♦ ❡♥tr❡ ❛ ♣r✐♠❡✐r❛ ✭❧✐♥❤❛ ♣r❡t❛✮ ✱ s❡❣✉♥❞❛ ✭❧✐♥❤❛ ✈❡r♠❡❧❤❛✮ ❡ t❡r❝❡✐r❛ ✭❧✐♥❤❛

✈❡r❞❡✮ ❝♦❧✐sã♦ ♣❛r❛ (1, 0) + (0, 1)✳ P❛r❛ ❥❛♥❡❧❛s ❞❡ t✇♦✲❜♦✉♥❝❡s✱ ♦ t❡♠♣♦ ♣❛r❛ ❛

t❡r❝❡✐r❛ ❝♦❧✐sã♦ ❞✐✈❡r❣❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✾

✹✳✶✾ P♦t❡♥❝✐❛❧ ❞❡ ♣❡rt✉r❜❛çã♦ ✭❧✐♥❤❛ só❧✐❞❛✮ ❡ ❝♦♥✜❣✉r❛çõ❡s ✐♥✐❝✐❛✐s ✭❧✐♥❤❛ tr❛❝❡❥❛❞❛✮

♣❛r❛ ♦s ♣❛r❡s ♦r❞❡♥❛❞♦s✿ ❛✮ (0, 1) + (1, 0) ❡ ❜✮ (1, 0) + (0, 1)✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵

✺✳✶ ❙♦❧✉çõ❡s ❊stát✐❝❛s✱ H = 1
2
✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✸

✺✳✷ X0 ❡ X1 ❡♠ ❢✉♥çã♦ ❞❡ ❍ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✸

✺✳✸ ❊♥❡r❣✐❛s ❡♠ ❢✉♥çã♦ ❞❡ ❍ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✼

✺✳✹ ❚♦❞❛s ❛s ❝♦♥✜❣✉r❛çõ❡s ❞❡ ❡♥❡r❣✐❛ ♣♦ssí✈❡✐s ❡♠ ❢✉♥çã♦ ❞❡ ❍ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✽

✺✳✺ ❈♦♥✜❣✉r❛çõ❡s ✐♥✐❝✐❛✐s ♣❛r❛ ❛✮ H > 0 ❞❛❞❛ ♣♦r ✭✺✳✷✺✮✳ ❜✮ H < 0 ❞❛❞❛ ♣♦r ✭✺✳✷✽✮✳ ✻✵

✺✳✻ ◆ú♠❡r♦ ❞❡ ❜♦✉♥❝❡s ♣♦r vi ♣❛r❛ ❛✮ H = −0.1✱ ❜✮ H = −0.2✳ ❊♠ ❝✮ t❡♠♦s ♦

❛♥t✐❦✐♥❦ ♥❛ ✈❡❧♦❝✐❞❛❞❡ ❝rít✐❝❛ ❞❡ r❡♣✉❧sã♦ ♣❛r❛ H = −0.2❀ vi = 0.171992022✳ ✳ ✳ ✻✶

✺✳✼ ❏❛♥❡❧❛ ③❡r♦✳ ◆ã♦ ❡①✐st❡ ♥❡♥❤✉♠❛ ♦s❝✐❧❛çã♦ ❡♥tr❡ ♦s ❞♦✐s ❣r❛♥❞❡s ♠í♥✐♠♦s✳ ✳ ✳ ✳ ✻✷
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✺✳✽ ◆ú♠❡r♦ ❞❡ ❜♦✉♥❝❡s ✈❡rs✉s vi✿ ❛✮ H = 0 r❡♣r♦❞✉③ ♦ ♠♦❞❡❧♦ φ4❀ ❜✮ H = +0.2 ✳ ✳ ✻✸

✺✳✾ ❈♦❧✐sã♦ ❛♥t✐❦✐♥❦✲❢r♦♥t❡✐r❛ ♣❛r❛ H = 0.9✳ ❛✮ vi = 0.35 ✱ ❜✮ vi = 0.37 ❢♦r♠❛çã♦ ❞❡

✉♠ ♣❛r KK̄ ❝✮ vi = 0.39 ❋♦r♠❛çã♦ ❞❡ ✉♠ ❜✉❧❦ ♦s❝✐❧❧♦♥✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✹

✺✳✶✵ X0 ❡♠ ❢✉♥çã♦ ❞❡ ❍ ♥♦ ♠♦❞❡❧♦ φ6 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✻

✺✳✶✶ ❊str✉t✉r❛ ❞❡ t✇♦✲❜♦✉♥❝❡ ♣❛r❛✿ ❛✮ H = 0.1Hmax✱ ❜✮ H = 0.2Hmax✳ ❊♠ ❝✮ ✈❡♠♦s

✉♠❛ ❝♦❧✐sã♦ ❞♦ t✐♣♦ t✇♦✲❜♦✉♥❝❡ q✉❛♥❞♦ vi = 0.06242 ❡ H = 0.1Hmax✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✽

✺✳✶✷ ❛✮ Pr✐♠❡✐r❛ ❥❛♥❡❧❛ ❞❡ t✇♦✲❜♦✉♥❝❡ ♣❛r❛ H = 0.2Hmax. ❜✮ ❋♦r♠❛çã♦ ❞❡ ✉♠ ❜✉❧❦

♦s❝✐❧❧♦♥ ♣❛r❛ vi = 0.3✱ ❝♦♠ H = 0.9Hmax✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✾



❈❛♣ít✉❧♦ ✶

■♥tr♦❞✉çã♦

❖ ♣r✐♥❝✐♣✐♦ ❞❡ ♠í♥✐♠❛ ❛çã♦✱ ♣r♦♣♦st♦ ♣♦r ❲✐❧❧✐❛♠ ❍❛♠✐❧t♦♥✱ é ❛q✉❡❧❡ q✉❡✱ ❞♦s ♣r✐♥❝í♣✐♦s ❡

❧❡✐s ❞❛ ❢ís✐❝❛✱ ♠❡❧❤♦r s✐♥t❡t✐③❛ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛ ♥❛t✉r❡③❛✳ ❊♠ s✉♠❛ ❡st❡ ♣r✐♥❝í♣✐♦ ♥♦s ❞✐③

q✉❡✱ ❞❡♥tr❡ t♦❞♦s ♦s ❝❛♠✐♥❤♦s ♣♦ssí✈❡✐s ♣❛r❛ q✉❡ ✉♠ ❢❡♥ô♠❡♥♦ ❛❝♦♥t❡ç❛✱ ❛ ♥❛t✉r❡③❛ ❡s❝♦❧❤❡rá

❛q✉❡❧❡ ♣❡❧♦ q✉❛❧ ✉♠❛ ❝❡rt❛ q✉❛♥t✐❞❛❞❡✱ ❞❡♥♦♠✐♥❛❞❛ ❛çã♦✱ s❡rá ❡①tr❡♠❛ ❬✶❪✳ ❙❡❣✉✐♥❞♦ ❡ss❡ ♣r✐♥✲

❝✐♣✐♦✱ ♥❛ t❡♦r✐❛ ❝❧áss✐❝❛ ❞❡ ❝❛♠♣♦s✱ q✉❛♥❞♦ s❡ ❝♦♥s✐❞❡r❛ ❛ ♠❡♥♦r ❛çã♦ ♣♦ssí✈❡❧✱ ♣♦❞❡✲s❡✱ ❡♠

❝❡rt❛s t❡♦r✐❛s✱ ♦❜t❡r s♦❧✉çõ❡s ❞❡ ♠í♥✐♠❛ ❡♥❡r❣✐❛✳ P♦r ❡ss❛ r❛③ã♦ ♦ ❡st✉❞♦ ❞❡ ❝❛♠♣♦s ❡s❝❛❧❛r❡s

t❡♠ s✐❞♦ ♠✉✐t♦ út✐❧ ♣❛r❛ ❞❡s❝r✐çã♦ ❞❡ ❞✐✈❡rs♦s ❢❡♥ô♠❡♥♦s ♥❛t✉r❛✐s✱ ♥♦s q✉❛✐s ❡♥t❡♥❞❡✲s❡ q✉❡ ❛

♥❛t✉r❡③❛ ✉t✐❧✐③❛ ✉♠❛ q✉❛♥t✐❞❛❞❡ ♠í♥✐♠❛ ❞❡ ❡♥❡r❣✐❛✳ ❚ê♠✲s❡ ❝♦♠♦ ❡①❡♠♣❧♦✱ ❛ ❝♦❧♦r❛çã♦ ❞❡ ❛❧✲

❣✉♥s s❡r❡s ✈✐✈♦s✱ t❛✐s ❝♦♠♦ ❛❧❣✉♠❛s ❡s♣é❝✐❡s ❞❡ ✢♦r❡s ❡ ❛s ③❡❜r❛s❀ ❢❡♥ô♠❡♥♦s ❞❛ t❡r♠♦❞✐♥â♠✐❝❛✱

❝♦♠♦ tr❛♥s✐çõ❡s ❞❡ ❢❛s❡ ❡ ❛ ♠❛❣♥❡t✐③❛çã♦ ❞❡ ♠❛t❡r✐❛✐s ❢❡rr♦♠❛❣♥ét✐❝♦s q✉❡ t❛♠❜é♠ ♣♦❞❡♠ s❡r

❞❡s❝r✐t♦s ❛tr❛✈és ❞❡ ✉♠❛ t❡♦r✐❛ ❞❡ ❝❛♠♣♦ ❡s❝❛❧❛r ❛❞❡q✉❛❞❛✳

◆❡st❛ ❉✐ss❡rt❛çã♦✱ ♥♦ss❛ ❛t❡♥çã♦ ❡st❛rá ✈♦❧t❛❞❛ ♣❛r❛ t❡♦r✐❛s ❞❡ ❝❛♠♣♦s ❡s❝❛❧❛r❡s q✉❡ ❛❞♠✐✲

t❡♠ q✉❡❜r❛ ❡s♣♦♥tâ♥❡❛ ❞❛ s✐♠❡tr✐❛ ❬✷❪✱ ❣❡r❛♥❞♦ ✉♠❛ ❝♦♥✜❣✉r❛çã♦ t♦♣♦❧ó❣✐❝❛✳ ➱ ❡ss❡ t✐♣♦ ❞❡

s♦❧✉çã♦ q✉❡ ❛♦ ❧♦♥❣♦ ❞♦s ❛♥♦s t❡♠ s✐❞♦ ✉t✐❧✐③❛❞❛ ♣❛r❛ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞❡ ❡st✉❞♦s ❬✸✱ ✹❪✳

❖✉tr♦ ❝♦♥❝❡✐t♦ ✐♠♣♦rt❛♥t❡ ♥♦ ❡st✉❞♦ ❞❡ ✉♠❛ t❡♦r✐❛ ❢ís✐❝❛ é ♦ ❝♦♥❝❡✐t♦ ❞❡ q✉❡❜r❛ ❡s♣♦♥tâ♥❡❛

❞❡ s✐♠❡tr✐❛✳ ❯♠❛ q✉❡❜r❛ ❡s♣♦♥tâ♥❡❛ ❞❡ s✐♠❡tr✐❛ ♦❝♦rr❡ q✉❛♥❞♦ ✉♠ s✐st❡♠❛ ❢ís✐❝♦ t❡♠ ❛ ♣♦ss✐✲

❜✐❧✐❞❛❞❡ ❞❡ ❡s❝♦❧❤❡r ❡♥tr❡ ❞♦✐s ♦✉ ♠❛✐s ❡st❛❞♦s q✉❡ sã♦ ✐♥❞✐❢❡r❡♥t❡s ♣❛r❛ ❡❧❡✱ ♦✉ s❡❥❛✱ ❛♠❜♦s sã♦

✐❣✉❛❧♠❡♥t❡ s❛t✐s❢❛tór✐♦s✳ P♦r ✜♥s ❞✐❞át✐❝♦s✱ ✈❛♠♦s ✐❧✉str❛r ✉♠❛ s✐t✉❛çã♦ ❞❡ q✉❡❜r❛ ❡s♣♦♥tâ♥❡❛

❞❡ s✐♠❡tr✐❛✳ P❛r❛ ✐ss♦ ❝♦♥s✐❞❡r❡ ✉♠❛ s✐t✉❛çã♦ ❝♦♠✉♠ ❛♦ ❥♦❣♦ q✉❡ é ♣♦♣✉❧❛r♠❡♥t❡ ❝♦♥❤❡❝✐❞♦

❝♦♠♦✿ ❥♦❣♦ ❞❛ ✈❡❧❤❛✳ ◆❡ss❡ ❥♦❣♦ ♦ ♦❜❥❡t✐✈♦ é ❢❛③❡r ✉♠❛ ❧✐♥❤❛✱ ❝♦❧✉♥❛ ♦✉ ❞✐❛❣♦♥❛❧ ❝♦♠ ♦ ♠❡s♠♦

sí♠❜♦❧♦✳ ❈♦♥s✐❞❡r❡ ❡♥tã♦ ❛ ❝♦♥✜❣✉r❛çã♦ ❞❛ ✜❣✉r❛ ✶✳✶❛✱ ❡ q✉❡ ♣ró①✐♠♦ ❥♦❣❛❞♦r é ♦ q✉❡ ❡stá

✶
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✉s❛♥❞♦ ♦ sí♠❜♦❧♦  ✳ ❊①✐st❡ ✉♠❛ s✐♠❡tr✐❛ ❡♥tr❡ ❡♠ r❡❧❛çã♦ ❛s ❡s❝♦❧❤❛s ✐♥❞✐❝❛❞❛s ♣❡❧❛s ❝♦♦r❞❡✲

♥❛❞❛s 1a ❡ 3c✱ ❥á q✉❡ ❝❛❞❛ ✉♠❛ ❞❡ss❛s ❞✉❛s ♣♦ss✐❜✐❧✐❞❛❞❡s ❞❡✐①❛rá  ❝♦♠ ❛s ♠❡s♠❛s ❝❤❛♥❝❡s

❞❡ ✈❡♥❝❡r✱ ❛s ✜❣✉r❛s ✶✳✶❜ ❡ ✶✳✶❝ r❡♣r❡s❡♥t❛♠ t❛✐s s✐t✉❛çõ❡s✳ ◆♦ ❡♥t❛♥t♦✱ ❛♣ós ❡s❝♦❧❤❡r ✶❛ ♦✉

✸❝ ❛ s✐♠❡tr✐❛ ✐♥✐❝✐❛❧ ❥á ♥ã♦ ❡①✐st❡✱ ♦✉ s❡❥❛✱ ❡❧❛ ❢♦✐ ❡s♣♦♥t❛♥❡❛♠❡♥t❡ ✭♥❛t✉r❛❧♠❡♥t❡✮ q✉❡❜r❛❞❛✱

❞❡♣❡♥❞❡♥❞♦ ❞❛ ❡s❝♦❧❤❛ ❞♦ ❥♦❣❛❞♦r N✱ ✉♠❛ ♥♦✈❛ s✐♠❡tr✐❛ ♣♦❞❡rá s❡ ❡st❛❜❡❧❡❝❡r✳ ◆❛ ❢ís✐❝❛ t❛♠✲

❜é♠ ♦❝♦rr❡ ❛❧❣♦ s❡♠❡❧❤❛♥t❡✱ ♣♦✐s ❛ q✉❡❜r❛ ❞❡ ✉♠❛ s✐♠❡tr✐❛ ✐♥✐❝✐❛❧ t❛♠❜é♠ ♣♦❞❡ ❧❡✈❛r à ✉♠❛

s✐♠❡tr✐❛ r❡s✐❞✉❛❧✱ ✐st♦ ❛❝♦♥t❡❝❡✱ ♣♦r ❡①❡♠♣❧♦✱ ❡♠ t❡♦r✐❛s ✐♥✐❝✐❛❧♠❡♥t❡ s✐♠étr✐❝❛s ♣♦r ✉♠ ❣r✉♣♦

SO (n)✱ ❝♦♠ n ≥ 2✱ ❝✉❥❛ s✐♠❡tr✐❛ r❡s✐❞✉❛❧ é ♦ ❣r✉♣♦ SO (n− 1) ❬✷❪✳

✭❛✮ ✭❜✮ ✭❝✮

❋✐❣✉r❛ ✶✳✶✿ ❊①❡♠♣❧♦ ❝♦t✐❞✐❛♥♦ ❞❡ q✉❡❜r❛ ❡s♣♦♥tâ♥❡❛ ❞❡ s✐♠❡tr✐❛✳ ❛✮ ❖s ♣♦♥t♦s 1a✱ 3a ❡ 3c sã♦
✐♥❞✐❢❡r❡♥t❡s ❞✐❛♥t❡ ❞❛ ❡str❛té❣✐❛ ❞♦ sí♠❜♦❧♦  ✱ ❜✮ ✉♠❛ ✈❡③ ❡s❝♦❧❤✐❞♦ ♦ ♣♦♥t♦ 3c✱ ❛ ❝♦♥✜❣✉r❛çã♦
♠✉❞❛rá ♣❛r❛ ✶✳✶❝✳

❯♠❛ s♦❧✉çã♦ t♦♣♦❧ó❣✐❝❛ é ❛q✉❡❧❛ q✉❡✱ ❡♠ ✭1+1✮ ❞✐♠❡♥sõ❡s✱ ❢❛③ ✉♠❛ ✐♥t❡r♣♦❧❛çã♦ ❡♥tr❡ ❞♦✐s

❡st❛❞♦s ❞❡ ♠í♥✐♠❛ ❡♥❡r❣✐❛✱ ❡♠ ✉♠ ❝❡♥ár✐♦ ❝♦♠ ♠❛✐s ❞✐♠❡♥sõ❡s✱ ❛ ✐♥t❡r♣♦❧❛çã♦ ❛❝♦♥t❡❝❡ ❡♥tr❡

❝♦♥❥✉♥t♦s ❞❡ ❡st❛❞♦s ❞❡ ♠í♥✐♠❛ ❡♥❡r❣✐❛✳ ❆ r❡❣✐ã♦ ❞♦ ♣♦t❡♥❝✐❛❧ q✉❡ ♣❡r♠✐t❡ ❛ ✐♥t❡r♣♦❧❛çã♦ ❞❡

✉♠❛ s♦❧✉çã♦ t♦♣♦❧ó❣✐❝❛ é ❝❤❛♠❛❞❛✱ ♥❡st❡ tr❛❜❛❧❤♦✱ ❞❡ s❡t♦r t♦♣♦❧ó❣✐❝♦✳ ❉❡♣❡♥❞❡♥❞♦ ❞❛ ❢♦r♠❛

❞♦ ♣♦t❡♥❝✐❛❧✱ ♣♦❞❡♠ ❡①✐st✐r ✉♠ ♦✉ ♠❛✐s s❡t♦r❡s t♦♣♦❧ó❣✐❝♦s q✉❡ ♣♦❞❡♠ s❡r ❡q✉✐✈❛❧❡♥t❡s ♦✉ ♥ã♦✳

P♦r ❡①❡♠♣❧♦✱ ♦ ♠♦❞❡❧♦ φ4 ♣♦ss✉✐ ✉♠ s❡t♦r t♦♣♦❧ó❣✐❝♦✱ q✉❡ é ❛ ú♥✐❝❛ r❡❣✐ã♦ ❞❡ ✐♥t❡r♣♦❧❛çã♦

♣♦ssí✈❡❧❀ ♦ ♣♦t❡♥❝✐❛❧ ❞♦ ♠♦❞❡❧♦ φ6 ♣♦ss✉✐ ❞♦✐s s❡t♦r❡s t♦♣♦❧ó❣✐❝♦s✱ s❡♥❞♦ ♦ ♣♦♥t♦ φ = 0 ❝♦♠✉♠

❛ ❛♠❜♦s ♦s s❡t♦r❡s❀ ♦ ♠♦❞❡❧♦ s✐♥❡✲●♦r❞♦♥ ♣♦ss✉✐ ✐♥✜♥✐t♦s s❡t♦r❡s t♦♣♦❧ó❣✐❝♦s✱ ♥♦ ❡♥t❛♥t♦✱

t♦❞♦s sã♦ ❡q✉✐✈❛❧❡♥t❡s ❡♥tr❡ s✐✳ P❛r❛ ✉♠❛ s♦❧✉çã♦ t♦♣♦❧ó❣✐❝❛✱ ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡♥❡r❣✐❛ é ❜❡♠

❝♦♠♣♦rt❛❞❛ ❡ ❧♦❝❛❧✐③❛❞❛ ❡♠ ❛❧❣✉♠❛ r❡❣✐ã♦ ✜♥✐t❛ ❞♦ ❡s♣❛ç♦✳ ❯♠ ❝❛♠♣♦ ❝♦♠ t❛❧ ❝♦♥✜❣✉r❛çã♦ ❞❡

❡♥❡r❣✐❛ é ❝❤❛♠❛❞♦ ❞❡ só❧✐t♦♥ t♦♣♦❧ó❣✐❝♦✱ ♦✉ s✐♠♣❧❡s♠❡♥t❡ ❞❡ só❧✐t♦♥ ❬✺❪✳ ◆❛ ♥❛t✉r❡③❛ ♣♦❞❡✲s❡

❝♦♥s✐❞❡r❛r✱ ♣♦r ❡①❡♠♣❧♦✱ ✉♠❛ ✢♦r ❝♦♠ ❞✉❛s ❝♦r❡s✱ s❡♥❞♦ q✉❡ ❝❛❞❛ ❝♦r r❡♣r❡s❡♥t❛ ✉♠ ❡st❛❞♦

❢✉♥❞❛♠❡♥t❛❧ ❞❡ ♠í♥✐♠❛ ❡♥❡r❣✐❛✳ ❆ss✐♠✱ ❡♠ ✉♠❛ ❞❛❞❛ r❡❣✐ã♦ ❞❛ ✢♦r✱ ❡❧❛ ❛♣r❡s❡♥t❛rá ✉♠❛

✐♥t❡r♣♦❧❛çã♦ ❞❡ ✉♠❛ ❝♦r ♣❛r❛ ♦✉tr❛✱ ❣❡r❛♥❞♦ ✉♠ ❞❡❢❡✐t♦ t♦♣♦❧ó❣✐❝♦ ♥❛ r❡❣✐ã♦ ❞❡ ✐♥t❡r♣♦❧❛çã♦✳

❖ ❡st✉❞♦ ❞❡ ❝♦❧✐sõ❡s ❞❡ ❞❡❢❡✐t♦s é r❡❧❡✈❛♥t❡ ♣♦r s❡r ✉♠ ❡st✉❞♦ ❞❛ ❞✐♥â♠✐❝❛ ❞❡ ✉♠ ♠♦❞❡❧♦✱
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❛tr❛✈és ❞❛ ✐♥t❡r❛çã♦ ❡♥tr❡ ♦s s♦❧✐t♦♥s✳ P♦r ❡①❡♠♣❧♦✱ ❡♠ ✉♠❛ t❡♦r✐❛ ❞❡ ❝❛♠♣♦s r❡❧❛t✐✈íst✐❝❛

❛s ❡q✉❛çõ❡s ❞✐♥â♠✐❝❛s sã♦ ❞❡t❡r♠✐♥❛❞❛s ✉♥✐❝❛♠❡♥t❡ ♣♦r ✉♠❛ ❣❡♥❡r❛❧✐③❛çã♦ r❡❧❛t✐✈íst✐❝❛ ❞❛

❡q✉❛çã♦ ❞❡ ❊✉❧❡r✲▲❛❣r❛♥❣❡ ♣❛r❛ ❝❛♠♣♦s ❡stát✐❝♦s✱ ♥❡ss❡ ❝❛s♦✱ ✉♠ ❜♦♦st ❞❡ ▲♦r❡♥t③ é ❛♣❧✐❝❛❞♦

à s♦❧✉çã♦ ❡stát✐❝❛✱ ❞❡ss❛ ❢♦r♠❛✱ ♦ s♦❧✐t♦♥ ♣♦❞❡ s❡ ♠♦✈❡r ❝♦♠ ✉♠❛ ✈❡❧♦❝✐❞❛❞❡ ❛r❜✐trár✐❛✱ ♠❡♥♦r

q✉❡ ❛ ✈❡❧♦❝✐❞❛❞❡ ❞❛ ❧✉③✳ ❆ ♥❛t✉r❡③❛ ❞❛ ❝♦❧✐sã♦ ♣♦❞❡ ♦✉ ♥ã♦ s❡r ❞✐ss✐♣❛t✐✈❛✱ ❝♦♥t✉❞♦✱ s❡ t❡♠

♠♦str❛❞♦ q✉❡ ❡♠ q✉❛s❡ t♦❞♦s ♦s ❝❛s♦s✱ s♦❧✐t♦♥s ♣♦❞❡♠ s❡ ❝♦♠♣♦rt❛r ❝♦♠♦ ♣❛rtí❝✉❧❛s ❬✺❪✳

❆ s❡❣✉✐r✱ ❛♣r❡s❡♥t❛♠♦s ❛ ❞✐✈✐sã♦ ❡str✉t✉r❛❧ ❞❡st❡ tr❛❜❛❧❤♦✳

❊st❛ ❞✐ss❡rt❛çã♦✱ ❡♠ ❣r❛♥❞❡ ♣❛rt❡✱ ❝♦♥s✐st❡ ❞❡ ✉♠❛ r❡✈✐sã♦ s♦❜r❡ ❝♦❧✐sõ❡s ❞❡ ❞❡❢❡✐t♦s t♦♣♦✲

❧ó❣✐❝♦s ♥♦s s❡❣✉✐♥t❡s ♠♦❞❡❧♦s ❞❡ ❝❛♠♣♦s ❡s❝❛❧❛r❡s✿ s✐♥❡✲●♦r❞♦♥✱ λφ4✱ s✐♥❡✲●♦r❞♦♥ ❞✉♣❧♦ ❡ φ6✳

❆ r❡❧❡✈â♥❝✐❛ ❞❡st❡ ❡st✉❞♦ é ❛ss❡❣✉r❛❞❛ ♣❡❧❛s ❞✐✈❡rs❛s ✐♥✈❡st✐❣❛çõ❡s✱ ❛❝❡r❝❛ ❞❡ t❛✐s ♠♦❞❡❧♦s✱

❞❡s❝r✐t❛s ♥❛ ❧✐t❡r❛t✉r❛ ❞❛ s❡❣✉♥❞❛ ♠❡t❛❞❡ ❞♦ sé❝✉❧♦ ❳❳ ❬✻❪✳

❖ ❝❛♣ít✉❧♦ ✷✱ ❛♣r❡s❡♥t❛ ✉♠❛ r❡✈✐sã♦ ♣❛r❛ ❝❛♠♣♦s ❡s❝❛❧❛r❡s r❡❛✐s ❡♠ ✭1+1✮ ❞✐♠❡♥sõ❡s✳ ◆❡st❡

❝❛♣ít✉❧♦ sã♦ ❛♣r❡s❡♥t❛❞❛s ❛s ❞❡✜♥✐çõ❡s q✉❡ s❡rã♦ út❡✐s ♥♦ ❞❡❝♦rr❡r ❞❡st❡ tr❛❜❛❧❤♦✱ ❞❛♥❞♦ ê♥❢❛s❡

às s♦❧✉çõ❡s ❝♦♥❤❡❝✐❞❛s ❝♦♠♦ ❡st❛❞♦s ❇P❙✳ ❖ ❝❛♣ít✉❧♦ é ✜♥❛❧✐③❛❞♦ ❝♦♠ ♦ ❡st✉❞♦ ❞❛ ❡st❛❜✐❧✐❞❛❞❡

❞❡st❛s s♦❧✉çõ❡s✳

◆♦ ❝❛♣ít✉❧♦ ✸ é ❢❡✐t❛ ✉♠❛ r❡✈✐sã♦ ♦♥❞❡ s❡ ❛♣r❡s❡♥t❛ ❛s ♣r✐♥❝✐♣❛✐s ❝❛r❛❝t❡ríst✐❝❛s ❞♦s ♠♦✲

❞❡❧♦s ✐♥t❡❣rá✈❡✐s✳ ❊s♣❡❝✐✜❝❛♠❡♥t❡ ♥❛ s❡çã♦ ✸✳✶ ❡st✉❞❛✲s❡ ♦ ♠❛✐s r❡❧❡✈❛♥t❡ ❞❡♥tr❡ ♦s ♠♦❞❡❧♦s

✐♥t❡❣rá✈❡✐s✿ ♦ ♠♦❞❡❧♦ s✐♥❡✲●♦r❞♦♥✱ ♥❛ ♦❝❛s✐ã♦ sã♦ ♦❜t✐❞❛s ❛s s♦❧✉çõ❡s ❡stát✐❝❛s ♣❛r❛ ❛ ❡q✉❛çã♦

❞❡ ♠♦✈✐♠❡♥t♦ ❞❡st❡ ♠♦❞❡❧♦✱ ❡ ❛♣ós ❛ ❛♥❛❧✐s❡ ❞❡ ❡st❛❜✐❧✐❞❛❞❡ ❞❡ss❛s s♦❧✉çõ❡s✱ ❛♣r❡s❡♥t❛♠✲s❡ ❛s

♣♦ssí✈❡✐s s♦❧✉çõ❡s ❞❡ ❡st❛❞♦s ❧✐❣❛❞♦s✳ ◆❛ ♣❛rt❡ ✜♥❛❧ ❞❡st❡ ❝❛♣ít✉❧♦ é ❛♣r❡s❡♥t❛❞♦ ♦ r❡s✉❧t❛❞♦

❞❛ ❝♦❧✐sã♦ ❡♥tr❡ ✉♠ ❦✐♥❦ ❡ ✉♠ ❛♥t✐❦✐♥❦✳

❖ ❝❛♣ít✉❧♦ ✹ é ✉♠❛ r❡✈✐sã♦ ❞♦s ♣r✐♥❝✐♣❛✐s r❡s✉❧t❛❞♦s ❞❛ ❧✐t❡r❛t✉r❛ ❝✐❡♥tí✜❝❛ ♥♦ q✉❡ s❡ r❡❢❡r❡ ❛♦

❡st✉❞♦ ❞❡ ❝♦❧✐sõ❡s ❞❡ ❞❡❢❡✐t♦s ❡♠ ♠♦❞❡❧♦s ♥ã♦✲✐♥t❡❣rá✈❡✐s✳ ❖ ❝❛♣ít✉❧♦ s❡ ✐♥✐❝✐❛ ❝♦♠ ♦ ❡st✉❞♦ ❞♦

♠♦❞❡❧♦ λφ4✱ sã♦ ♦❜t✐❞❛s ❛s s♦❧✉çõ❡s ❡stát✐❝❛s✱ ❦✐♥❦ ❡ ❛♥t✐❦✐♥❦✱ ♣❛r❛ ❛ ❡q✉❛çã♦ ❞❡ ♠♦✈✐♠❡♥t♦ ❡

❡♥tã♦✱ ❝♦♠♦ ♣❛ss♦ s❡❣✉✐♥t❡✱ é ❢❡✐t❛ ❛ ❛♥á❧✐s❡ ❞❡ ❡st❛❜✐❧✐❞❛❞❡ ❛tr❛✈és ♣❡q✉❡♥❛s ♣❡rt✉❜❛çõ❡s ♣❛r❛

❡st❛s s♦❧✉çõ❡s✱ ♦❜t❡♥❞♦ ✉♠❛ ❡q✉❛çã♦ ❞❡ ❙❝❤rö❞✐♥❣❡r ♣❛r❛ ♦ ❝❛♠♣♦ ♣❡rt✉r❜❛❞♦✳ P❡r❝❡❜❡✲s❡ q✉❡

♦ ❡st✉❞♦ ❞❛s ♣♦ssí✈❡✐s s♦❧✉çõ❡s ❞❡ ❡st❛❞♦ ❧✐❣❛❞♦✱ ❜❡♠ ❝♦♠♦ s♦❧✉çõ❡s ❞❡ ❡st❛❞♦ ❞❡ ❡s♣❛❧❤❛♠❡♥t♦✱

❞❛ ❡q✉❛çã♦ ❞❡ ❙❝❤rö❞✐♥❣❡r✱ é ❢✉♥❞❛♠❡♥t❛❧ ♣❛r❛ ❛ ❝♦♠♣r❡❡♥sã♦ ❞❛ ❞✐♥â♠✐❝❛ ❞♦ ❝❛♠♣♦✳ ❊♠

s❡❣✉✐❞❛ ❛♣r❡s❡♥t❛✲s❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ ❝❛♠♣♦ ♥❛s ❝♦❧✐sõ❡s ❦✐♥❦✲❛♥t✐❦✐♥❦ ♣❛r❛ ♦ ♠♦❞❡❧♦ λφ4✱

r✐❝♦s ♣❛❞rõ❡s ♥❛ ❞✐♥â♠✐❝❛ ❞♦ s✐st❡♠❛ ❦✐♥❦✲❛♥t✐❦✐♥❦ sã♦ ♦❜s❡r✈❛❞♦s✱ t❛✐s ❝♦♠♣♦rt❛♠❡♥t♦ ❥á

sã♦ ❜❡♠ ❝♦♥❤❡❝✐❞♦s ♥❛ ❧✐t❡r❛t✉r❛ ❝✐❡♥tí✜❝❛ ❬✸✱ ✹✱ ✼✕✶✵❪✳ ❉❡♥tr❡ ❡❧❡s ❆♣r❡s❡♥t❛✲s❡ ❛s ❡str✉t✉r❛s
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❝♦♥❤❡❝✐❞❛s ❝♦♠♦ ❥❛♥❡❧❛s ❞❡ t✇♦✲❜♦✉♥❝❡s✱ q✉❡ ✈❡♠ s❡♥❞♦ ❛❧✈♦ ❞❡ ❞✐✈❡rs♦s ❡st✉❞♦s ❞❡s❞❡ ❛ ❞é❝❛❞❛

❞❡ ✶✾✼✵ ❬✶✶❪✳ ❆♣r❡s❡♥t❛♠♦s t❛♠❜é♠ ♦ ❛s♣❡❝t♦ ❢r❛❝t❛❧ ❞❛s ❥❛♥❡❧❛s ❞❡ t✇♦✲❜♦✉♥❝❡s✱ q✉❡ ❛❜r❡

❝❛♠✐♥❤♦ ♣❛r❛ ♦ ❝♦♥❤❡❝✐♠❡♥t♦ ❞❛s ❥❛♥❡❧❛s ❞❡ ♠✉❧t✐✲❜♦✉♥❝❡s ♣r❡s❡♥t❡s ❡♠ t❡♦r✐❛s ♥ã♦✲✐♥t❡❣rá✈❡✐s✳

❆ ❡①♣❧✐❝❛çã♦ ♣❛r❛ ♦s ❢❡♥ô♠❡♥♦s ♦❜s❡r✈❛❞♦s é ❢❡✐t❛s ❛tr❛✈és ❞♦ ♠❡❝❛♥✐s♠♦ ❞❡ tr♦❝❛ ❞❡ ❡♥❡r❣✐❛✱

r❡s♣♦♥sá✈❡❧ ♣♦r ❡①♣❧✐❝❛r ♦ s✉r❣✐♠❡♥t♦ ❞❛s ✏❥❛♥❡❧❛s ❞❡ ♠✉❧t✐✲❜♦✉♥❝❡s✑ ♣r❡s❡♥t❡s ❡♠ ❝♦❧✐sõ❡s ❞❡

♠♦❞❡❧♦s ♥ã♦✲✐♥t❡❣rá✈❡✐s✳ ◆❛ s❡çã♦ ✹✳✷✱ é ❢❡✐t♦ ✉♠ ❡st✉❞♦ ❞❡ r❡✈✐sã♦ ❛❝❡r❝❛ ❞♦ ♠♦❞❡❧♦ s✐♥❡✲

●♦r❞♦♥ ❞✉♣❧♦✱ t❛❧ ♠♦❞❡❧♦✱ ❞❡♣❡♥❞❡♥❞♦ ❞❡ ✉♠ ♣❛râ♠❡tr♦ η✱ ♣♦❞❡ ♦✉ ♥ã♦ ❛❞♠✐t✐r ♥❛t✉r❡③❛ ♥ã♦✲

✐♥t❡❣rá✈❡❧✱ ♣♦r ✐ss♦✱ ♥❡st❛ ❞✐ss❡rt❛çã♦ η✱ é ❡s❝♦❧❤✐❞♦ ❞❡ ❢♦r♠❛ ❛ ❣❛r❛♥t✐r ❛ ♥❛t✉r❡③❛ ♥ã♦✲✐♥t❡❣rá✈❡❧

❞♦ ♠♦❞❡❧♦✱ ♠❛✐s ❡s♣❡❝✐✜❝❛♠❡♥t❡ ❛s s✐♠✉❧❛çã♦ sã♦ ❢❡✐t❛s ♣❛r❛ η < −1/4 ✳ ❊st❡ ♠♦❞❡❧♦ t❡♠ s✉❛

r❡❧❡✈â♥❝✐❛ ❣❛r❛♥t✐❞❛ ♣♦r s✉❛s ❞✐✈❡rs❛s ❛♣❧✐❝❛çõ❡s ❡♠ ❢ís✐❝❛ ❞❛ ▼❛tér✐❛ ❈♦♥❞❡♥s❛❞❛ ❬✻✱ ✶✷✱ ✶✸❪✳

◆❛ s❡çã♦ ✹✳✸ é ❢❡✐t❛ ✉♠❛ r❡✈✐sã♦ s♦❜r❡ ♦s r❡s✉❧t❛❞♦s ❞❡ ❝♦❧✐sõ❡s ❡♥tr❡ ❦✐♥❦s✶ ♣❛r❛ ♦ ♠♦❞❡❧♦ φ6✱

✉♠ ❝♦♥tr❛✲❡①❡♠♣❧♦ ❞♦ ♠❡❝❛♥✐s♠♦ ❞❡ tr♦❝❛ ❞❡ ❡♥❡r❣✐❛✱ ♣r♦♣♦st♦ ♣♦r ❉✳ ❈❛♠♣❜❡❧❧ ❡♠ ✶✾✽✸✱ é

❛♣r❡s❡♥t❛❞♦✱ ✉♠❛ ✈❡③ q✉❡ ❢❡♥ô♠❡♥♦s ❞❡ r❡ss♦♥â♥❝✐❛ sã♦ ♦❜s❡r✈❛❞♦s ♠❡s♠♦ ♥❛ ❛✉sê♥❝✐❛ ❞❡ ✉♠

♠♦❞♦ ✐♥t❡r♥♦ ❞❡ ✈✐❜r❛çã♦ ♣♦r ♣❛rt❡ ❞❛s s♦❧✉çõ❡s ❦✐♥❦s ❞♦ ♠♦❞❡❧♦ ❬✶✹❪✳

❖ ❝❛♣ít✉❧♦ ✺ ❛♣r❡s❡♥t❛✱ ❡♠ ❢♦r♠❛ ❞❡ r❡✈✐sã♦✱ ✉♠ ❡st✉❞♦ r❡❝❡♥t❡ ❬✶✺❪ s♦❜r❡ ❝♦❧✐sõ❡s ❞❡ ❦✐♥❦s

♥♦ ♠♦❞❡❧♦ λφ4✱ ♥❡st❡ ❡st✉❞♦✱ ❛❞♠✐t❡✲s❡ ✉♠❛ ❝♦♥❞✐çã♦ ❞❡ ❝♦♥t♦r♥♦ ❞❡ ◆❡✉♠❛♥♥ ❡♠ x = 0✱ ❞❡st❛

❢♦r♠❛ ♦ ❡s♣❛ç♦ é ❧✐♠✐t❛❞♦✱ t♦r♥❛♥❞♦✲s❡ ✉♠❛ ❧✐♥❤❛ s❡♠✐✲✐♥✜♥✐t❛ ❡♠ ✭1 + 1✮ ❞✐♠❡♥sõ❡s✳ ❋❛❧❛♥❞♦

❞❡ ❢♦r♠❛ ♠❛✐s ♦❜❥❡t✐✈❛✱ ♥❡st❡ ❝❡♥ár✐♦ ♦ ❦✐♥❦ ♦✉ ❛♥t✐❦✐♥❦ s❡ ❞❡s❧♦❝❛ ❛ ♣❛rt✐r ❞❡ ✉♠❛ ❝❡rt❛ ♣♦s✐çã♦

−x0 < 0✱ ✐♥❞♦ ❡♠ ❞✐r❡çã♦ ❜❛rr❡✐r❛ ❝♦♠ ❝♦♥t♦r♥♦ ❛♣r♦♣r✐❛❞♦ ❡♠ x = 0✳ ❆♥❛❧✐s❛✲s❡ ♦ ❡❢❡✐t♦ ❞♦

❝♦♥t♦r♥♦ s♦❜r❡ ❛ ❡str✉t✉r❛ ❞❡ ❥❛♥❡❧❛s ❞❡ t✇♦✲❜♦✉♥❝❡✱ ❛❧é♠ ❞♦ q✉❡✱ ♥♦✈♦s ❝♦♠♣♦rt❛♠❡♥t♦s✱ ❞♦s

q✉❛✐s ❛té ❡♥tã♦ ♥ã♦ s❡ t✐♥❤❛ r❡❧❛t♦ ❝✐❡♥tí✜❝♦✱ sã♦ ❛♣r❡s❡♥t❛❞♦s✳

❆ ❝♦♥tr✐❜✉✐çã♦ ❞❡st❛ ❞✐ss❡rt❛çã♦ é ❛♣r❡s❡♥t❛❞❛ ♥❛ s❡çã♦ ✺✳✸✱ ♦♥❞❡ ❡st✉❞❛✲s❡ ❛ ❝♦❧✐sã♦ ❞❡

❦✐♥❦s ❞♦ ♠♦❞❡❧♦ φ6 ♥❛ ❧✐♥❤❛ s❡♠✐✲✐♥✜♥✐t❛ ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❝♦♥t♦r♥♦ ❞❡ ◆❡✉♠❛♥♥ ❡♠ x = 0✱

♦♥❞❡ ❛ ❞❡r✐✈❛❞❛ ❞♦ ❝❛♠♣♦ ❞❡✈❡ s❡r ✐❣✉❛❧ ❛ ✉♠ ❝❛♠♣♦ H ✳ ❆ ♠♦t✐✈❛çã♦ ♣❛r❛ t❛❧ ❡st✉❞♦ é

✈❡r✐✜❝❛r s❡ ♦s ❢❡♥ô♠❡♥♦s ♦❜s❡r✈❛❞♦s ♥♦ ♠♦❞❡❧♦ ❞❛ s❡çã♦ ✺✳✶ ❛✐♥❞❛ sã♦ ♦❜s❡r✈❛❞♦s ❡♠ ✉♠

❝❡♥ár✐♦ ❞❡ ♠❛✐♦r ♥ã♦✲❧✐♥❡❛r✐❞❛❞❡✱ q✉❡ é ♦ ❝❛s♦ ❞♦ ♠♦❞❡❧♦ φ6✱ ❛❧é♠ ❞❛ ✈❡r✐✜❝❛çã♦ ❞❡ ♣♦ssí✈❡✐s

♥♦✈♦s ❝♦♠♣♦rt❛♠❡♥t♦s✳ ◆♦ss❛s s✐♠✉❧❛çõ❡s sã♦ ❢❡✐t❛s ♥♦ s❡t♦r t♦♣♦❧ó❣✐❝♦ q✉❡ ❝♦♠♣r❡❡♥❞❡ ♦s

♠í♥✐♠♦s ❞♦ ♣♦t❡♥❝✐❛❧ φmin = 0 ❡ φmin = 1✱ ♥❡ss❡ s❡t♦r ❛s s♦❧✉çõ❡s sã♦ ❛❝❡✐tá✈❡✐s s♦♠❡♥t❡

q✉❛♥❞♦ H > 0✳ ❆s ❝♦❧✐sõ❡s r❡❛❧✐③❛❞❛s ♠♦str❛♠ q✉❡ ♦s ♥♦✈♦s ❢❡♥ô♠❡♥♦s ♦❜s❡r✈❛❞♦s ♥♦ ♠♦❞❡❧♦

❞❛ s❡çã♦ ✺✳✶ t❛♠❜é♠ ❛❝♦♥t❡❝❡♠ ♥♦ ❝❡♥ár✐♦ ❞♦ ♠♦❞❡❧♦ φ6 ❝♦♠ ❝♦♥t♦r♥♦✱ ♥♦ ❡♥t❛♥t♦ ♥❡st❡ ❛

✶◆❡st❡ tr❛❜❛❧❤♦✱ ✉s❛♠♦s ♦ t❡r♠♦ ❦✐♥❦s ♣❛r❛ s❡ r❡❢❡r✐r à ✉♠❛ ❝♦♥✜❣✉r❛çã♦ ❦✐♥❦✲❛♥t✐❦✐♥❦✳
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✈❡❧♦❝✐❞❛❞❡ ❝rít✐❝❛ ❞❡ ❡s❝❛♣❡ t❡♠ ✉♠ ❝♦♠♣♦rt❛♠❡♥t♦ ❞✐❢❡r❡♥t❡✳ ➱ ✐♠♣♦rt❛♥t❡ r❡ss❛❧t❛r q✉❡ ❥á

❡①✐st❡♠ ♥❛ ❧✐t❡r❛t✉r❛✱ tr❛❜❛❧❤♦s s♦❜r❡ ❝♦❧✐sã♦ ❞❡ ❦✐♥❦s ❡♠ ✉♠ ❡s♣❛ç♦ ❧✐♠✐t❛❞♦✱ ❝✐t❛♠♦s ❝♦♠♦

❡①❡♠♣❧♦✱ ♦s tr❛❜❛❧❤♦s ❡♥✈♦❧✈❡♥❞♦ ❛ ❝♦❧✐sã♦ ❞❡ ❦✐♥❦s ❝♦♠ ✐♠♣✉r❡③❛s✱ ♥♦ ♠♦❞❡❧♦ s✐♥❡✲●♦r❞♦♥ ❡

λφ4✱ ❝♦♥❢♦r♠❡ ❬✶✻✱✶✼❪✳

❖ ❝❛♣ít✉❧♦ ✻✱ ❛♣r❡s❡♥t❛ ❛s ♣r✐♥❝✐♣❛✐s ❝♦♥❝❧✉sõ❡s ❞❡st❡ tr❛❜❛❧❤♦✳ ❖ ❛♣ê♥❞✐❝❡ ❆✱ ❛♣r❡s❡♥t❛

♦ ♠ét♦❞♦ ♥✉♠❡r✐❝♦ ✉t✐❧✐③❛❞♦ ♥❡st❡ tr❛❜❛❧❤♦✳ ❖ ❛♣❡♥❞✐❝❡ ❇ ✉♠❛ r❡✈✐sã♦ ❞❛ ❞❡❞✉çã♦ ❞❛ ❢♦rç❛

❡stát✐❝❛ ❡♥tr❡ ❛♥t✐❦✐♥❦✲❦✐♥❦ ❡ ❛♥t✐❦✐♥❦✲❢r♦♥t❡✐r❛ ♣❛r❛ ♦ ♠♦❞❡❧♦ λφ4 ❡ t❛♠❜é♠ ♣❛r❛ ♦ ♠♦❞❡❧♦

φ6✳



❈❛♣ít✉❧♦ ✷

❈❛♠♣♦ ❊s❝❛❧❛r ❘❡❛❧

❈❛♠♣♦s ❡s❝❛❧❛r❡s sã♦ ❛♣r♦♣r✐❛❞♦s ♣❛r❛ ❞❡s❝r❡✈❡r s✐st❡♠❛s ❢ís✐❝♦s ❝♦♠ ✐♥✜♥✐t♦s ❣r❛✉s ❞❡

❧✐❜❡r❞❛❞❡✱ ♦✉ s❡❥❛✱ ✉♠ s✐st❡♠❛ ❢ís✐❝♦ ❝♦♥tí♥✉♦ ❬✶✽❪✳ ❖ ❢♦r♠❛❧✐s♠♦ ♠❛✐s ❛❞❡q✉❛❞♦ ♣❛r❛ ❞❡s❝r❡✈❡r

✉♠ s✐st❡♠❛ ❢ís✐❝♦ ❝♦♥tí♥✉♦ é ♦ ❧❛❣r❛♥❣❡❛♥♦✱ ❢❡❧✐③♠❡♥t❡ ❡①✐st❡ ✉♠❛ ❣r❛♥❞❡ s❡♠❡❧❤❛♥ç❛ ❡♥tr❡

♦ ❢♦r♠❛❧✐s♠♦ ❧❛❣r❛♥❣❡❛♥♦ ❞❡ s✐st❡♠❛s ❞✐s❝r❡t♦s ❡ ❝♦♥tí♥✉♦s✱ ♣♦r ✐ss♦✱ ✉♠ ❧❡✐t♦r q✉❡ ❥á ❡st❡❥❛

❢❛♠✐❧✐❛r✐③❛❞♦ ❝♦♠ t❛❧ ❢♦r♠❛❧✐s♠♦ ♣❛r❛ s✐st❡♠❛s ❞✐s❝r❡t♦s✱ ♥ã♦ ❡♥❝♦♥tr❛rá ❞✐✜❝✉❧❞❛❞❡s ♥♦ ❡st✉❞♦

❞❡ s✐st❡♠❛s ❝♦♥tí♥✉♦s✳

❆ s❡❣✉✐r✱ ❡st✉❞❛✲s❡ ♦ ❢♦r♠❛❧✐s♠♦ ❧❛❣r❛♥❣❡❛♥♦ ♣❛r❛ ✉♠ ❝❛♠♣♦ ❡s❝❛❧❛r r❡❛❧ ❡♠ ✭1 + 1✮ ❞✐✲

♠❡♥sõ❡s✳ ❆♣❡s❛r ❞❡ s✉❛ s✐♠♣❧✐❝✐❞❛❞❡✱ ♦ ❝❛♠♣♦ ❡s❝❛❧❛r ✉♥✐❞✐♠❡♥s✐♦♥❛❧ t❡♠ s✐❞♦ ❛♠♣❧❛♠❡♥t❡

✉t✐❧✐③❛❞♦ ♥❛ ❧✐t❡r❛t✉r❛ ❝✐❡♥tí✜❝❛✱ ♣♦✐s ♠✉✐t♦s s✐st❡♠❛s ❢ís✐❝♦s tr✐❞✐♠❡♥s✐♦♥❛✐s ♠❛♥tê♠ s✉❛s ❝❛✲

r❛❝t❡ríst✐❝❛s q✉❛♥❞♦ ❛♥❛❧✐s❛❞♦s ❡♠ ✉♠❛ ❞✐♠❡♥sã♦ ❡s♣❛❝✐❛❧✱ ♣♦r ❡①❡♠♣❧♦✱ ❛s ♣❛r❡❞❡s ❞❡ ❞♦♠í♥✐♦s

❡①✐st❡♥t❡s ❡♠ ♠❛t❡r✐❛✐s ❢❡rr♦♠❛❣♥ét✐❝♦s ❬✶✾❪✳

✷✳✶ ❋♦r♠✉❧❛çã♦ ▲❛❣r❛♥❣❡❛♥❛

❆ ❢ís✐❝❛ ❞❡ ✉♠ ❝❛♠♣♦ ❡s❝❛❧❛r r❡❛❧ ❡♠ ✭1+1✮ ❞✐♠❡♥sõ❡s é ❞❡s❝r✐t❛ ♣❡❧❛ ❞❡♥s✐❞❛❞❡ ▲❛❣r❛♥❣❡❛♥❛

L =
1

2
∂µφ∂

µφ− V (φ) , ✭✷✳✶✮

♦♥❞❡ µ = 0, 1 ❡ φ = φ (x, t)✳ ❖ t❡r♠♦ ❝✐♥ét✐❝♦ ❞❛ ❞❡♥s✐❞❛❞❡ ▲❛❣r❛♥❣❡❛♥❛ ✭✷✳✶✮ é ❞❡s❝r✐t♦

♣❡❧♦ q✉❛❞r❛❞♦ ❞❡ ✉♠❛ t❛①❛ ❞❡ ✈❛r✐❛çã♦✱ ♦ s❡❣✉♥❞♦ t❡r♠♦ ❞❛ ❞❡♥s✐❞❛❞❡ ❧❛❣r❛♥❣❡❛♥❛✱ V (φ)✱ é

❞❡♥♦♠✐♥❛❞♦ ❞❡ ♣♦t❡♥❝✐❛❧✳ ➱ ♦ ♣♦t❡♥❝✐❛❧ q✉❡ ❞❡t❡r♠✐♥❛ ♦ r✉♠♦ ♣❛rt✐❝✉❧❛r ❝❛❞❛ t❡♦r✐❛ ❢ís✐❝❛✳

✻
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P♦r ❞❡✜♥✐çã♦✱ ❛ ❛çã♦ é ❞❛❞❛ ♣♦r

S =

ˆ

d2xL(φ, ∂µφ). ✭✷✳✷✮

◆❛s ❡①♣r❡ssõ❡s ❛❝✐♠❛ ❡ ♥♦ r❡st❛♥t❡ ❞❡st❡ tr❛❜❛❧❤♦ ✉t✐❧✐③❛✲s❡ ♦ s✐st❡♠❛ ❞❡ ✉♥✐❞❛❞❡s ~ = c = 1✳

❈♦♠♦ ♣ró①✐♠♦ ♣❛ss♦ ❛ s❡r s❡❣✉✐❞♦✱ ❡♠ ✉♠❛ ❛♥❛❧♦❣✐❛ ❝♦♠ ❛ ♠❡❝â♥✐❝❛ ❛♥❛❧ít✐❝❛✱ ❞❡✈❡✲s❡

♣r♦❝✉r❛r ♦❜t❡r ❛s ❡q✉❛çõ❡s ❞❡ ♠♦✈✐♠❡♥t♦ ♣❛r❛ ♦ ❝❛♠♣♦ φ✳ ◆❛ ♠❡❝â♥✐❝❛ ❛♥❛❧ít✐❝❛✱ q✉❛♥❞♦

❛ ❧❛❣r❛♥❣❡❛♥❛ ❞❡♣❡♥❞❡ ❛♣❡♥❛s ❞❛s ❝♦♦r❞❡♥❛❞❛s ❣❡♥❡r❛❧✐③❛❞❛s ❡ s✉❛s r❡s♣❡❝t✐✈❛s ❞❡r✐✈❛❞❛s✱ ❛♦

♠✐♥✐♠✐③❛r ❛ ✈❛r✐çã♦ ❞❛ ❛çã♦ ♦❜tê♠✲s❡ ❛ ❡q✉❛çã♦ ❞❡ ❊✉❧❡r✲▲❛❣r❛♥❣❡✳ ❈♦♠♦ ❛ ▲❛❣r❛♥❣❡❛♥❛

✭✷✳✶✮ ❞❡♣❡♥❞❡ ❛♣❡♥❛s ❞♦ ❝❛♠♣♦ φ ❡ ❞❡ s✉❛ ❞❡r✐✈❛❞❛✱ ❛ ❛♣❧✐❝❛çã♦ ❞♦ ♣r✐♥❝í♣✐♦ ❞❡ ❍❛♠✐❧t♦♥

δS = 0 ❬✷✱ ✶✽❪ ❞❡✈❡ ❝♦♥❞✉③✐r ❛ ❡q✉❛çã♦ ❞❡ ❊✉❧❡r✲▲❛❣r❛♥❣❡ ✭❡q✉❛çã♦ ❞❡ ♠♦✈✐♠❡♥t♦✮ ♣❛r❛ ♦

❝❛♠♣♦ φ✳ ❊st❛ ❞❡❝❧❛r❛çã♦ é ❝♦♥✜r♠❛❞❛ ❛tr❛✈és ❞♦ s❡❣✉✐♥t❡ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ♠❛t❡♠át✐❝♦✿

δS =

ˆ

d2x

[

∂L
∂φ

δφ+
∂L

∂ (∂µφ)
δ (∂µφ)

]

= 0, ✭✷✳✸✮

s❡♥❞♦ q✉❡ δ (∂µφ) = ∂µ (δφ)✳

∂µ

(

∂L
∂ (∂µφ)

δφ

)

= ∂µ
∂L

∂ (∂µφ)
δφ+

∂L
∂ (∂µφ)

∂µ (δφ) . ✭✷✳✹✮

❙✉❜st✐t✉✐♥❞♦ ✭✷✳✹✮ ❡♠ ✭✷✳✸✮✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r ❛ ✈❛r✐❛çã♦ ❞❛ ❛çã♦ ❝♦♠♦

δS =

ˆ

d2x

[

∂L
∂φ

− ∂µ
∂L

∂ (∂µφ)

]

δφ = 0.

❈♦♠♦ δφ é ❛r❜✐trár✐♦ ❬✷❪✱ t❡♠♦s q✉❡

∂µ
∂L

∂ (∂µφ)
− ∂L

∂φ
= 0. ✭✷✳✺✮

❈♦♠♦ ❡s♣❡r❛❞♦✱ ❛ ✉t✐❧✐③❛çã♦ ❞♦ ♣r✐♥❝í♣✐♦ ❞❡ ♠í♥✐♠❛ ❛çã♦ ♥♦s ❝♦♥❞✉③✐✉ ❛ ❡q✉❛çã♦ ❞❡ ❊✉❧❡r✲

▲❛❣r❛♥❣❡ ♣❛r❛ ♦ ❝❛♠♣♦ φ✳ ❆❣♦r❛✱ ❛ s✉❜st✐t✉✐çã♦ ❞❛ ▲❛❣r❛♥❣❡❛♥❛ ♥❛ ❡q✉❛çã♦ ❞❡ ❊✉❧❡r✲▲❛❣r❛♥❣❡✱

r❡s✉❧t❛ ♥❛ ❡q✉❛çã♦ ❞❡ ♠♦✈✐♠❡♥t♦ ♣❛r❛ ♦ ❝❛♠♣♦ ❡s❝❛❧❛r φ (x, t)✳

∂µ∂
µφ+

dV

dφ
= 0. ✭✷✳✻✮
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❙❡ ❛ ♠étr✐❝❛ é t❛❧ q✉❡ ∂0 = ∂0 = ∂
∂t

❡ ∂1 = −∂1 = − ∂
∂x
✱ ❛ ❡q✉❛çã♦ ✭✷✳✻✮ s❡ t♦r♥❛

∂2φ

∂t2
− ∂2φ

∂x2
+

dV

dφ
= 0. ✭✷✳✼✮

❈♦♥s✐❞❡r❡♠♦s ❛❣♦r❛✱ tr❛♥s❢♦r♠❛çõ❡s ♥❛ ✈❛r✐á✈❡❧ ✐♥t❡r♥❛ ❞♦ ❝❛♠♣♦✱ ♦✉ s❡❥❛✱ tr❛♥s❧❛çõ❡s ♥❛

s❡❣✉✐♥t❡ ❢♦r♠❛ ♣❛r❛ φ (xµ)✿

φ (xµ) → φ
′

(xµ) = φ (xµ + εµ) =⇒ δL = εµ∂µL.

❖ t❡♦r❡♠❛ ❞❡ ◆♦❡t❤❡r ♣❛r❛ tr❛♥s❧❛çõ❡s ♥♦s ❧❡✈❛ ❛ s❡❣✉✐♥t❡ ❡q✉❛çã♦ ❞❡ ❝♦♥s❡r✈❛çã♦ ❬✷✱ ✶✽❪

∂µ

[

∂L
∂ (∂µφ)

∂νφ− gµνL
]

= 0,

♦♥❞❡ ❛ q✉❛♥t✐❞❛❞❡ ❡♥tr❡ ❝♦❧❝❤❡t❡s é ♦ t❡♥s♦r ❞❡ ❡♥❡r❣✐❛ ♠♦♠❡♥t♦

Tµν =
∂L

∂ (∂µφ)
∂νφ− gµνL. ✭✷✳✽✮

Tµν é ✉♠❛ ♠❛tr✐③ ❝♦♠ q✉❛tr♦ ❡❧❡♠❡♥t♦s ❡♠ (1 + 1) ❞✐♠❡♥sõ❡s✳ ❖s ❡❧❡♠❡♥t♦s ❞❛ ❞✐❛❣♦♥❛❧

♣r✐♥❝✐♣❛❧ sã♦ ✐❞❡♥t✐✜❝❛❞♦s ❝♦♠♦ E =T00 s❡♥❞♦ ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡♥❡r❣✐❛ ❡ p = T11 s❡♥❞♦ ❛ ♣r❡ssã♦

❬✷✵❪✳

E =
1

2

(

∂φ

∂t

)2

+
1

2

(

∂φ

∂x

)2

+ V (φ) ✭✷✳✾✮

p =
1

2

(

∂φ

∂t

)2

+
1

2

(

∂φ

∂x

)2

− V (φ) ✭✷✳✶✵✮

❖ ♠♦♠❡♥t♦✱ ♣♦r s✉❛ ✈❡③✱ é ❬✺❪

Pi = −
ˆ

T0idx. ✭✷✳✶✶✮

❆té ❛q✉✐✱ ♦ ❝❛♠♣♦ ❡s❝❛❧❛r ❢♦✐ ❝♦♥s✐❞❡r❛❞♦ ❡♠ s✉❛ ❢♦r♠❛ ♠❛✐s ❣❡r❛❧✱ ❛♣r❡s❡♥t❛♥❞♦ ❞❡♣❡♥❞ê♥✲

❝✐❛ ❡♠ r❡❧❛çã♦ ❛♦ ❡s♣❛ç♦ ❡ ❛♦ t❡♠♣♦✳ ❯♠ ❝❛s♦ ❞❡ ♣❛rt✐❝✉❧❛r ✐♥t❡r❡ss❡ é ❝♦♥s✐❞❡r❛r q✉❡ ♦ ❝❛♠♣♦

φ ♥ã♦ ❛♣r❡s❡♥t❡ ♠✉❞❛♥ç❛s ❝♦♠ ♦ ♣❛ss❛r ❞♦ t❡♠♣♦✱ ✐st♦ é✱ q✉❛♥❞♦ ♦ ❝❛♠♣♦ é ❝♦♥s✐❞❡r❛❞♦ ❡stá✲

t✐❝♦✳ P♦r ❡①❡♠♣❧♦✱ s♦❧✐t✐♦♥s✱ q✉❡ sã♦ ♦❜❥❡t♦ ❞❡ ❡st✉❞♦ ♥❡st❡ tr❛❜❛❧❤♦✱ tê♠ ❝♦♠♦ ❝❛r❛❝t❡ríst✐❝❛

❢✉♥❞❛♠❡♥t❛❧ ✉♠❛ ❢♦r♠❛ ❡stá✈❡❧ ❡ ❧♦❝❛❧✐③❛❞❛✱ t❛❧ ❢♦r♠❛ ♣♦❞❡ s❡r ❞❡s❝r✐t❛ ♣♦r ✉♠ ❝❛♠♣♦ ❡stát✐❝♦
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φ = φ (x)✳ ❆ s✉❜st✐t✉✐çã♦ ❞❡ ✉♠ ❝❛♠♣♦ ❡stát✐❝♦ φ (x) ♥❛ ❡q✉❛çã♦ ❞❡ ♠♦✈✐♠❡♥t♦ ✭✷✳✼✮ r❡s✉❧t❛

−d2φ

dx2
+

dV

dφ
= 0. ✭✷✳✶✷✮

❆s s♦❧✉çõ❡s ❞❛ ❡q✉❛çã♦ ✭✷✳✶✷✮ sã♦ ❝♦♥❤❡❝✐❞❛s ❝♦♠♦ s♦❧✉çõ❡s ❡stát✐❝❛s✳ ❆ ❞❡♥s✐❞❛❞❡ ❞❡ ❡♥❡r❣✐❛

❡ ♣r❡ssã♦ ♣❛r❛ s♦❧✉çõ❡s ❡stát✐❝❛s sã♦

E =
1

2

(

∂φ

∂x

)2

+ V (φ) ✭✷✳✶✸✮

❡

p =
1

2

(

∂φ

∂x

)2

− V (φ) ✭✷✳✶✹✮

r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆ ❡♥❡r❣✐❛ ❞♦ ❝❛♠♣♦ ❡stát✐❝♦ é ❡♥tã♦ ♦❜t✐❞❛ ♣♦r ✐♥t❡❣r❛çã♦ ❞❛ ❞❡♥s✐❞❛❞❡ ❞❡

❡♥❡r❣✐❛ ✭✷✳✶✸✮✳

E =

ˆ ∞

−∞
Edx

E =

ˆ ∞

−∞

[

1

2

(

∂φ

∂x

)2

+ V (φ)

]

dx. ✭✷✳✶✺✮

✷✳✷ ▼ét♦❞♦ ❞❡ ❇♦❧❣♦♠♦❧✬♥②✐

❊♠ ✶✾✼✻ ❊✳❇✳ ❇♦❧❣♦♠♦❧✬♥②✐ ♣✉❜❧✐❝♦✉ ✉♠ ♠ét♦❞♦ q✉❡ ♣❡r♠✐t❡ ❡♥❝♦♥tr❛r ❛ ❡♥❡r❣✐❛ ♠í♥✐♠❛

❞♦ ❝❛♠♣♦ ❬✷✶❪✳ ❊ss❡ ♠ét♦❞♦ ❝♦♥s✐st❡ ❡♠ ✉♠ tr✉q✉❡ ❞❡ ❝♦♠♣❧❡t❛r q✉❛❞r❛❞♦s ♥❛ ❡①♣r❡ssã♦ ❞❛

❡♥❡r❣✐❛ ✭✷✳✶✺✮✳ ❖ ♠ét♦❞♦ ❞❡ ❇♦❧❣♦♠♦❧✬♥②✐ t❡♠ s✐❞♦ ❡①♣r❡ss♦ ❛t✉❛❧♠❡♥t❡ ❡♠ t❡r♠♦ ❞❛ ❢✉♥çã♦

❞❡♥♦♠✐♥❛❞❛ s✉♣❡r♣♦t❡♥❝✐❛❧ W (φ)✱ q✉❡ s❡ r❡❧❛❝✐♦♥❛ ❝♦♠ V (φ) ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛

V (φ) =
1

2

(

dW

dφ

)2

. ✭✷✳✶✻✮

▲♦❣♦✱ V (φ) ♣♦❞❡ s❡r ❡①♣r❡ss♦ ❡♠ t❡r♠♦s ❞❡ W (φ)✱ q✉❛♥❞♦ V (φ) ❢♦r ♣♦s✐t✐✈♦ ❡♠ t♦❞❛ s✉❛

❡①t❡♥sã♦✳ ❆ ❡♥❡r❣✐❛ ❡♠ t❡r♠♦s ❞♦ s✉♣❡r♣♦t❡♥❝✐❛❧ ✜❝❛

E =
1

2

ˆ ∞

−∞

[

(

dφ

dx

)2

+

(

dW

dφ

)2
]

dx.
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❆❣♦r❛✱ ❝♦♠♣❧❡t❛✲s❡ ♦ q✉❛❞r❛❞♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛

E =
1

2

ˆ ∞

−∞

[

(

dφ

dx
∓ dW

dφ

)2

± 2
dφ

dx

dW

dφ

]

dx

E =

ˆ ∞

−∞

[

1

2

(

dφ

dx
∓ dW

dφ

)2

± dW

dx

]

dx

E =

ˆ ∞

−∞

1

2

(

dφ

dx
∓ dW

dφ

)2

dx±W

∣

∣

∣

∣

φ(∞)

φ(−∞)

. ✭✷✳✶✼✮

❖ t❡r♠♦ ❞❛ ✐♥t❡❣r❛❧ é ♣♦s✐t✐✈♦✱ ❡♥tã♦ s❡ ❛♥✉❧❛r♠♦s ❡ss❡ t❡r♠♦✱ t❡r❡♠♦s ❝❡rt❡③❛ q✉❡ ❛ ❡♥❡r❣✐❛

❡♥❝♦♥tr❛❞❛ é ❛ ❡♥❡r❣✐❛ ♠í♥✐♠❛✳ ❊ss❛ ❝❡rt❛♠❡♥t❡ é ✉♠❛ ❞❛s ✈❛♥t❛❣❡♥s q✉❡ s❡ t❡♠ ❝♦♠ ❛

❡①♣r❡ssã♦ ✭✷✳✶✼✮✳ ❆ ❛♥✉❧❛çã♦ ❞♦ t❡r♠♦ ♥❛ ✐♥t❡❣r❛❧ ❡♠ ✭✷✳✶✼✮ ❝♦♥❞✉③ à s❡❣✉✐♥t❡ ❝♦♥❞✐çã♦✿

dφ

dx
= ±dW (φ)

dφ
. ✭✷✳✶✽✮

❊st❛ é ✉♠❛ ❡q✉❛çã♦ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ♣❛r❛ ♦ ❝❛♠♣♦ φ✳ P♦❞❡♠♦s ❡s❝r❡✈ê✲❧❛ ❡♠ t❡r♠♦s ❞♦

♣♦t❡♥❝✐❛❧ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

dφ

dx
= ±

√
2V . ✭✷✳✶✾✮

❊ ❛ss✐♠ ❛ ❜✉s❝❛ ♣❡❧❛ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ♥♦s ❢❡③ ❡♥❝♦♥tr❛r ❡q✉❛çõ❡s ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠✱ ❡♥q✉❛♥t♦

♥❛ ❛❜♦r❞❛❣❡♠ ✉s✉❛❧ ✭✷✳✶✷✮✱ ❛s ❡q✉❛çõ❡s sã♦ ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠✳ ❖ ❢♦r♠❛❧✐s♠♦ ❞❡s❡♥✈♦❧✈✐❞♦

❛ ♣❛rt✐r ❞❡ W (φ) ❡♠ ✭✷✳✶✻✮✱ r❡s✉❧t❛♥❞♦ ♥❛s ❡q✉❛çõ❡s ✭✷✳✶✽✮ ❡ ✭✷✳✶✾✮ é ♦ ❢♦r♠❛❧✐s♠♦ ❇P❙

✭❇♦❧❣♦♠♦❧✬♥②✐✱ Pr❛s❛❞✱ ❙♦♠♠❡r✜❡❧❞✮ ❬✷✶✱✷✷❪✳ ❆s s♦❧✉çõ❡s ❞❛ ❡q✉❛çã♦ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ✭✷✳✶✽✮

t❛♠❜é♠ sã♦ ❝♦♥❤❡❝✐❞❛s ❝♦♠♦ ❡st❛❞♦s ❇P❙✳

❙✉❜st✐t✉✐♥❞♦ ✭✷✳✶✽✮ ❡♠ ✭✷✳✶✼✮ ❡♥❝♦♥tr❛♠♦s ❛ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ❞♦ ❝❛♠♣♦✳

Emin = ±W
∣

∣

∞
−∞ = ‖W (φ (∞))−W (φ (−∞)) ‖ ✭✷✳✷✵✮

❆ ❡①♣r❡ssã♦ ✭✷✳✷✵✮ é ✉♠ ✐♠♣♦rt❛♥t❡ r❡s✉❧t❛❞♦✱ ♣♦✐s ♠♦str❛ q✉❡ é ♣♦ssí✈❡❧ ❝♦♥❤❡❝❡r ❡♥❡r❣✐❛

❞♦ ❝❛♠♣♦ ❛♥t❡s ♠❡s♠♦ ❞❡ ❝♦♥❤❡❝❡r s✉❛ s♦❧✉çã♦ ❞❡ ❢♦r♠❛ ❡①♣❧í❝✐t❛✱ ❝♦♥❤❡❝❡♥❞♦ ❛♣❡♥❛s s❡✉

❝♦♠♣♦rt❛♠❡♥t♦ ❛ss✐♥tót✐❝♦✳ ❉❡✈✐❞♦ ❛ ✐ss♦✱ ❞✐③✲s❡ q✉❡ Emin = ∆W é ✉♠ ✐♥✈❛r✐❛♥t❡ t♦♣♦❧ó❣✐❝♦✱

♣♦✐s só ❞❡♣❡♥❞❡ ❞♦s ✈❛❧♦r❡s ❞❡ W ♥❛s ❢r♦♥t❡✐r❛s✳

❍á ❛✐♥❞❛ ♥❛ ❧✐t❡r❛t✉r❛✱ ✉♠ ♦✉tr♦ ♠ét♦❞♦ q✉❡ t❛♠❜é♠ r❡s✉❧t❛ ❡♠ ❡q✉❛çõ❡s ❞❡ ♣r✐♠❡✐r❛
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♦r❞❡♠❀ t❛❧ ♠ét♦❞♦ ❢♦✐ ♣r♦♣♦st♦ ♣♦r ❙❝❤❛♣♦s♥✐❦ ❡ ❱❡❣❛ ❬✷✸❪✳ ❉❡ss❛ ✈❡③ s❡ ❝❤❡❣❛ ❛s ❡q✉❛çõ❡s

❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ✭♣❛r❛ ✈órt✐❝❡s ❡♠ ✶✰✷ ❞✐♠❡♥sõ❡s✮ ❝♦♥s✐❞❡r❛♥❞♦ ❛ ❝♦♥s❡r✈❛çã♦ ❞♦ t❡♥s♦r ❞❡

❡♥❡r❣✐❛ ♠♦♠❡♥t♦✳ ◆♦ ❡♥t❛♥t♦✱ ♦ ♠ét♦❞♦ ❞❡ ❙❝❤❛♣♦s♥✐❦ ❛♣❡s❛r ❞❡ r❡s✉❧t❛r ♥❛s ♠❡s♠❛s ❡q✉❛çõ❡s

❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ❞♦ ♠ét♦❞♦ ❞❡ ❇♦❧❣♦♠♦❧✬♥②✐ ✱ ♥ã♦ ♥♦s ❣❛r❛♥t❡ q✉❡ ❛ ❡♥❡r❣✐❛ é ♠í♥✐♠❛✳

✷✳✸ ❆♥á❧✐s❡ ♣❡rt✉r❜❛t✐✈❛ ❞❛s s♦❧✉çõ❡s ❡stát✐❝❛s

❙❛❜❡♠♦s ♣❡❧♦ ♣r✐♥❝✐♣✐♦ ❞❡ ❍❛♠✐❧t♦♥ ❬✶✱ ✶✽❪✱ q✉❡ ❢❡♥ô♠❡♥♦s ❢ís✐❝♦s ♥❛t✉r❛✐s✱ ❛❝♦♥t❡❝❡♠ ♣♦r

✉♠ ❝❛♠✐♥❤♦ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛✳ P♦r ✐ss♦✱ ♥❡st❛ ❞✐ss❡rt❛çã♦ ❡st❛r❡♠♦s ❧✐❞❛♥❞♦ ❝♦♠ s♦❧✉çõ❡s

❞❡ ♠í♥✐♠❛ ❡♥❡r❣✐❛ q✉❡ s❡❥❛♠ ❡stá✈❡✐s✳ ❏á ♠♦str❛♠♦s ❛tr❛✈és ❞❛ ❡q✉❛çã♦ ✭✷✳✷✵✮ q✉❡ ♦s ❡st❛❞♦s

❇P❙ sã♦ s♦❧✉çõ❡s ❝♦♠ ♠í♥✐♠❛ ❡♥❡r❣✐❛✳ ◆❡st❛ s❡çã♦ ❛♥❛❧✐s❛♠♦s ❛ ❡st❛❜✐❧✐❞❛❞❡ ❞❡ss❛s s♦❧✉çõ❡s✱

s❡❣✉✐♥❞♦ ♦s ♣❛ss♦s ❞❡ ❬✷✵❪✳

■♥✐❝✐❛♠♦s ❛❞✐❝✐♦♥❛♥❞♦ ♣❡q✉❡♥❛s ♣❡rt✉❜❛çõ❡s η (x, t) à s♦❧✉çã♦ ❡stát✐❝❛ φs (x)

φp (x, t) = φs (x) + η (x, t) . ✭✷✳✷✶✮

❆ s❡❣✉✐r s✉❜st✐t✉í♠♦s φp (x, t) ♥❛ ❡q✉❛çã♦ ❞❡ ♠♦✈✐♠❡♥t♦ ❡✱ ❥á q✉❡ |η (x, t)| ≪ |φ (x)| ❡♠ ✭✷✳✷✶✮✱

♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r s♦♠❡♥t❡ t❡r♠♦s ❧✐♥❡❛r❡s ❡♠ η (x, t)✳ ❉❡ss❛ ❢♦r♠❛✱ ♦❜t❡♠♦s ❛ s❡❣✉✐♥t❡

✐❣✉❛❧❞❛❞❡✿

∂2η

∂t2
− ∂2η

∂x2
+

d2V (φ)

dφ2

∣

∣

∣

∣

φ=φs

η = 0. ✭✷✳✷✷✮

❈♦♠♦ ❛ s♦❧✉çã♦ ❡stát✐❝❛ ❞❡♣❡♥❞❡ s♦♠❡♥t❡ ❞❡ x✱ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ ❛ ♣❡rt✉❜❛çã♦ t❡♥❤❛ ❛

❢♦r♠❛

η (x, t) =
∑

k

ηk (x) e
iωkt. ✭✷✳✷✸✮

❆♣ós s✉❜st✐t✉✐r ✭✷✳✷✸✮ ♥❛ ❡q✉❛çã♦ ✭✷✳✷✷✮✱ ♦❜t❡♠♦s ❛ s❡❣✉✐♥t❡ ❡q✉❛çã♦ ❞♦ t✐♣♦ ❙❝❤rö❞✐♥❣❡r

Ĥηk (x) = ω2
kηk (x) , ✭✷✳✷✹✮
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♦♥❞❡ ♦ ♦♣❡r❛❞♦r ❍❛♠✐❧t♦♥✐❛♥♦ t❡♠ ❛ s❡❣✉✐♥t❡ ❢♦r♠❛

Ĥ = − d2

dx2
+ Vsch (x) , ✭✷✳✷✺✮

❡ ♦♥❞❡

Vsch (x) =
d2V (φ)

dφ2

∣

∣

∣

∣

φ=φs

. ✭✷✳✷✻✮

❆❞✐❛♥t❡ ♥♦s r❡❢❡r✐♠♦s à Vsch (x) ❝♦♠♦ ♣♦t❡♥❝✐❛❧ ❞❡ ❙❝❤rö❞✐♥❣❡r ♦✉ ♣♦t❡♥❝✐❛❧ ❞❡ ♣❡rt✉❜❛çõ❡s✳

❆ss✐♠ ❝♦♠♦ ♥❛ ▼❡❝â♥✐❝❛ ◗✉â♥t✐❝❛✱ Vsch (x) ❛❞♠✐t❡ ❞♦✐s t✐♣♦ ❞❡ s♦❧✉çõ❡s✿ s♦❧✉çõ❡s ❞❡ ❡st❛❞♦s

❧✐❣❛❞♦s ❡ ❡st❛❞♦s ❞❡ ❡s♣❛❧❤❛♠❡♥t♦✳ ❆s ❢✉♥çõ❡s ❞❡ ♦♥❞❛ ❞❡ ❡st❛❞♦s ❧✐❣❛❞♦s sã♦ ❝❛r❛❝t❡r✐③❛❞❛s

♣♦r s❡r❡♠ ❜❡♠ ❧♦❝❛❧✐③❛❞❛s ❡♠ ✉♠❛ r❡❣✐ã♦ ✜♥✐t❛ ❞♦ ❡s♣❛ç♦✱ ❡ss❛ ❝♦♥❞✐çã♦ ❢❛③ ❝♦♠ q✉❡ ♥♦

✐♥✜♥✐t♦✱ t❛✐s s♦❧✉çõ❡s t❡♥❞❛♠ ❛ ③❡r♦✳ ❙❡ ❛ ❡♥❡r❣✐❛ ❞❛ ♣❛rtí❝✉❧❛ ❛✉♠❡♥t❛ ❞❡ ♠♦❞♦ ❛ s❡r ♠❛✐♦r

q✉❡ ♦ ♣♦t❡♥❝✐❛❧ Vsch (x)✱ ❞✐③❡♠♦s q✉❡ ❝❤❡❣❛♠♦s ♥♦ ❡s♣❡❝tr♦ ❝♦♥tí♥✉♦ ❞❡ s♦❧✉çõ❡s✱ ♥❛ ❢❛✐①❛

❞❡ ❡♥❡r❣✐❛s ❞♦ ❡s♣❡❝tr♦ ❝♦♥tí♥✉♦✱ ❛s ❛✉t♦❢✉♥çõ❡s sã♦ ♦♥❞❛s ♣❧❛♥❛s✱ ❡ ♣♦rt❛♥t♦ ♥ã♦ sã♦ ❜❡♠

❧♦❝❛❧✐③❛❞❛s ❬✷✹✱✷✺❪✳

❆ ❡st❛❜✐❧✐❞❛❞❡ ❞❛s s♦❧✉çõ❡s ❡stát✐❝❛s ❡①✐❣❡ ❛✉t♦✈❛❧♦r❡s ♣♦s✐t✐✈♦s ❡♠ ✭✷✳✷✹✮ ✳ ❖✉ s❡❥❛✱ t❡r❡♠♦s

s♦❧✉çõ❡s ❡stá✈❡✐s s❡♠♣r❡ q✉❡ ω2
k ≥ 0 ❡♠ ✭✷✳✷✹✮✱ ♣♦✐s s❡ ω2

k < 0✱ ❛ ❢♦r♠❛ ❞❡ η (x, t) ♠✉❞❛r✐❛

❝♦♥s✐❞❡r❛✈❡❧♠❡♥t❡✱ ❡ ✐st♦ ✐♥❞✐❝❛r✐❛ ✉♠❛ s♦❧✉çõ❡s ♥ã♦ ❡stá✈❡❧✳ ❆ ❛✉t♦❢✉♥çã♦ ♦❜t✐❞❛ q✉❛♥❞♦

ω2
k = 0 é ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ♠♦❞♦ ③❡r♦✱ ♦✉ ♠♦❞♦ tr❛♥s❧❛❝✐♦♥❛❧✳ ➱ ✐♠♣♦rt❛♥t❡ ❞❡st❛❝❛r q✉❡

✐♥❞❡♣❡♥❞❡♥t❡ ❞❛ ❢♦r♠❛ ❡①♣❧í❝✐t❛ ❞♦ ♣♦t❡♥❝✐❛❧ V (φ) ❛ ❡q✉❛çã♦ ❞❡ ❙❝❤rö❞✐♥❣❡r s❡♠♣r❡ ❛❞♠✐t❡

✉♠❛ s♦❧✉çã♦ ♣❛r❛ ♦ ♠♦❞♦ ③❡r♦ ❬✷✻❪✳ P❛r❛ ♣r♦✈❛r ❛ ❡①✐stê♥❝✐❛ ❞♦ ♠♦❞♦ ③❡r♦✱ ❞✐❢❡r❡♥❝✐❛♠♦s ✭✷✳✶✷✮

❡♠ r❡❧❛çã♦ ❛ x ❡♠ φ = φs (x)✳ ❖ r❡s✉❧t❛❞♦ é

[

−d3φ

dx3
+

d

dφ

(

dV (φ)

dφ

)

dφ

dx

]

φ=φs

= 0,

[

− d2

dx2

(

dφ

dx

)

+
d2V (φ)

dφ2

dφ

dx

]

φ=φs

= 0,

[

− d2

dx2
+

d2V (φ)

dφ2

∣

∣

∣

∣

φ=φs

]

φ′
s (x) = 0, ✭✷✳✷✼✮

q✉❡ é ❡①❛t❛♠❡♥t❡ ✭✷✳✷✹✮ ♣❛r❛ ωk = 0✳ ❱❡♠♦s t❛♠❜é♠ q✉❡ ❛ ❛✉t♦❢✉♥çã♦ ❞❡ ♠♦❞♦ tr❛♥s❧❛❝✐♦♥❛❧
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é✿

ηk (x) ∝
dφs

dx
. ✭✷✳✷✽✮

❊♠ t❡r♠♦s ❞♦ ❢♦r♠❛❧✐s♠♦ ❇P❙ ✭✷✳✶✻✮ ♦ ❍❛♠✐❧t♦♥✐❛♥♦ ✭✷✳✷✺✮ s❡ t♦r♥❛

Ĥ = − d2

dx2
+
[

W 2
φφ +WφWφφφ

]

φ=φs(x)
. ✭✷✳✷✾✮

❆ ✈❛♥t❛❣❡♠ ❞❡st❛ ❞❡s❝r✐çã♦ é q✉❡ ♣♦❞❡♠♦s ❛❣♦r❛ ❡s❝r❡✈❡r Ĥ ❛tr❛✈és ❞♦ ♣r♦❞✉t♦ ❞❡ ♦♣❡r❛❞♦r❡s

Ĥ = Ŝ†
±Ŝ±, ✭✷✳✸✵✮

❞❡s❞❡ q✉❡

Ŝ± = − d
dx

±Wφφ

∣

∣

∣

∣

φ=φs(x)

e Ŝ†
± = d

dx
±Wφφ

∣

∣

∣

∣

φ=φs(x)

,

❡ ❛ss✐♠✱ ❡♠ t❡r♠♦s ❞♦s ❡st❛❞♦s ❇P❙ ❡s❝r❡✈❡♠♦s ✭✷✳✷✹✮ ❝♦♠♦

Ŝ†
±Ŝ±ηk (x) = ω2

kηk (x) . ✭✷✳✸✶✮

❈♦♠ ✐ss♦ ♣♦❞❡♠♦s ♠♦str❛r q✉❡ ♦ ❡s♣❡❝tr♦ ❞❡ ❛✉t♦✈❛❧♦r❡s ❞❡ Ĥ é ♣♦s✐t✐✈♦✳ ❋❛③❡♠♦s ✐ss♦ ❡s❝r❡✲

✈❡♥❞♦ ✭✷✳✷✹✮ ❡♠ s✉❛ ❜❛s❡ ❞❡ ❛✉t♦❡st❛❞♦s ❬✷✹✱ ✷✼❪

〈

ηk|Ĥ|ηk
〉

=
〈

ηk|ω2
k|ηk

〉

.

〈

ηk|Ŝ†
±Ŝ±|ηk

〉

=
〈

ηk|ω2
k|ηk

〉

.

❆♣❧✐❝❛♥❞♦ ✉♠❛ r❡❧❛çã♦ ❞❡ ❝♦♠♣❧❡t❡③❛ Λ =
∑

l |ηl〉 〈ηl| ❡♥tr❡ ♦s ♦♣❡r❛❞♦r❡s✱ ♦❜t❡♠♦s q✉❡

ω2
k =

∑

l

∣

∣

∣

〈

ηl|Ŝ±|ηk
〉∣

∣

∣

2

≥ 0, ✭✷✳✸✷✮

❡ ❞❡ss❛ ❢♦r♠❛ ♠♦str❛♠♦s q✉❡ Ĥ t❡♠ ✉♠ ❡s♣❡❝tr♦ ❞❡ ❛✉t♦✈❛❧♦r❡s ♣♦s✐t✐✈♦s ❡✱ ❝♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛

♣♦❞❡♠♦s ❞✐③❡r q✉❡ ❛s s♦❧✉çõ❡s ❞❡ ❡st❛❞♦ ❇P❙ sã♦ ❡stá✈❡✐s✳
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❋✐♥❛❧✐③❛♠♦s ❡st❛ s❡çã♦✱ ♦❜s❡r✈❛♥❞♦ q✉❡ ♦ ♠♦❞♦ ③❡r♦ ❡♠ ✭✷✳✸✵✮ s❛t✐s❢❛③ ❛ s❡❣✉✐♥t❡ ✐❣✉❛❧❞❛❞❡

dη0 (x)

dx
= ±Wφφη0 (x) , ✭✷✳✸✸✮

❙❡♣❛r❛♥❞♦ ❛s ✈❛r✐á✈❡✐s ❡ ✐♥t❡❣r❛♥❞♦✱ ❡♥❝♦♥tr❛♠♦s q✉❡ ♦ ♠♦❞♦ ③❡r♦ ♣❛r❛ s♦❧✉çõ❡s ❇P❙ ♣♦❞❡

s❡r ❡s❝r✐t♦ ❝♦♠♦

η0 (x) = A
dW

dφ

∣

∣

∣

∣

φ=φs

. ✭✷✳✸✹✮

❆ ❝♦♥st❛♥t❡ A é ❞❡t❡r♠✐♥❛❞❛ ♣❡❧❛ ❝♦♥❞✐çã♦ ❞❡ ♥♦r♠❛❧✐③❛çã♦✶ ❞❡ η0 (x)✳ ▲❡♠❜r❛♥❞♦ ❞❛

r❡❧❛çã♦ ✭✷✳✶✽✮✱ ✈❡♠♦s q✉❡ ❡ss❡ r❡s✉❧t❛❞♦ ❡stá ❡♠ ♣❡r❢❡✐t♦ ❛❝♦r❞♦ ❝♦♠ ✭✷✳✷✽✮✳

✶❆ ❝♦♥❞✐çã♦ ❞❡ ♥♦r♠❛❧✐③❛çã♦ ❛❞♦t❛❞❛ ♥❡st❡ tr❛❜❛❧❤♦ é✿
´

f∗ (x) f (x) dx = 1✱ ♦♥❞❡ f∗ (x) é ♦ ❝♦♠♣❧❡①♦
❝♦♥❥✉❣❛❞♦ ❞❛ ❢✉♥çã♦ f (x)✳



❈❛♣ít✉❧♦ ✸

▼♦❞❡❧♦s ■♥t❡❣rá✈❡✐s

◆❛ â♠❜✐t♦ ❞❛ ♠❡❝â♥✐❝❛ ❝❧áss✐❝❛✱ ✉♠ s✐st❡♠❛ ❍❛♠✐❧t♦♥✐❛♥♦ ❝♦♠♣❧❡t❛♠❡♥t❡ ✐♥t❡❣rá✈❡❧✱ ❞✐✲

♠❡♥s✐♦♥❛❧♠❡♥t❡ ✜♥✐t♦ ❝♦♠ 2n ❣r❛✉s ❞❡ ❧✐❜❡r❞❛❞❡✱ t❡♠ n ❝♦♥st❛♥t❡s ❞❡ ♠♦✈✐♠❡♥t♦✳ ❊♠ t❡♦r✐❛s

❞❡ ❝❛♠♣♦s ❡s❝❛❧❛r❡s✱ ✉♠❛ ❝♦♥❞✐çã♦ ♥❡❝❡ssár✐❛ ♣❛r❛ ✉♠ s✐st❡♠❛ s❡r ❝♦♠♣❧❡t❛♠❡♥t❡ ✐♥t❡❣rá✈❡❧

s❡ ❞❡✈❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ ♥ú♠❡r♦ ✐♥✜♥✐t♦ ❞❡ ❝♦♥st❛♥t❡s ❞❡ ♠♦✈✐♠❡♥t♦ ❬✷✽❪✱ ✐st♦ é✱ ✉♠ ♥ú♠❡r♦

✐♥✜♥✐t♦ ❞❡ ❣r❛♥❞❡③❛s ❢ís✐❝❛s ❝♦♥s❡r✈❛❞❛s✳ ❆ ♥❛t✉r❡③❛ ❝♦♥s❡r✈❛t✐✈❛ ❞❡ss❡s s✐st❡♠❛s ♣♦❞❡ s❡r

♥♦t❛❞❛ ❛♦ s❡ ❡st✉❞❛r ♦s ♣r♦❝❡ss♦s ❞❡ ❝♦❧✐sõ❡s✳ ❉❡ ❢❛t♦✱ ✉♠ ❝♦♠♣♦rt❛♠❡♥t♦ ❝♦♠✉♠ ❡♠ s✐st❡♠❛s

✐♥t❡❣rá✈❡✐s✱ é q✉❡ ❛♣ós ❛ ❝♦❧✐sã♦ ♦ s♦❧✐t♦♥ s♦❢r❡ ❛♣❡♥❛s ✉♠❛ ♠✉❞❛♥ç❛ ❞❡ ❢❛s❡✱ ❡ ♦ ❝❡♥tr♦ ❞❡

♠❛ss❛ ❞♦ s✐st❡♠❛ ♥ã♦ ♣❡r❞❡ ❡♥❡r❣✐❛❀ ❛ ❝♦❧✐sã♦ é ❡❧ást✐❝❛✳ ❆ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ❑❞❱ ❡ s♦❧✐t♦♥s

♥♦ ♠♦❞❡❧♦ s✐♥❡✲●♦r❞♦♥ sã♦ ❡①❡♠♣❧♦s ❞❡ ♠♦❞❡❧♦s q✉❡ ❡①✐❜❡♠ ❡ss❛ ❝❛r❛❝t❡ríst✐❝❛ ♣❡❝✉❧✐❛r ❛♦s

♠♦❞❡❧♦s ✐♥t❡❣rá✈❡✐s ❬✺❪✳ ❆ s❡❣✉✐r✱ ❛♣r❡s❡♥t❛♠♦s ✉♠❛ r❡✈✐sã♦ s♦❜r❡ ♦ ♠♦❞❡❧♦ s✐♥❡✲●♦r❞♦♥✱ ✉♠❛

t❡♦r✐❛ ❝♦♠♣❧❡t❛♠❡♥t❡ ✐♥t❡❣rá✈❡❧ ♠✉✐t♦ ❡st✉❞❛❞❛ ♥♦ sé❝✉❧♦ ❳❳✳

✸✳✶ ▼♦❞❡❧♦ ❙✐♥❡✲●♦r❞♦♥ ✭❙●✮

❊♠ ✶✾✼✵✱ ❘✉❜✐♥st❡✐♥ ♠♦❞✐✜❝♦✉ ♦ t❡r♠♦ ❞❡ ♠❛ss❛ ❞❛ ❡q✉❛çã♦ 1
2
(φ2

t − φ2
x −m2φ2) = 0 ♣♦r

✉♠❛ ❢✉♥çã♦ ♣❡r✐ó❞✐❝❛ ❞❡ φ ❝♦♠ ♣❡rí♦❞♦ ❞❡ 2π✳ ❊♠ s❡❣✉✐❞❛✱ ❡♥❝♦♥tr♦✉ 2m2 (1− cosφ) ❝♦♠♦

s❡♥❞♦ ❛ ❢♦r♠❛ ♠❛✐s s✐♠♣❧❡s q✉❡ s❡ r❡❞✉③ à m2φ2✱ q✉❛♥❞♦ φ é ♣❡q✉❡♥♦✱ s❡ t♦r♥❛♥❞♦ ❡♥tã♦ ❛

❡q✉❛çã♦ ❞❡ ❑❧❡✐♥✲●♦r❞♦♥ ♣❛r❛ ♦ ❧✐♠✐t❡ ❞❡ ♣❡q✉❡♥❛s ❛♠♣❧✐t✉❞❡s ❬✷✾❪✳ ❆ s❡❣✉✐r✱ sã♦ ❛♣r❡s❡♥t❛❞❛s

✐♠♣♦rt❛♥t❡s ❝❛r❛❝t❡ríst✐❝❛s ❞❡st❡ ♠♦❞❡❧♦✱ q✉❡ ✜❝♦✉ ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ s✐♥❡✲●♦r❞♦♥✳ ❊st❡ ♠♦❞❡❧♦ é

♦ ♠❛✐s ❡st✉❞❛❞♦ ❡♥tr❡ ♦s ♠♦❞❡❧♦s ✐♥t❡❣rá✈❡✐s✱ ❛ r❛③ã♦ ♣❛r❛ ✐st♦ é✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡✱ s✉❛ ❛♣❧✐❝❛çã♦

❡♠ ✈ár✐❛s ❞❡ ❛r❡❛s ❞❛ ❢ís✐❝❛✱ ❝♦♠♦✱ ❢ís✐❝❛ ❞❡ ♣❛rtí❝✉❧❛s✱ ót✐❝❛ ♥ã♦✲❧✐♥❡❛r✱ ❞❡s❧♦❝❛♠❡♥t♦ ❞❡ ❝r✐st❛✐s

✶✺
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φ
0

V
(φ
)

0

1

2

2ππ−2π −π

❋✐❣✉r❛ ✸✳✶✿ P♦t❡♥❝✐❛❧✱ ♠♦❞❡❧♦ s✐♥❡✲●♦r❞♦♥

❡ ❢❡rr♦♠❛❣♥❡t✐s♠♦ ❬✸✵❪✳

❖ ♠♦❞❡❧♦ s✐♥❡✲●♦r❞♦♥ ❡♠ ✭1 + 1✮ ❞✐♠❡♥sõ❡s é ❞❡s❝r✐t♦ ♣❡❧❛ s❡❣✉✐♥t❡ ▲❛❣r❛♥❣❡❛♥❛ ✭m = 1✮✳

L =
1

2
∂µφ∂

µφ− (1− cosφ), ✭✸✳✶✮

❛ss✐♠✱ ♦ ♣♦t❡♥❝✐❛❧ é

V (φ) = (1− cosφ). ✭✸✳✷✮

❱❡♠♦s ♣❡❧❛ ✜❣✉r❛ ✸✳✶ q✉❡ ♦ ♠♦❞❡❧♦ s✐♥❡✲●♦r❞♦♥ é ✐♥✈❛r✐❛♥t❡ s♦❜r❡ φ → φ + 2πn✱ ❝♦♠ n

s❡♥❞♦ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦✳ ❖s ♠í♥✐♠♦s ❞♦ ♣♦t❡♥❝✐❛❧✱ ❡♠ t❡r♠♦s ❞❡ n✱ sã♦ ❞❛❞♦s ♣♦r φ0n = 2πn✳ ❆

❡q✉❛çã♦ ❞❡ ♠♦✈✐♠❡♥t♦ ♣❛r❛ ♦ ♠♦❞❡❧♦ s✐♥❡✲●♦r❞♦♥ é

∂2φ

∂t2
− ∂2φ

∂x2
+ sinφ = 0. ✭✸✳✸✮

❊st❛ ❡q✉❛çã♦ ❢♦✐ ✉s❛❞❛ ♣♦r ❋r❡♥❦❡❧ ❡ ❑♦♥t♦r♦✈❛ ♣❛r❛ ❡st✉❞❛r ❛ ♣r♦♣❛❣❛çã♦ ❞❡ ✉♠ s❧✐♣ ❡♠ ✉♠❛

❝❛❞❡✐❛ ❞❡ át♦♠♦s ❡❧❛st✐❝❛♠❡♥t❡ ❧✐❣❛❞♦s✱ ❝♦❧❛❞♦s s♦❜r❡ ✉♠❛ ♦✉tr❛ ❝❛❞❡✐❛ ❞❡ át♦♠♦s s✐♠✐❧❛r❡s

❬✸✶✱✸✷❪✳ ❆ ❛♣❧✐❝❛çã♦ ❞♦ ❢♦r♠❛❧✐s♠♦ ❞❡ ♣r✐♠❡✐r❛ ♣❛r❛ ❡st❡ ♠♦❞❡❧♦✱ r❡s✉❧t❛ ♥❛ s❡❣✉✐♥t❡ ❡①♣r❡ssã♦✿

dφ

dx
= ±

√

2 (1− cosφ).
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■♥t❡❣r❛♥❞♦ ❛♠❜♦s ♦s t❡r♠♦s✱ ♦❜t❡♠♦s

ˆ

dφ√
1− cosφ

= ±
ˆ √

2dx.

❯s❛♥❞♦ ❛ s✉❜st✐t✉✐çã♦ t = tan
(

φ
4

)

✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r q✉❡

ˆ

dφ√
1− cosφ

=

ˆ

dφ√
2 sin (φ/2)

=
1√
2

ˆ

4dt

1 + t2
1 + t2

2t
=

√
2 ln t. ✭✸✳✹✮

❉❡ss❛ ❢♦r♠❛ ❡♥❝♦♥tr❛♠♦s q✉❡

x = ± ln tan

(

φ

4

)

,

❡ ❛ss✐♠✱ ♦❜t❡♠♦s ❛ s♦❧✉çã♦ ❡stát✐❝❛ ❝♦♠♦ s❡♥❞♦

φs (x) = 4 arctan (ex) . ✭✸✳✺✮

❊st❛ é ❛ s♦❧✉çã♦ ❦✐♥❦ ❞♦ ♠♦❞❡❧♦ s✐♥❡✲●♦r❞♦♥✱ q✉❡ ✐♥t❡r♣♦❧❛ ❡♥tr❡ ♦s ♠í♥✐♠♦s 0 ❡ 2π✳ ❆ s♦❧✉çã♦

❛♥t✐❦✐♥❦✱ q✉❡ ✐♥t❡r♣♦❧❛ ❡♥tr❡ 2π ❡ 0 ♣♦❞❡ s❡r ♦❜t✐❞❛ ♣❡❧❛ ♣❡r♠✉t❛çã♦ x → −x✶✱ ❡♠ r❛③ã♦

❞❛ s✐♠❡tr✐❛ Z2 ❞♦ ♣♦t❡♥❝✐❛❧✳ ❖ ❦✐♥❦ ✭❛♥t✐❦✐♥❦✮ é ✉♠ ❞❡❢❡✐t♦ ❞❡ ❝❛rát❡r t♦♣♦❧ó❣✐❝♦✱ ♣♦✐s ❡❧❡

✐♥t❡r♣♦❧❛ ❡♥tr❡ ❞♦✐s ❞✐❢❡r❡♥t❡ ❡st❛❞♦s ❞❡ ♠í♥✐♠❛ ❡♥❡r❣✐❛ ❞♦ s✐st❡♠❛✳ ❖ s✉♣❡r♣♦t❡♥❝✐❛❧ W (φ)

❞♦ ♠♦❞❡❧♦ é ❞❛❞♦ ♣♦r

W = ∓4 cos

(

1

2
φ

)

. ✭✸✳✻✮

❊♥tã♦✱ ✉t✐❧✐③❛♥❞♦ ✭✷✳✷✵✮✱ ✈❡♠♦s q✉❡ ❛ ❡♥❡r❣✐❛ ❞❛ s♦❧✉çã♦ ❡stát✐❝❛ ✭✸✳✺✮ é✿ E = EBPS = 8.

❈♦♥❢♦r♠❡ ❞❡♠♦♥str❛❞♦ ❡♠ ❬✸✸❪✱ s❡♠♣r❡ q✉❡ ❡①✐st✐r ✉♠❛ s♦❧✉çã♦ ❡stát✐❝❛✱ ❞♦ t✐♣♦ ✭✸✳✺✮✱ ♣♦❞❡✲

s❡ ♦❜t❡r ✉♠❛ s♦❧✉çã♦ ❞❡ ♦♥❞❛ ✈✐❛❥❛♥t❡ ❛ss♦❝✐❛❞❛ à s♦❧✉çã♦ ❡stát✐❝❛✳ ❊♠ sí♥t❡s❡✱ ❛ s♦❧✉çã♦ ❞❡

♦♥❞❛ ✈✐❛❥❛♥t❡ é ♦❜t✐❞❛ ♣❡❧❛ ❛♣❧✐❝❛çã♦ ❞❡ ✉♠ ❜♦♦st ❞❡ ▲♦r❡♥t③✳ ❚❛❧ ♣r❡❝❡❞✐♠❡♥t♦ r❡s✉❧t❛ ❡♠ ✉♠

❦✐♥❦ ✭♦✉ ❛♥t✐❦✐♥❦✮ ❝✉❥♦ ❝❡♥tr♦ ❞❡ ♠❛ss❛ ✈✐❛❥❛ ❛ ♣❛rt✐r ❞❡ ✉♠❛ ♣♦s✐çã♦ x0✱ ❝♦♠ ✉♠❛ ✈❡❧♦❝✐❞❛❞❡

0 < |v| < 1✳ ▼❛t❡♠❛t✐❝❛♠❡♥t❡✱ ♦ ❦✐♥❦ ✈✐❛❥❛♥t❡ é ❡①♣r❡ss♦ ♣♦r

φK [Z (x, x0, v, t)] = 4 arctan
(

eZ
)

, ✭✸✳✼✮

♦♥❞❡ Z (x, x0, v, t) = γ (x− x0 − vt)✱ γ = 1/
√
1−v2 é ♦ ❢❛t♦r ❞❡ ❝♦♥tr❛çã♦ ❞❡ ▲♦r❡♥t③ ❡ x0 é ❛

✶❆ s♦❧✉çã♦ φK̄ (x) = −φK (x) é ✉♠ ❛♥t✐❦✐♥❦ q✉❡ ✐♥t❡r♣♦❧❛ ❡♥tr❡ ♦s ♠í♥✐♠♦s ❞❡ ♣♦t❡♥❝✐❛❧ 0 ❡ −2π
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♣♦s✐çã♦ ❞♦ ❝❡♥tr♦ ❞❡ ♠❛ss❛ ❞♦ ❦✐♥❦✳ ❈♦♠♦ ✈✐st♦ ❛❞✐❛♥t❡✱ ❛ s♦❧✉çã♦ ✈✐❛❥❛♥t❡ ✭✸✳✼✮ é ✉t✐❧✐③❛❞❛

♥❛ ❝♦❧✐sã♦ ❞❡ ❦✐♥❦s ♣❛r❛ ♦ ♠♦❞❡❧♦ s✐♥❡✲●♦r❞♦♥✳

❆❣♦r❛✱ ♦ ♦❜❥❡t✐✈♦ é r❡❛❧✐③❛r ✉♠❛ ❛♥á❧✐s❡ ♣❡rt✉r❜❛t✐✈❛ ❞❛ s♦❧✉çã♦ ❡stát✐❝❛ ✭✸✳✺✮✳ ■st♦ é ❢❡✐t♦

❝♦♥s✐❞❡r❛♥❞♦ ♣❡q✉❡♥❛s ♣❡rt✉❜❛çõ❡s✱ ❡♠ t♦r♥♦ ❞❛ s♦❧✉çã♦ ❡stát✐❝❛✱ ♥❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

φpert. = φs (x) + eiωtη (x) . ✭✸✳✽✮

❈♦♥❢♦r♠❡ ♣♦❞❡✲s❡ ✈❡r✐✜❝❛r✱ ❛ ♣❛rt❡ r❡❛❧ ❞❡ ✭✸✳✽✮ é ❡q✉✐✈❛❧❡♥t❡ ❛♦ ❝❛♠♣♦ ♣❡rt✉r❜❛❞♦ ✭✷✳✷✶✮✳

❊♥tã♦✱ ❛♣ós s✉❜st✐t✉✐r φpert ♥❛ ❡q✉❛çã♦ ❞❡ ♠♦✈✐♠❡♥t♦ ❡ ❧✐♥❡❛r✐③❛r ❝♦♠ r❡s♣❡✐t♦ ❛ η (x)✱ ♦❜tê♠✲

s❡ ❛ ❡q✉❛çã♦✿

−d2η (x)

dx2
+ cos (4 arctan (ex)) η (x) = ω2η (x) . ✭✸✳✾✮

P❡r❝❡❜❡♠♦s q✉❡ ❡st❛ é ❛ ❡q✉❛çã♦ ✭✷✳✷✹✮ ♣❛r❛ ♦ ♠♦❞❡❧♦ s✐♥❡✲●♦r❞♦♥✳ ❈♦♠♣❛r❛♥❞♦ ♣❡r❝❡❜❡✲s❡

❛✐♥❞❛ q✉❡

Vsch (x) = cos (4 arctan (ex)) . ✭✸✳✶✵✮

❆ ❡q✉❛çã♦ ✭✸✳✾✮ s♦♠❡♥t❡ ♣♦ss✉✐ s♦❧✉çã♦ ❞❡ ❡st❛❞♦ ❧✐❣❛❞♦ ♣❛r❛ ω = ω0 = 0✳ ❈♦♠♦ ♠❡♥❝✐♦♥❛❞♦

♥❛ s❡çã♦ ✷✳✸✱ ❛ s♦❧✉çã♦ r❡❧❛❝✐♦♥❛❞❛ à ❡ss❛ ❛✉t♦ ❡♥❡r❣✐❛ é ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ✑♠♦❞♦ ③❡r♦✑ ♦✉ ✑♠♦❞♦

❞❡ tr❛♥s❧❛çã♦✑ ❞♦ ❦✐♥❦✳ ❊♥tã♦✱ ❛♣ós ❛ ❛♥á❧✐s❡ ♣❡rt✉❜❛t✐✈❛ ❞❛ s♦❧✉çã♦ ❡stát✐❝❛✱ ♣❛r❛ ♦ ♠♦❞❡❧♦

s✐♥❡✲●♦r❞♦♥✱ ❝♦♥❝❧✉✐✲s❡ ♦ ❦✐♥❦ ❞❡st❡ ♠♦❞❡❧♦ ♣♦ss✉✐ ❛♣❡♥❛s ✉♠ ♠♦❞♦ ❞❡ tr❛♥s❧❛çã♦ ❛ss♦❝✐❛❞♦

à ❛✉t♦✲❡♥❡r❣✐❛ ω0 = 0✳ P♦r r❡s♦❧✉çã♦ ❞✐r❡t❛ ❞❛ ❡q✉❛çã♦ ✭✸✳✾✮✱ ❡♥❝♦♥tr❛✲s❡ ♦ ✑♠♦❞♦ ③❡r♦✑ ❝♦♠♦

s❡♥❞♦

η0 (x) =
1

2
C1sech (x) , ✭✸✳✶✶✮

❛ ❝♦♥st❛♥t❡ ❞❡ ♥♦r♠❛❧✐③❛çã♦ é C1 =
√
2✳ P♦r ♦✉tr♦ ❧❛❞♦✱ t❛♠❜é♠ ♣♦❞❡✲s❡ ♦❜t❡r ❡st❡ r❡s✉❧✲

t❛❞♦ ❧❡♠❜r❛♥❞♦ q✉❡✱ ✉♠❛ ✈❡③ ❝♦♥❤❡❝✐❞❛ ❛ s♦❧✉çã♦ ❇P❙ ❞❡ ✉♠ ♠♦❞❡❧♦✱ ♥ã♦ é ♠❛✐s ♥❡❝❡ssár✐♦

r❡s♦❧✈❡r ❛ ❡q✉❛çã♦ ✭✸✳✾✮✱ ❞✐r❡t❛♠❡♥t❡✱ ♣❛r❛ ♦❜t❡r ❛ s♦❧✉çã♦ ♠♦❞♦ ③❡r♦ η0 (x)✱ ♣♦✐s ❜❛st❛ ❢❛③❡r

✉s♦ ❞❛ ❡①♣r❡ssã♦ ✭✷✳✸✹✮ ♣❛r❛ ❡♥❝♦♥tr❛r η0 (x) ❞❡ ❢♦r♠❛ ♠❛✐s ♣rát✐❝❛✳ ❱❡r✐✜q✉❡♠♦s ❡♥tã♦✱ ❛

♣r❛t✐❝✐❞❛❞❡ ❞❡ ✭✷✳✸✹✮ ♣❛r❛ ♦ ♠♦❞❡❧♦ s✐♥❡✲●♦r❞♦♥✳ ❯s❛♥❞♦ ❛ s♦❧✉çã♦ ❇P❙ φs = 4arctan (ex) ❡ ♦
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s✉♣❡r♣♦t❡♥❝✐❛❧ W = −4 cos
(

1
2
φ
)

♥❛ ❡①♣r❡ssã♦ ✭✷✳✸✹✮✱ ♦❜tê♠✲s❡ q✉❡✿

η0 (x) = 2A sin (2 arctan (ex)) . ✭✸✳✶✷✮

◆♦r♠❛❧✐③❛♥❞♦✱ tê♠✲s❡ A =
√

1
8
✳ ❆ss✐♠✱ ❛♣ós ❡♥❝♦♥tr❛❞❛s ❛s ❝♦♥st❛♥t❡s ❞❡ ♥♦r♠❛❧✐③❛çã♦ ✱ ❡stá

✈❡r✐✜❝❛❞♦ q✉❡ ♦s ❞♦✐s ♠ét♦❞♦s✱ ❞❡ ❢❛t♦✱ ♥♦s ❝♦♥❞✉③❡♠ ❛ ♠❡s♠❛ s♦❧✉çã♦✱ s❡♥❞♦✱ ♥♦ ❡♥t❛♥t♦✱ ❛

❡①♣r❡ssã♦ ✭✷✳✸✹✮ ♠❛✐s ♣rát✐❝❛ ♣❛r❛ ♦ ❝❛s♦ ❞❡ s♦❧✉çõ❡s ❇P❙✳ ❖ ♠♦❞♦ ③❡r♦ ♥♦r♠❛❧✐③❛❞♦ é ✿

η0 (x) =
1√
2
sech (x) . ✭✸✳✶✸✮

❆ ✜❣✉r❛ ✸✳✷ ✐❧✉str❛ ♦ ♣♦t❡♥❝✐❛❧ ❞❡ ♣❡rt✉❜❛çõ❡s✱ VSch (x) ✱ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛ ❛✉t♦❢✉♥çã♦ ❛ss♦❝✐❛❞❛

❛♦ ♠♦❞♦ ❞❡ tr❛♥s❧❛çã♦✳ ❖❜s❡r✈❡ q✉❡✱ ❝♦♠♦ ❥á ❞❡s❝r❡✈❡♠♦s✱ ❛ ❛✉t♦❢✉♥çã♦ é ❜❡♠ ❧♦❝❛❧✐③❛❞❛✱ s❡

❛♥✉❧❛♥❞♦ ❡♠ q✉❛✐sq✉❡r ❞♦s ✐♥✜♥✐t♦s x = ±∞✳ ❖ ❡st✉❞♦ r❡❢❡r❡♥t❡ ❛♦s ❡st❛❞♦s ❧✐❣❛❞♦s ♣❛r❛ ♦

♣♦t❡♥❝✐❛❧ ❞❡ ♣❡rt✉❜❛çã♦ t❡♠ ♣❛♣❡❧ ❞❡ ❞❡st❛q✉❡ ♥❛ ❡①♣❧✐❝❛çã♦ ❞♦ ❝♦♠♣♦rt❛♠❡♥t♦ ♦❜s❡r✈❛❞♦ ❡♠

❝♦❧✐sõ❡s ❞❡ ❞❡❢❡✐t♦s✳ ❆ ♥ã♦✲❡①✐stê♥❝✐❛ ❞❡ ♦✉tr❛ s♦❧✉çã♦ ❞❡ ❡st❛❞♦ ❧✐❣❛❞♦✱ ❛❧é♠ ❞♦ ♠♦❞♦ ③❡r♦✱

♣❛r❛ ❛ ❡q✉❛çã♦ ✭✸✳✾✮✱ ✐♠♣❧✐❝❛ q✉❡ ♥ã♦ ❞❡✈❡ ❡①✐st✐r ✐♥t❡r❛çõ❡s ✭❢❡♥ô♠❡♥♦s ❞❡ r❡ss♦♥â♥❝✐❛✮ ❡♥tr❡

✉♠ ❦✐♥❦ ❡ ✉♠ ❛♥t✐❦✐♥❦✱ q✉❡ ✈❡♥❤❛♠ ❛ ❝♦❧✐❞✐r ✉♠ ❝♦♠ ♦ ♦✉tr♦✳ ◆♦ ❈❛♣✐t✉❧♦ ✭✹✮✱ sã♦ ❛♣r❡s❡♥t❛❞♦s

❡①❡♠♣❧♦s ❞❡ ✐♥t❡r❛çõ❡s ❡♥tr❡ ❦✐♥❦✲❛♥t✐❦✐♥❦✱ q✉❛♥❞♦ ♦ ♠♦❞❡❧♦ ♣♦ss✉✐ ❛❧é♠ ❞♦ ♠♦❞♦ ③❡r♦✱ ✉♠

♦✉tr♦ ♠♦❞♦✱ ❝❤❛♠❛❞♦ ❞❡ ♠♦❞♦ ✈✐❜r❛❝✐♦♥❛❧ ♦✉ ❛✐♥❞❛ ✑ ✐♥t❡r♥❛❧ s❤❛♣❡ ♠♦❞❡ ✑✳

❋✐❣✉r❛ ✸✳✷✿ P♦t❡♥❝✐❛❧ VSch(x) ❡ ❛ ❛✉t♦❢✉♥çã♦ ❞♦ ♠♦❞♦ ③❡r♦ η0 (x)

❆❣♦r❛✱ ❞✐❛♥t❡ ❞♦ r❡s✉❧t❛❞♦s ❛♥❛❧ít✐❝♦s ♦❜t✐❞♦✱ ❛ ❝♦❧✐sã♦ ❞❡ ❦✐♥❦s ♥♦ ♠♦❞❡❧♦ s✐♥❡✲●♦r❞♦♥ ♣♦❞❡

s❡r r❡❛❧✐③❛❞❛✳ P❛r❛ r❡❛❧✐③❛r ❡st❛ ❝♦❧✐sã♦ ❝❛❧❝✉❧❛♠♦s ♥✉♠❡r✐❝❛♠❡♥t❡ ❛ ❡✈♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ❞❡
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♠♦✈✐♠❡♥t♦ ✭✸✳✸✮✳ ❈♦♠♦ ❡st❛ é ✉♠❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ♣❛r❝✐❛❧ ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠✱ ♣r❡❝✐s❛r❡♠♦s

❛♦ ♠❡♥♦s ❞❡ ❞✉❛s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s ♣❛r❛ q✉❡ ❛ s♦❧✉çã♦ s❡ t♦r♥❡ ♣♦ssí✈❡❧✳ ❊ss❛s ❝♦♥❞✐çõ❡s sã♦

♦❜t✐❞❛s ❛ ♣❛rt✐r ❞❛ ❝♦♥✜❣✉r❛çã♦ ✐♥✐❝✐❛❧✱ ❝♦♥❢♦r♠❡ ❞❡s❝r❡✈❡♠♦s ❛ s❡❣✉✐r✳

❈♦♠♦ ❝♦♥✜❣✉r❛çã♦ ✐♥✐❝✐❛❧✱ ❝♦♥s✐❞❡r❛✲s❡ ✉♠ ❦✐♥❦ ✭✸✳✼✮ q✉❡ ✐♥t❡r♣♦❧❛ ❡♥tr❡ ♦s ♠í♥✐♠♦s 0 ❡

2π ❧♦❝❛❧✐③❛❞♦ ❡♠ ✉♠❛ ♣♦s✐çã♦ −x0✱ ❝♦♠ x0 > 0✱ s❡ ❞❡s❧♦❝❛♥❞♦ ❝♦♠ ✈❡❧♦❝✐❞❛❞❡ vi > 0✱ ❡ ✉♠

❛♥t✐❦✐♥❦ ❝♦rr❡s♣♦♥❞❡♥t❡ ♥❛ ♣♦s✐çã♦ x0 s❡ ❞❡s❧♦❝❛♥❞♦ ❝♦♠ ✈❡❧♦❝✐❞❛❞❡ −vi✳ ❊st❛s ❝♦♥❞✐çõ❡s sã♦

♠❛t❡♠❛t✐❝❛♠❡♥t❡ ❡①♣r❡ss❛s ♣♦r✿

φ (x, t = 0) = φK [Z (x,−x0, vi, 0)] + φK [−Z (x, x0,−vi, 0)]− 2π, ✭✸✳✶✹✮

♦✉ s❡❥❛✱

φ (x, t) = 4 arctan {exp [γ (x+ x0)]}+ 4 arctan {exp [γ (−x+ x0)]} − 2π.

❊st❛ ❝♦♥❞✐çã♦ r❡♣r❡s❡♥t❛ ♦ ♣❡r✜❧ ✐♥✐❝✐❛❧ ❡s♣❛❝✐❛❧✱ q✉❡ ♣♦❞❡ s❡r ♦❜s❡r✈❛❞♦ ♥❛ ✜❣✉r❛ ✭✸✳✸✮ ❡♠ ❞♦✐s

♣♦ssí✈❡✐s ♠♦♠❡♥t♦s t1 ❡ t2✱ ❝♦♠ t1 > t2✱ ♣❛r❛ q✉❡ ♣♦ss❛♠♦s ♣❡r❝❡❜❡r ❞❡ q✉❡ ❢♦r♠❛ ❛♠❜♦s ❦✐♥❦

❡ ❛♥t✐❦✐♥❦ s❡ ❛♣r♦①✐♠❛♠ ✉♠ ❞♦ ♦✉tr♦✳ ❆ ♦✉tr❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ é ❞❛❞❛ ♣❡❧❛ ❞❡r✐✈❛❞❛ t❡♠♣♦r❛❧

❞❡ ✭✸✳✶✹✮ ♥♦ ✐♥st❛♥t❡ t = 0✱ ✐st♦ é✿

φ̇ (x, 0) = φ̇K [Z (x,−x0, vi, 0)] + φ̇K [−Z (x, x0,−vi, 0)] ✭✸✳✶✺✮

x

-40 -30 -20 -10 0 10 20 30 40

φ
(x
)

0

t1

t2

π

2π

❋✐❣✉r❛ ✸✳✸✿ P❡r✜❧ ✐♥✐❝✐❛❧ ❡stát✐❝♦ ❦✐♥❦✲❛♥t✐❦✐♥❦ ♣❛r❛ ♦ ♠♦❞❡❧♦ s✐♥❡✲●♦r❞♦♥✳
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❯t✐❧✐③❛♠♦s ✉♠ ♠ét♦❞♦ ❞❡ ❞✐❢❡r❡♥ç❛s ✜♥✐t❛s ❝♦♠ ❛♣r♦①✐♠❛çã♦ ❞❡ ✹➟ ♦r❞❡♠ ✭✈❡❥❛ ♦ ❛♣ê♥❞✐❝❡

❆✳✶✮✱ ❛ ♣r♦♣❛❣❛çã♦ ♥♦ ❞♦♠í♥✐♦ ❞♦ t❡♠♣♦ é r❡❛❧✐③❛❞❛ ❛tr❛✈és ❞♦ ♠ét♦❞♦ ❞❡ ❘✉♥❣❡✲❑✉tt❛ ❞❡ ✹➟

♦r❞❡♠✳

❆ ✜❣✉r❛ ✸✳✹ ✐❧✉str❛ φ (x, t) q✉❛♥❞♦ vi = 0.2✳ ❱❡♠♦s q✉❡ ♥♦ ♠♦❞❡❧♦ s✐♥❡✲●♦r❞♦♥ ♦s ❦✐♥❦s s❡

❛♣r♦①✐♠❛♠ ❛té ✉♠ ♣♦♥t♦ ❞❡ ❡♥❝♦♥tr♦✱ ♦♥❞❡ ♦❝♦rr❡ ✉♠❛ ❝♦❧✐sã♦ ❡❧ást✐❝❛✱ ♥♦ ❡♥t❛♥t♦✱ ♦ ❦✐♥❦ ❡ ♦

❛♥t✐❦✐♥❦ q✉❡ r❡t♦r♥❛♠ ❛♣ós ❛ ❝♦❧✐sã♦ ♠✉❞❛♠ ♣❛r❛ ✉♠ ♦✉tr♦ ❡st❛❞♦ ❞❡ ✈á❝✉♦ ❞♦ ♣♦t❡♥❝✐❛❧✱ ♦✉

s❡❥❛✱ ✐♥✐❝✐❛❧♠❡♥t❡ t❛♥t♦ ❦✐♥❦ ❝♦♠♦ ❛♥t✐❦✐♥❦ ✐♥t❡r♣♦❧❛♠ ❡♥tr❡ ♦s ✈á❝✉♦s ❞♦ ♣♦t❡♥❝✐❛❧ φv = 0 ❡

φv = 2π✱ ❛♣ós ❛ ❝♦❧✐sã♦✱ ❛♠❜♦s ♣❛ss❛♠ ❛ ✐♥t❡r♣♦❧❛r ❡♥tr❡ ♦s ✈á❝✉♦s φv = 0 ❡ φv = −2π✳ ❚❛❧

♠✉❞❛♥ç❛ é ♠❛✐s ❝❧❛r❛♠❡♥t❡ ✐❧✉str❛❞❛ ♥❛ ✜❣✉r❛ ✸✳✹❜✱ q✉❡ ♠♦str❛ ❛ ❡✈♦❧✉çã♦ ❞♦ ♣❡r✜❧ ✐♥✐❝✐❛❧ ❡♠

x = 0✱ ❡ t❛♠❜é♠ ♣❡❧❛ ✜❣✉r❛ ✸✳✹❝✱ q✉❡ é ✉♠❛ ✏❢❛t✐❛✑ ❞❡ ✸✳✹❛ ♣❛r❛ ♦ t❡♠♣♦ t = 180✳

✭❛✮

t
0 20 40 60 80 100 120 140 160 180 200

φ
(0
,
t)
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✭❜✮

x
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φ
(x
,
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0)
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-1

0

1

✭❝✮

❋✐❣✉r❛ ✸✳✹✿ ❈♦❧✐sã♦ ❦✐♥❦ ❝♦♠ ❛♥t✐❦✐♥❦ ♥♦ ♠♦❞❡❧♦ s✐♥❡✲●♦r❞♦♥✳ vini = 0.2✳ ❛✮ ▼❛❧❤❛ ✸❉ ❞❛ ❡✈♦❧✉çã♦ ❡s♣❛ç♦✲

t❡♠♣♦r❛❧ ❞♦ ♣❡r✜❧✿ ✈❡r❞❡ r❡♣r❡s❡♥t❛ ♦ ✈á❝✉♦ φv = 0✱ ❛♠❛r❡❧♦ φv = 2π ❡ ❛③✉❧ φv = −2π✳ ❜✮ r❡❝♦rt❡ ❞❡ ❛✮ ❡♠

x = 0✳ ❝✮ r❡❝♦rt❡ ❞❡ ❛✮ ❡♠ t = 180✱ ♠♦str❛♥❞♦ q✉❡ ❛♣ós ❛ ❝♦❧✐sã♦ ♦ ♣❡r✜❧ ✐♥t❡r♣♦❧❛ ❡♥tr❡ 0 ❡ −2π✳
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❖ ❢❛t♦ ❞❡ ❛ ❝♦❧✐sã♦ ♥♦ ▼♦❞❡❧♦ s✐♥❡✲●♦r❞♦♥ s❡r ❡❧ást✐❝❛ ❡stá ❞✐r❡t❛♠❡♥t❡ r❡❧❛❝✐♦♥❛❞♦ à ❛✉✲

sê♥❝✐❛ ❞❡ ✉♠ ♠♦❞♦ ✈✐❜r❛❝✐♦♥❛❧ ✭s❤❛♣❡ ♠♦❞❡✮ ♥❛ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ❞❡ ♣❡rt✉❜❛çõ❡s ✭✸✳✾✮✳ ❊♠

✉♠❛ ❝♦❧✐sã♦✱ s♦❧✐t♦♥s ♣♦❞❡♠ ♣❡r❞❡r ❡♥❡r❣✐❛ ❡♠ ❢♦r♠❛ ❞❡ r❛❞✐❛çã♦✷✱ ❡st❡ ♥ã♦ é ♦ ❝❛s♦ ❞♦ ♠♦❞❡❧♦

❙●✱ ♣♦✐s ♦❜s❡r✈❛♠♦s ♣❡❧❛s ✜❣✉r❛s ✸✳✹❜ ❡ ✸✳✹❝ ❛ ❛✉sê♥❝✐❛ ❞❡ q✉❛❧q✉❡r r❛❞✐❛çã♦✳

✷◆ã♦ s❡ tr❛t❛ ❞❡ r❛❞✐❛çã♦ ❡❧❡tr♦♠❛❣♥ét✐❝❛✳ ❙ã♦ ♦♥❞❛s ♣❧❛♥❛s ❞❡ ♣❡q✉❡♥❛s ❛♠♣❧✐t✉❞❡s ❛tr❛✈és ❞❛s q✉❛✐s ♦
❝❡♥tr♦ ❞❡ ♠❛ss❛ ❞♦ s✐st❡♠❛ ♣❡r❞❡ ❡♥❡r❣✐❛✳



❈❛♣ít✉❧♦ ✹

▼♦❞❡❧♦s ◆ã♦✲■♥t❡❣rá✈❡✐s

✹✳✶ ▼♦❞❡❧♦ λφ4

❆ ♣❛rt✐r ❞❛ ♠❡t❛❞❡ ❞♦s ❛♥♦s ✼✵ ❞♦ sé❝✉❧♦ ❳❳✱ ❡♠ ✈✐rt✉❞❡ ❞♦ ❛♣r✐♠♦r❛♠❡♥t♦ ❞♦s s✐st❡♠❛s

❝♦♠♣✉t❛❝✐♦♥❛✐s ❛❧❣é❜r✐❝♦s ❡ t❛♠❜é♠ ❞❡✈✐❞♦ ❛♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞♦ ♠ét♦❞♦ ❞❡ ❡s♣❛❧❤❛♠❡♥t♦

✐♥✈❡rs♦✶✱ ❝♦♠❡ç♦✉✲s❡ ❛ ❡st✉❞❛r ❝♦♠ ♠❛✐s ❛t❡♥çã♦ ❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦s ❝❤❛♠❛❞♦s ♠♦❞❡❧♦s ♥ã♦✲

✐♥t❡❣rá✈❡✐s✱ ✉♠❛ ✈❡③ q✉❡ ❡st❡s ♥ã♦ ❛♣r❡s❡♥t❛♠ s♦❧✉çã♦ ❛♥❛❧ít✐❝❛ ❡①❛t❛✱ ♥❡❝❡ss✐t❛♥❞♦ ❞❡ ♠ét♦❞♦s

♥✉♠ér✐❝♦s ♣❛r❛ ♦ ❡st✉❞♦ ❞❡ s✉❛s ❞✐♥â♠✐❝❛s✳ ❉❡♥tr❡ ❡ss❡s ♠♦❞❡❧♦s✱ s❡♠ ❞ú✈✐❞❛✱ ♦ q✉❡ ♠❛✐s t❡♠

s❡ ❞❡st❛❝❛❞♦ é ❛ t❡♦r✐❛ ❞♦ ♣♦t❡♥❝✐❛❧ λφ4✳ ■st♦ s❡ ❞❡✈❡ à r✐❝❛ ❞✐♥â♠✐❝❛ ♣r❡s❡♥t❡ ♥❡st❡ ♠♦❞❡❧♦✳

◆❡st❛ s❡çã♦✱ é ❢❡✐t❛ ✉♠❛ ❞❡s❝r✐çã♦ ❞❡ss❡ ♠♦❞❡❧♦ ✉t✐❧✐③❛♥❞♦ ♦s ❝♦♥❝❡✐t♦s ❞❡ ❝❛♠♣♦s ❝❧áss✐❝♦s✱

❡st✉❞❛❞♦s ♥♦ ❝❛♣ít✉❧♦ ✷ ❞❡st❛ ❞✐ss❡rt❛çã♦✳ ▲♦❣♦ ❡♠ s❡❣✉✐❞❛✱ ❡st✉❞❛✲s❡ ❝♦❧✐sõ❡s ❦✐♥❦✲❛♥t✐❦✐♥❦

♣❛r❛ ♦✉tr♦s ❞♦✐s ♠♦❞❡❧♦s ❡ ❛♣r❡s❡♥t❛✲s❡✱ ❝♦♠♦ r❡✈✐sã♦✱ ❛❧❣✉♥s ❡❢❡✐t♦s ✐♥t❡r❡ss❛♥t❡s ♦❜s❡r✈❛❞♦s

♥❛ ❧✐t❡r❛t✉r❛ ❝✐❡♥tí✜❝❛✱ ❛❝❡r❝❛ ❞❡ t❛✐s ♠♦❞❡❧♦s✳

❆ ❞❡s❝r✐çã♦ ❡♠ ✭1 + 1✮ ❞✐♠❡♥sõ❡s ❞❛ t❡♦r✐❛ φ4 é ❢❡✐t❛ ♣❡❧❛ s❡❣✉✐♥t❡ ❧❛❣r❛♥❣❡❛♥❛✳

L =
1

2

(

dφ

dt

)2

− 1

2

(

dφ

dx

)2

− V (φ) ,

s❡♥❞♦ ♦ ♣♦t❡♥❝✐❛❧ ❬✾❪

V (φ) =
λ

4

(

m2

λ
− φ2

)2

. ✭✹✳✶✮

❆ss✐♠ ♦ ❍❛♠✐❧t♦♥✐❛♥♦ ❞♦ s✐st❡♠❛ é✿
✶▼❡t❤♦❞ ♦❢ ■♥✈❡rs❡ ❙❝❛tt❡r✐♥❣ Pr♦❜❧❡♠ ✲ ▼■❙P

✷✸
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H [φ] =
1

2

ˆ

(

(

∂φ

∂t

)2

+

(

∂φ

∂x

)2

+
λ

4

(

m2

λ
− φ2

)2
)

dx.

❊ ❛ ❡q✉❛çã♦ ❞❡ ❊✉❧❡r✲▲❛❣r❛♥❣❡ é

(

∂2φ

∂t2

)

−
(

∂2φ

∂x2

)

−m2φ+ λφ3 = 0. ✭✹✳✷✮

❆ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ✭✹✳✷✮ é ❞❡s❡♥✈♦❧✈✐❞❛ ❡♠ t❡r♠♦s ❞❛s ❝♦♥st❛♥t❡ m ❡ λ✱ ♥♦ ❡♥t❛♥t♦✱ é

✐♠♣♦rt❛♥t❡ ❡♥❢❛t✐③❛r q✉❡ t❛✐s ❝♦♥st❛♥t❡s ❞❡✈❡♠ s❡r ❡s❝♦❧❤✐❞❛s ❞❡ ❢♦r♠❛ q✉❡ ♦ ♣♦t❡♥❝✐❛❧ ❛♣r❡s❡♥t❡

q✉❡❜r❛ ❡s♣♦♥tâ♥❡❛ ❞❡ s✐♠❡tr✐❛ ❡ q✉❡ ❛ ❡♥❡r❣✐❛ s❡❥❛ ❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡ ❬✷❪✳ ❙❡ ❡st❛❜❡❧❡❝❡♠♦s

❛ r❡❧❛çã♦ m =
√
λ, ❡♥tã♦ ❜❛st❛ ❡s❝♦❧❤❡r λ > 0 ♣❛r❛ q✉❡ ❛ t❡♦r✐❛ ❛♣r❡s❡♥t❡ q✉❡❜r❛ ❡s♣♦♥tâ♥❡❛

❞❡ s✐♠❡tr✐❛✱ s❡♥❞♦ ❛ ❡♥❡r❣✐❛ ❞♦ s✐st❡♠❛ ❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡✳ ❆ ✜❣✉r❛ ✹✳✶ ♠♦str❛ ♦ ❣rá✜❝♦

❞♦ ♣♦t❡♥❝✐❛❧ ✭✹✳✶✮ ♣❛r❛ λ = 2✳

φ (x)
-1.5 -1 -0.5 0 0.5 1 1.5

V
(φ
)

0

0.5

1

❋✐❣✉r❛ ✹✳✶✿ P♦t❡♥❝✐❛❧ λφ4 ♣❛r❛ λ = 2 ❡ m =
√
2

❈♦♠♦ ❛❜♦r❞❛❞♦ ♥♦ ❝❛♣ít✉❧♦ ✷✱ é út✐❧ ❛♣r❡s❡♥t❛r ❛ ❢✉♥çã♦ s✉♣❡r♣♦t❡♥❝✐❛❧✱ q✉❡ ❡stá ✈✐♥❝✉❧❛❞❛

❛♦ ♣♦t❡♥❝✐❛❧ ♣♦r Wφ = ±
√

2V (φ)✱ ✉♠❛ ✈❡③ q✉❡ ❡st❛ ❝♦♥❞✉③ à s♦❧✉çõ❡s ❡stát✐❝❛s ❞❡ ❡♥❡r❣✐❛

♠í♥✐♠❛ ❛tr❛✈és ❞❛ ❡①♣r❡ssã♦ ✭✷✳✷✵✮✳ P❛r❛ ♦ ♣♦t❡♥❝✐❛❧ ✭✹✳✶✮✱ t❡♠♦s q✉❡ W (φ) é ❡①♣r❡ss♦ ♣♦r

W (φ) =
m2

√
2λ

φ−
√

λ

18
φ3. ✭✹✳✸✮
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❆s s♦❧✉çõ❡s ❡stát✐❝❛s✱ sã♦ ❡♥tã♦ ♦❜t✐❞❛s ♣♦r ✭✷✳✶✽✮✱ r❡s✉❧t❛♥❞♦ ♥❛s s❡❣✉✐♥t❡s ❡q✉❛çõ❡s ❞❡ ♣r✐✲

♠❡✐r❛ ♦r❞❡♠

dφ

dx
= ±

[

m2

√
2λ

−
√

λ

2
φ2

]

. ✭✹✳✹✮

❆ s♦❧✉çã♦ ♣❛r❛ ♦ s✐♥❛❧ ✏+✑ é ❞❛❞❛ ♣♦r

φK (x) =
m√
λ
tanh

(

mx√
2

)

. ✭✹✳✺✮

❆ s♦❧✉çã♦ φK (x) é ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ❦✐♥❦ ❞♦ ♣♦t❡♥❝✐❛❧ λφ4✱ ❛ s♦❧✉çã♦ ♣❛r❛ ♦ s✐♥❛❧ ✏−✑ ❞❛

❡q✉❛çã♦ ✭✹✳✹✮ é ♦❜t✐❞❛ ♣❡❧❛ ♣❡r♠✉t❛çã♦ x → −x✱ ❡ é ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ❛♥t✐❦✐♥❦✱ s❡♥❞♦ ❞❡♥♦t❛❞❛

♣♦r φK̄ (x)✳ ◆♦✈❛♠❡♥t❡✱ ❛ s♦❧✉çã♦ ✈✐❛❥❛♥t❡ é ♦❜t✐❞❛ ♣❡❧❛ ❛♣❧✐❝❛çã♦ ❞❡ ✉♠ ❜♦♦st ❞❡ ▲♦r❡♥t③✱ ♦✉

s❡❥❛

φK (x, vi, t) =
m√
λ
tanh

(

γ
m√
2
(x− vit)

)

. ✭✹✳✻✮

❖ ♣♦t❡♥❝✐❛❧ ✭ ✜❣✳ ✹✳✶✮ ❛♣r❡s❡♥t❛ ❞♦✐s ♠í♥✐♠♦s ❞❡❣❡♥❡r❛❞♦s φ± = ± m√
λ
✱ q✉❡ sã♦ ♦s ✈á❝✉♦s ❞❛

t❡♦r✐❛✳ ❈♦♥s✐❞❡r❛♥❞♦ ♣❡q✉❡♥❛s ♣❡rt✉❜❛çõ❡s ❡♠ t♦r♥♦ ❞♦ ✈á❝✉♦ φ = φ± + χ (x, t)✱ ♥❛ ❡q✉❛çã♦

❞❡ ♠♦✈✐♠❡♥t♦ ✭✹✳✷✮ ❡ ❝♦♥s✐❞❡r❛♥❞♦ ❛♣❡♥❛s t❡r♠♦s ❧✐♥❡❛r❡s ❡♠ χ✱ tê♠✲s❡ ❛ s❡❣✉✐♥t❡ ❡q✉❛çã♦

χtt − χxx + 2m2χ = 0. ✭✹✳✼✮

❆s s♦❧✉çõ❡s ♥♦ ❡s♣❡❝tr♦ ❝♦♥tí♥✉♦ ❞❛ ❡q✉❛çã♦ ✭✹✳✼✮ sã♦ ♦♥❞❛s ♣❧❛♥❛s✱ ❝✉❥❛ r❡❧❛çã♦ ❞❡ ❞✐s♣❡rsã♦

é ❞❛❞❛ ♣♦r ω2 = k2 + 2m2✳ ■ss♦ s✐❣♥✐✜❝❛ q✉❡ ♣❡rt✉❜❛çõ❡s ❡♠ t♦r♥♦ ❞♦ ✈á❝✉♦ ❞❛ t❡♦r✐❛ ❝♦rr❡s✲

♣♦♥❞❡♠ ❛ ♣❛rtí❝✉❧❛s ❞❡ ♠❛ss❛ µ = m
√
2 ❬✻❪✳ ❆❣♦r❛ ♦❜s❡r✈❛✲s❡ ♦ q✉❡ ❛❝♦♥t❡❝❡ q✉❛♥❞♦ ♣❡q✉❡♥❛s

♣❡rt✉❜❛çõ❡s sã♦ ❛❞✐❝✐♦♥❛❞❛s à s♦❧✉çã♦ ❞♦ ❦✐♥❦✳ ❚❛❧ s✐t✉❛çã♦ é ❞❡s❝r✐t❛ ♣❡❧❛ ❡①♣r❡ssã♦

φ (x, t) = φK (x) + ξ (x, t) , ✭✹✳✽✮

❝♦♠ x0 = 0 ❡♠ φK ❡ |ξ| ≪ |φK |✳ ❙✉❜st✐t✉✐♥❞♦ ❛ s♦❧✉çã♦ ❧✐❣❡✐r❛♠❡♥t❡ ♣❡rt✉r❜❛❞❛✱ ✭✹✳✽✮✱ ♥❛

❡q✉❛çã♦ ❞❡ ♠♦✈✐♠❡♥t♦ ✭✹✳✷✮ ❡ ❧✐♥❡❛r✐③❛♥❞♦ ❝♦♠ r❡s♣❡✐t♦ ❛ η✱ ♦❜tê♠✲s❡✿

∂2ξ

∂t2
− ∂2ξ

∂x2 −m2ξ + 3m2 tanh2

(

m√
2
x

)

ξ = 0, ✭✹✳✾✮
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❡ s✉❜st✐t✉✐♥❞♦ ξ (x, t) = e−iωtη (x)✱ ♦❜tê♠✲s❡

−∂2η

∂x2
− 3m2sech2

(

m√
2
x

)

η =
(

ω2 − 2m2
)

η ✭✹✳✶✵✮

◆♦✈❛♠❡♥t❡✱ ❡st❛ é ✉♠❛ ❡q✉❛çã♦ ❡st❛❝✐♦♥ár✐❛ ❞❡ ❙❝❤rö❞✐♥❣❡r✱ ♣♦✐s ♣♦❞❡ s❡r ❡s❝r✐t❛ ♥❛ ❢♦r♠❛

−∂2η

∂x2
+ Vsch (x) η = ω2η.

◆❡ss❡ ❝❛s♦ ♦ ♣♦t❡♥❝✐❛❧ ❞❡ ❙❝❤rö❞✐♥❣❡r é ♥♦✈❛♠❡♥t❡ ♦❜t✐❞♦ ♣❡❧❛ ❞❡r✐✈❛❞❛ s❡❣✉♥❞❛ ❞♦ ♣♦t❡♥❝✐❛❧

❝♦♠ φ = φK ✱ ✐st♦ é✱

Vsch (x) =
d2V

dφ2

∣

∣

∣

∣

φ=φK

= 2m2 − 3m2sech2

(

mx√
2

)

. ✭✹✳✶✶✮

❆ ❜✉s❝❛ ♣♦r s♦❧✉çõ❡s ❞❡ ❡st❛❞♦s ❧✐❣❛❞♦s ♣❛r❛ ❡ss❡ ♣♦t❡♥❝✐❛❧✱ ♥♦s ❧❡✈❛ ❛ ✉♠❛ s✐t✉❛çã♦ ❞✐❢❡r❡♥t❡

❞❛ ♦❜s❡r✈❛❞❛ ♣❛r❛ ♦ ♠♦❞❡❧♦ s● ♥❛ s❡çã♦ ✸✳✶✳ ◆❡ss❡ ❝❛s♦ ❡①✐st❡♠ ❞✉❛s s♦❧✉çõ❡s ♥♦ ❡s♣❡❝tr♦

❞✐s❝r❡t♦ ✭s♦❧✉çõ❡s ❞❡ ❡st❛❞♦s ❧✐❣❛❞♦s✮ ❞❡ Vsch✳ ❆s ❛✉t♦ ❡♥❡r❣✐❛s ❝♦♠ ❛s r❡s♣❡❝t✐✈❛s ❛✉t♦ ❢✉♥çã♦

sã♦✿

❼ P❛r❛ ω0 = 0

η0 (x) =

(

3m

4
√
2

)1/2

sech2

(

mx√
2

)

. ✭✹✳✶✷✮

❼ P❛r❛ ω2
1 = (3

2
m2)

η1 (x) =

(

3m

2
√
2

)1/2

tanh

(

mx√
2

)

sech

(

mx√
2

)

. ✭✹✳✶✸✮

❆ss✐♠✱ ❛ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ✭✹✳✾✮ ♣❛r❛ ω1 ✜❝❛

ξ (x, t) = e−iω1tη1 (x) .

❆ s♦❧✉çã♦ ✭✹✳✶✷✮ é ♦ ♠♦❞♦ ❞❡ tr❛♥s❧❛çã♦✱ ❥á ❛ s♦❧✉çã♦ ✭✹✳✶✸✮ é ♦ ♠♦❞♦ ♦s❝✐❧❛tór✐♦ ❞♦ ❦✐♥❦✱ q✉❡

é ❝♦♥❤❡❝✐❞♦ ♥❛ ❧✐t❡r❛t✉r❛ ❝♦♠♦ ✏✐♥t❡r♥❛❧ s❤❛♣❡ ♠♦❞❡✑ ❬✹✱ ✸✹❪✳ ❖ ❝♦♥❤❡❝✐♠❡♥t♦ ❛❝❡r❝❛ ❞❡ss❛s

s♦❧✉çõ❡s é ❢✉♥❞❛♠❡♥t❛❧ ♣❛r❛ ♦ ❡♥t❡♥❞✐♠❡♥t♦ ❞♦s r✐❝♦s ❡ ❞✐✈❡rs♦s ❝♦♠♣♦rt❛♠❡♥t♦s ♣r❡s❡♥t❡s ❡♠

❝♦❧✐sã♦ ❞❡ ❦✐♥❦s ♥❛ t❡♦r✐❛ φ4✳ P❛r❛ ω2
k ≥ 2m2✱ ❛ ❡q✉❛çã♦ ✭✹✳✶✵✮ ❛❞♠✐t❡ s♦❧✉çõ❡s ❞♦ ❡s♣❡❝tr♦

❝♦♥tí♥✉♦✳ ❆s s♦❧✉çõ❡s ❞♦ ❡s♣❡❝tr♦ ❝♦♥t✐♥✉♦ ❢♦r❛♠ ♦❜t✐❞❛s ♥❛ r❡❢❡rê♥❝✐❛ ❬✾❪✳

P❛ss❛♠♦s ❛❣♦r❛ ❛♦ ❡st✉❞♦ ❞❡ ❝♦❧✐sã♦ ❡♥tr❡ ❦✐♥❦s ♥♦ ♠♦❞❡❧♦ φ4✳ ❆ ❝♦❧✐sã♦ ❦✐♥❦✲❛♥t✐❦✐♥❦

♥❡ss❡ ♠♦❞❡❧♦ ❛♣r❡s❡♥t♦✉ ♣❛❞rõ❡s ✐♥tr✐❣❛♥t❡s✱ ♣r✐♠❡✐r❛♠❡♥t❡ ♦❜s❡r✈❛❞♦s ❡♠ ❡st✉❞♦ ♥✉♠ér✐❝♦✱



❈❆P❮❚❯▲❖ ✹✳ ▼❖❉❊▲❖❙ ◆➹❖✲■◆❚❊●❘➪❱❊■❙ ✷✼

r❡❛❧✐③❛❞♦ ♣♦r ❆❜❧♦✇✐t③✱ ❑r✉s❦❛❧ ❡ ▲❛❞✐❦ ❬✶✶❪✳ ❖ ♣r✐♠❡✐r♦ ♣❛ss♦ ♣❛r❛ ❡st✉❞♦ ❞❡ ❝♦❧✐sõ❡s ❞❡ ❦✐♥❦s

t♦♣♦❧ó❣✐❝♦s é ❛ ❞❡✜♥✐çã♦ ❞♦ ♣❡r✜❧ ✐♥✐❝✐❛❧✱ ❝♦♥❢♦r♠❡ ❥á ✈✐st♦ ♥♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✳ ❊♠ ♥♦ss♦s

❡st✉❞♦s✱ ♣❡r❝❡❜❡♠♦s q✉❡ ♦ ♣❡r✜❧ ✐♥✐❝✐❛❧ ♣r❡❝✐s❛ s❛t✐s❢❛③❡r ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s✿

✶✳ ❙❡r ❢♦r♠❛❞♦ ♣❡❧❛ s♦♠❛ ❞❛s s♦❧✉çõ❡s ❡stát✐❝❛s ❞❡ ♠í♥✐♠❛ ❡♥❡r❣✐❛✱ ♦✉ s❡❥❛✱ s♦❧✉çã♦ ❞❛

❡q✉❛çã♦ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠✳

✷✳ ❖ ♣❡r✜❧ ✐♥✐❝✐❛❧ ♣r❡❝✐s❛ ✐r ❡♠ x = ±∞ ♣❛r❛ ✉♠ ♠❡s♠♦ ✈❛❧♦r ❞❡ ♠í♥✐♠♦ ❞♦ ♣♦t❡♥❝✐❛❧✳ ❆

r❡❣✐ã♦ ♠é❞✐❛ ❞♦ ♣❡r✜❧ ❞❡✈❡ ✐r ♣❛r❛ ✉♠ ♠í♥✐♠♦ ❛❞❥❛❝❡♥t❡ ❞♦ ♣♦t❡♥❝✐❛❧✳

❆ ❞❡✜♥✐çã♦ ❞♦ ♣❡r✜❧✱ é ❞❡ ❢✉♥❞❛♠❡♥t❛❧ ✐♠♣♦rt❛♥❝✐❛✱ ♣♦✐s é ❡❧❡ q✉❡ ❞❡t❡r♠✐♥❛ ❡♠ q✉❡ s❡♥t✐❞♦ ❞❛

❡♥❡r❣✐❛ ♣♦t❡♥❝✐❛❧ ❛ ❝♦❧✐sã♦ ❡stá ❛❝♦♥t❡❝❡♥❞♦✱ ✉♠❛ ✈❡③ q✉❡✱ ❛ r❡❣✐ã♦ ❝❡♥tr❛❧ ❞♦ ♣❡r✜❧ ❡s♣❡❝✐✜❝❛ ♦

♠í♥✐♠♦ ✐♥✐❝✐❛❧✱ ❡♥q✉❛♥t♦ q✉❡ ♦s ♣♦♥t♦s ❧✐♠✐t❡s ❞❡t❡r♠✐♥❛♠ ❛ ❡♥❡r❣✐❛ ♣♦t❡♥❝✐❛❧ ❛❞❥❛❝❡♥t❡ ♣❛r❛

❛ q✉❛❧ ♦ s✐st❡♠❛ s❡ ♠♦✈❡rá✳ P♦r ❡①❡♠♣❧♦✱ s❡ ♥♦ ♠♦❞❡❧♦ φ4 ♦ ♣♦♥t♦ ♠é❞✐♦ ❞♦ ♣❡r✜❧ s❡ ❡♥❝♦♥tr❛

♥♦ ♠í♥✐♠♦ φmin = 1✱ ♦s ♣♦♥t♦s ❧✐♠✐t❡s x = ±∞ ❞❡✈❡♠ ❡stá ♥♦ ♠í♥✐♠♦ φmin = −1✳ ◆❡ss❡ ❝❛s♦✱

♦ ❡st❛❞♦ ✜♥❛❧ ❞❛ ❝♦❧✐sã♦ t❡♥❞❡♠ ❛ s❡ ❡st❛❜❡❧❡❝❡r✱ ❛ ♠❡♥♦s q✉❡ ❡st❡❥❛♠♦s ♥♦ ❡s♣❡❝tr♦ ❝♦♥tí♥✉♦✱

♥♦ ♠í♥✐♠♦ ❞❡ ♣♦t❡♥❝✐❛❧ φmin = −1✳ ❈♦♠♦ ♦ ♣♦t❡♥❝✐❛❧ φ4 ❛♣r❡s❡♥t❛ s✐♠❡tr✐❛ Z2✱ ♥❛ ♣r❛t✐❝❛

♥ã♦ s❡ ♥♦t❛rá ♠✉❞❛♥ç❛s ❡♠ r❡❧❛çã♦ à ♦r❞❡♠ ✐♥✈❡rs❛ ❞♦ ♣❡r✜❧ ✐♥✐❝✐❛❧✳ ■st♦ ✐♠♣❧✐❝❛ q✉❡ ♣♦❞❡♠♦s

❢❛③❡r ✉♠❛ ❝♦❧✐sã♦ ❞♦ t✐♣♦ ❦✐♥❦ ❝♦♠ ❛♥t✐❦✐♥❦ ✭♦ q✉❡ ✐♥❞✐❝❛ q✉❡ ♦ ❦✐♥❦ ♣❛rt❡ ❞❡ ✉♠❛ ♣♦s✐çã♦

−x0 < 0 ❡ ♦ ❛♥t✐❦✐♥❦ ♣❛rt❡ ✉♠❛ ♣♦s✐çã♦ x0 > 0✮ ♦✉ ✉♠❛ ❝♦❧✐sã♦ ❞♦ t✐♣♦ ❛♥t✐❦✐♥❦ ❝♦♠ ❦✐♥❦

q✉❡✱ ❡♠ ❛♠❜♦s ♦s ❝❛s♦s✱ t❡r❡♠♦s ♦s ♠❡s♠♦ r❡s✉❧t❛❞♦s✱ ❞❡✈✐❞♦ à s✐♠❡tr✐❛ Z2 ❞♦ ♣♦t❡♥❝✐❛❧✳ ◆♦

❡♥t❛♥t♦✱ ❝♦♠♦ ✈❡r❡♠♦s ♥❛ s❡çã♦ ✹✳✸✱ ♣❛r❛ ♦ ♣♦t❡♥❝✐❛❧ φ6✱ q✉❡ ♣♦ss✉✐ três ♠í♥✐♠♦s✱ ❛ ❡s❝♦❧❤❛ ❞♦

♣❡r✜❧ é ❢✉♥❞❛♠❡♥t❛❧ ♣❛r❛ ♦s r❡s✉❧t❛❞♦s ❞❛ ❝♦❧✐sã♦✳

◆❡st❡ tr❛❜❛❧❤♦✱ r❡❛❧✐③❛✲s❡ ✉♠❛ ❝♦❧✐sã♦ t✐♣♦ ❦✐♥❦✲❛♥t✐❦✐♥❦✱ ❝♦♥❢♦r♠❡ ❡sq✉❡♠❛t✐③❛❞♦ ❛❜❛✐①♦✳

x

-20 -15 -10 -5 0 5 10 15 20

φ
(x
)

-1

-0.5

0

0.5

1

−vivi

❋✐❣✉r❛ ✹✳✷✿ P❡r✜❧ ❡stát✐❝♦ ♣❛r❛ ✉♠❛ ❝♦❧✐sã♦ ❞♦ t✐♣♦ ❦✐♥❦✲❛♥t✐❦✐♥❦
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❆ ♣❛rt✐r ❞❡ ❛❣♦r❛ ❝♦♥s✐❞❡r❛♠♦s λ = 2 ❡ m =
√
2✳ ❆ ♣r✐♠❡✐r❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ é ❞❛❞❛ ♣❡❧♦

♣❡r✜❧✿

φ (x, 0) = φK (x+ x0, vi, 0)− φK (x− x0,−vi, 0)− 1,

❛ ♦✉tr❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ é ❞❛❞❛ ♣♦r

φ̇ (x, 0) = φ̇K (x+ x0, vi, 0)− φ̇K (x− x0,−vi, 0) .

❊ss❛s ❝♦♥❞✐çõ❡s sã♦ ✉t✐❧✐③❛❞❛s ♣❛r❛ r❡s♦❧✈❡r ❛ ❡q✉❛çã♦ ❞❡ ♠♦✈✐♠❡♥t♦ ✭✹✳✷✮ ♥✉♠❡r✐❝❛♠❡♥t❡✳

P❛r❛ t❛❧✱ ♥♦✈❛♠❡♥t❡ ❢❛③✲s❡ ✉s♦ ❞♦ ♠ét♦❞♦ ❞❡ ❞✐❢❡r❡♥ç❛s ✜♥✐t❛s ❞❡ ✹➟ ♦r❞❡♠ ♣❛r❛ ♦ ❝á❧❝✉❧♦ ❞❛

s♦❧✉çã♦ ❡♠ x ❡ ❞♦ ♠ét♦❞♦ ❘✉♥❣❡✲❑✉tt❛ ❞❡ ✹➟ ♦r❞❡♠✱ ♣❛r❛ ♦ ❝á❧❝✉❧♦ ❞❛ ❢✉♥çã♦ t❡♠♣♦r❛❧✳

❆❣♦r❛ ♣❛ss❛r❡♠♦s ❛ ❛♥á❧✐s❡✱ ❡♠ ❝❛rát❡r ❞❡ r❡✈✐sã♦✱ ❞❛ ❝♦❧✐sã♦ ♥♦ ♠♦❞❡❧♦ φ4✳ ❊♠ ❣❡r❛❧✱ ♦

❝♦♠♣♦rt❛♠❡♥t♦ ✜♥❛❧ ♦❜t✐❞♦ ❡♠ ❝♦❧✐sõ❡s ❞❡ só❧✐t♦♥s ❞❡♣❡♥❞❡ ❞❛ ✈❡❧♦❝✐❞❛❞❡ ✐♥✐❝✐❛❧ vi✳ ❖❝♦rr❡

q✉❡✱ ❡♠ ♠♦❞❡❧♦s ♥ã♦✲✐♥t❡❣rá✈❡✐s✱ ❝♦♠♦ ♦ φ4✱ ❡ss❛ ❞❡♣❡♥❞ê♥❝✐❛ é ❛✐♥❞❛ ♠❛✐s ❛❝❡♥t✉❛❞❛✳ ❏á ♥♦

♣r✐♠❡✐r♦ ❡st✉❞♦ ♥✉♠ér✐❝♦ ❞♦ φ4✱ r❡❛❧✐③❛❞♦ ♣♦r ▼❛rt✐♥ ❑r✉s❦❛❧✱ ▼❛r❦ ❆❜❧♦✇✐t③ ❡ ❏♦❡❧ ▲❛❞✐❦

✭❆❑▲✮ ❬✶✶❪ ❢♦r❛♠ ♦❜s❡r✈❛❞❛s ❝❛r❛❝t❡ríst✐❝❛s ✐♥tr✐❣❛♥t❡s ✲ ❛ ✏♣♦♥t❛ ❞♦ ✐❝❡❜❡r❣✑✱ ♣♦r ❛ss✐♠ ❞✐③❡r✳

◗✉❛♥❞♦ ❡♥❝♦♥tr❛r❛♠ ❝♦♠♣♦rt❛♠❡♥t♦ ❛té ❡♥tã♦ ✐♥é❞✐t♦❀ ❡❧❡s ❡s❝r❡✈❡r❛♠✿

✏❋✐♥❛❧♠❡♥t❡✱ ♦❜s❡r✈❛♠♦s q✉❡ ✭✷❝✮ ✬ ✭❛ t❡♦r✐❛ φ4✮✬ ❛♣r❡s❡♥t❛ ✉♠ ❢❡♥ô♠❡♥♦ q✉❡ ♥ã♦ ❢♦✐ ♥♦t❛❞♦

♣♦r ♥ós ❡♠ ♥❡♥❤✉♠ ♦✉tr♦ ❝á❧❝✉❧♦✱ t❛♠❜é♠ ♥ã♦ ❢♦✐ ♥♦t❛❞♦ ♣♦r ❑✉❞r②❛✈ts❡✈✳ ❈♦♥❢♦r♠❡ vi

❞✐♠✐♥✉✐ ♣❛r❛ vi = 0.3✱ vf ❞✐♠✐♥✉✐ 0.135✳ ❊♠ vi = 0.25✱ ✉♠ ❡st❛❞♦ ♦s❝✐❧❛tór✐♦ é ♦❜s❡r✈❛❞♦✳

◆♦ ❡♥t❛♥t♦✱ ❝♦♥❢♦r♠❡ vi ❞✐♠✐♥✉✐ ♣❛r❛ 0.2 ♦ ❡st❛❞♦ ♦s❝✐❧❛tór✐♦ ✈♦❧t❛ ❛ ❡♠✐t✐r ♦♥❞❛s ❡♠ ✉♠❛

♣❡q✉❡♥❛ r❡❣✐ã♦ ❡♠ t♦r♥♦ ❞❡ vi = 0.2✳ ◆❛ ✈❡r❞❛❞❡ ❡♠ vi = 0.2✱ vf é ❡♥❝♦♥tr❛❞❛ s❡♥❞♦ 0.155 ✱

q✉❡ é ♠❛✐♦r ❞♦ q✉❡ ❛ vf ♦❜s❡r✈❛❞❛ q✉❛♥❞♦ vi = 0.3✦ ❯♠ ♣♦✉❝♦ ❛❜❛✐①♦ ❞❡ vi = 0.2 ✉♠ ❡st❛❞♦

♦s❝✐❧❛tór✐♦ t♦r♥❛ ❛ ❛♣❛r❡❝❡r✳ ❙✉❜s❡q✉❡♥t❡s r❡❞✉çõ❡s ❞❡ vi t❛♠❜é♠ r❡s✉❧t❛♠ ❡♠ ❢♦r♠❛ ❞❡ ♦♥❞❛

♦s❝✐❧❛tór✐❛✳ ❖ ♠♦t✐✈♦ ❞❛ ♥♦tá✈❡❧ ✬ r❡ss♦♥â♥❝✐❛ ✬ ❡♥tr❡ ❡ss❛s ♦♥❞❛s ✐♥t❡r❛❣❡♥t❡s ♥ã♦✲♣❡r✐ó❞✐❝❛s

❡ ❛ r❛❞✐❛çã♦✱ ❛✐♥❞❛ ♥ã♦ sã♦ ❝♦♠♣❧❡t❛♠❡♥t❡ ❡♥t❡♥❞✐❞♦s ✑ ❊st✉❞♦s ♣♦st❡r✐♦r❡s ♠♦str❛r❛♠ q✉❡ ❛

✏r❡ss♦♥â♥❝✐❛✑ ♦❜s❡r✈❛❞❛ ♣♦r ✭❆❑▲✮ é ♥❛ ✈❡r❞❛❞❡ ❛♣❡♥❛s ✉♠❛✱ ❞❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ r❡ss♦♥â♥❝✐❛s✱

❡ ❛ ❡①♣❧✐❝❛çã♦ ♣❛r❛ ♦ s✉r❣✐♠❡♥t♦ ❞❡ t❛✐s ✏r❡ss♦♥â♥❝✐❛s✑ ❢♦✐ ♣r♦♣♦st❛ ❈❛♠♣❜❡❧❧✱ ❙❝❤♦♥❢❡❧❞ ❡

❲✐♥❣❛t❡ ✭❈❙❲ ✮ ♥❛ r❡❢❡rê♥❝✐❛ ❬✸❪✳
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❋✐❣✉r❛ ✹✳✸✿ ❛✮ ❈♦❧✐sã♦ ❦✐♥❦✲❛♥t✐❦✐♥❦ ♣❛r❛ vi = 0.25✳ t❡♥❞♦ ❝♦♠♦ ❡st❛❞♦ ✜♥❛❧ ✉♠ ❜✐♦♥✳ ❜✮
❝❡♥tr♦ ❞❡ ♠❛ss❛ ❞♦ ❝❛♠♣♦ ❡s❝❛❧❛r φ (x = 0, t) ❡♠ x = 0 ❡♠ ❢✉♥çã♦ ❞♦ t❡♠♣♦ ❝♦♠ vi = 0.18✱
♠♦str❛♥❞♦ ♦ ❛s♣❡❝t♦ ❝❛ót✐❝♦ ❞♦ ❜✐♦♥✳

❆❣♦r❛✱ ❛♣r❡s❡♥t❛♠♦s ❛s ♣r✐♥❝✐♣❛✐s ❝❛r❛❝t❡ríst✐❝❛s ♥♦t❛❞❛s ♥❛s ❝♦❧✐sõ❡s ❦✐♥❦✲❛♥t✐❦✐♥❦ ✿

◆❛ ❝♦❧✐sã♦ ❞❡ ❦✐♥❦s ❡♠ ♠♦❞❡❧♦s ♥ã♦✲✐♥t❡❣rá✈❡✐s ♥❡♠ s❡♠♣r❡ t❡r❡♠♦s ❝♦♠♦ r❡s✉❧t❛❞♦ ✜♥❛❧✱

❞♦✐s ❦✐♥❦s s❡ ♣r♦♣❛❣❛♥❞♦✳ P❛r❛ ❛❧❣✉♠❛s ✈❡❧♦❝✐❞❛❞❡s ✐♥✐❝✐❛✐s vi✱ ❛♣ós ❛ ❝♦❧✐sã♦✱ ♦s ❦✐♥❦s s❡

❧✐❣❛♠ ✉♠ ❛♦ ♦✉tr♦✱ ❢♦r♠❛♥❞♦ ✉♠ ❡st❛❞♦ ♦s❝✐❧❛tór✐♦ ♠✉✐t♦ ❞✉r❛❞♦✉r♦✱ ♣♦✐s ❛♣ós ❢♦r♠❛❞♦ ❡ss❡

❡st❛❞♦ t❡♥❞❡ ❛ ❞❡❝❛✐r ♠✉✐t♦ ❧❡♥t❛♠❡♥t❡ ❡♠ r❛❞✐❛çã♦✳ ❊ss❡ ❡st❛❞♦ é ❝♦♥❤❡❝✐❞♦ ♥❛ ❧✐t❡r❛t✉r❛

❝♦♠♦ ❜✐♦♥✳ ❊ss❡ é ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❛♦ q✉❛❧ ✭❆❑▲✮ ♠♦str❛r❛♠ t❡r ❡♥❝♦♥tr❛❞♦ ❡♠ vi = 0.25 ❡

❡♠ ✈❡❧♦❝✐❞❛❞❡s ❛❜❛✐①♦ ❞❡ 0.2✳ ❆ ✜❣✉r❛ ✹✳✸❛✱ ❛♣r❡s❡♥t❛ ♦ r❡s✉❧t❛❞♦ ❞❛ ❝♦❧✐sã♦ ♣❛r❛ vi = 0.25✱

é ♣♦ssí✈❡❧ ♣❡r❝❡❜❡r ❝♦♠♦ ♦s ❦✐♥❦s ✜❝❛♠ ♣r❡s♦s ✉♠ ❛♦ ♦✉tr♦ ♣♦r ✉♠ ❧♦♥❣♦ t❡♠♣♦✳ ❖s ❛✉t♦r❡s

❞❛ r❡❢❡rê♥❝✐❛ ❬✹❪ ♠♦str❛r❛♠ q✉❡ ♦ ❜í♦♥ é ❝❛ót✐❝♦✳ ❆ ✜❣✉r❛✹✳✸❜ é ♦ r❡s✉❧t❛❞♦ ❞❛ ❝♦❧✐sã♦ ♣❛r❛

vi = 0.18✱ ♦♥❞❡ ✈❡r✲s❡ ♦ ❝❡♥tr♦ ❞❡ ♠❛ss❛ φ (0, t) ❞♦ ❡st❛❞♦ ❜✐♦♥ ❡♠ ❢✉♥çã♦ ❞♦ t❡♠♣♦✱ ❛tr❛✈és

❞❡ss❛ ✜❣✉r❛ ♣♦❞❡♠♦s t❡r ♥♦çã♦ ❞♦ ❛s♣❡❝t♦ ❝❛ót✐❝♦ q✉❡ é ❝♦♠✉♠ ❛ ✉♠ ❡st❛❞♦ ❜✐♦♥✳

❉❡♣❡♥❞❡♥❞♦ ❞❛ ✈❡❧♦❝✐❞❛❞❡ ✐♥✐❝✐❛❧✱ ♦✉tr♦ ❢❡♥ô♠❡♥♦ ♠✉✐t♦ ✐♥t❡r❡ss❛♥t❡ ♦❝♦rr❡✳ ❆♣ós ❝♦❧✐❞✐r❡♠

✉♠❛ ♣r✐♠❡✐r❛ ✈❡③✱ ♦ ❦✐♥❦s s❡ ❛❢❛st❛♠ ✉♠ ❞♦ ♦✉tr♦ ❡ ❡♠ ✉♠ t❡♠♣♦ ♣♦st❡r✐♦r t♦r♥❛♠ ❛ ❝♦❧✐❞✐r

♣❡❧❛ s❡❣✉♥❞❛ ✈❡③✱ ❞❡♣♦✐s ❞❡ss❛ s❡❣✉♥❞❛ ❝♦❧✐sã♦ ♦s ❦✐♥❦s s❡ s❡♣❛r❛♠ ❞❡✜♥✐t✐✈❛♠❡♥t❡ r❡✢❡t✐♥❞♦

❛♦ ♦✉tr♦✳ ❊ss❡ ❢❡♥ô♠❡♥♦ é ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ t✇♦✲❜♦✉♥❝❡✳ ❆ ✜❣✉r❛ ✹✳✹❛ ♠♦str❛ ❛ ❡✈♦❧✉çã♦ ❞❛

❝♦❧✐sã♦ ❦✐♥❦✲❛♥t✐❦✐♥❦ ♣❛r❛ vi = 0.2✱ ♥❛ ✜❣✉r❛ ✹✳✹❜ ✈❡♠♦s ❛ ♠❡s♠❛ ❝♦❧✐sã♦ ♥❛ ✏❧✐♥❤❛✑ ❞♦ ❝❡♥tr♦

❞❡ ♠❛ss❛✱ ♦✉ s❡❥❛✱ ✉♠ r❡❝♦rt❡ ❞❛ ✜❣✉r❛ ✹✳✹❛ ❡♠ x = 0✳ ❊♠ ❣rá✜❝♦s ❞❡ss❡ t✐♣♦ ❛ ❝♦❧✐sã♦ é

❝❛r❛❝t❡r✐③❛❞❛✱ ♣♦r ✉♠ ♣✐❝♦ ❞❡ ♠í♥✐♠♦✱ ♣♦r ✐ss♦ ❡♠ vi = 0.2 ✈❡♠♦s ❞♦✐s ♣✐❝♦s ❞❡ ♠í♥✐♠♦✳ ❖✉tr❛

❝❛r❛❝t❡ríst✐❝❛ ♦❜s❡r✈❛❞❛✱ é q✉❡ ❡①✐st❡✱ ♥♦ ❝❛s♦ ❞❛ ✜❣✉r❛ ✹✳✹❜✱ ❛♣❡♥❛s ✉♠❛ ♣❡q✉❡♥❛ ♦s❝✐❧❛çã♦
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❋✐❣✉r❛ ✹✳✹✿ ❛✮ ❈♦❧✐sã♦ ❦✐♥❦✲❛♥t✐❦✐♥❦ ♣❛r❛ vi = 0.2✱ r❡s✉❧t❛♥❞♦ ❡♠ t✇♦✲❜♦✉♥❝❡✳ ❜✮ ❝❡♥tr♦ ❞❡
♠❛ss❛ ❞♦ ❝❛♠♣♦ ❡s❝❛❧❛r φ (x = 0, t) ❡♠ x = 0 ❡♠ ❢✉♥çã♦ ❞♦ t❡♠♣♦ ❝♦♠ vi = 0.2✳

✭❛✮
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✭❜✮

❋✐❣✉r❛ ✹✳✺✿ ❛✮ ❊✈♦❧✉çã♦ ❞♦ ❝❛♠♣♦ ❡s❝❛❧❛r φ(x, t) ❝♦♠ vi = 0.36✱ ♠♦str❛♥❞♦ ✉♠❛ ❝♦❧✐sã♦ ❞♦ t✐♣♦
♦♥❡✲❜♦✉♥❝❡✳ ❜✮ r❡❝♦rt❡ ❞♦ ❝❛♠♣♦ φ (x = 0, t) ❡♠ x = 0 ❡♠ ❢✉♥çã♦ ❞♦ t❡♠♣♦ ♣❛r❛ vi = 0.36✳ ❆
❝♦❧✐sã♦ é ❝❛r❛❝t❡r✐③❛❞❛ ♣❡❧♦ ♣✐❝♦ ❞❡ ♠í♥✐♠♦✳

❡♥tr❡ ♦s ❞♦✐s ♣✐❝♦s ❞❡ ♠í♥✐♠♦s✳ ❊ss❛ ♦❜s❡r✈❛çã♦ ♥ã♦ ❞❡✈❡ s❡r ♠❡♥♦s♣r❡③❛❞❛ ♣♦✐s✱ ❝♦♠♦ s❡ ♣♦❞❡

✈❡r ❛❞✐❛♥t❡✱ ❛s ♦s❝✐❧❛çõ❡s ❡♥tr❡ ♦s ❞♦✐s ♣✐❝♦s ♠í♥✐♠♦s ♣♦❞❡♠ ♥♦s ❞❛r ✐♥❢♦r♠❛çã♦ ♣❛r❛ ❡①♣❧✐❝❛r ♦

❝♦♠♣♦rt❛♠❡♥t♦ t✇♦✲❜♦✉♥❝❡✱ ❛ss✐♠ ❝♦♠♦ s❡ t♦r♥❛rá út✐❧ ♣❛r❛ ❝❧❛ss✐✜❝❛r ♦s t✐♣♦s ❞❡ t✇♦✲❜♦✉♥❝❡s✳

❋✐♥❛❧♠❡♥t❡✱ ♦❜s❡r✈❛✲s❡ q✉❡ s❡ ❛ ✈❡❧♦❝✐❞❛❞❡ ✐♥✐❝✐❛❧ é ♠❛✐♦r q✉❡ ✉♠❛ ❝❡rt❛ ✈❡❧♦❝✐❞❛❞❡ ❝rít✐❝❛

vcr✱ ❡♥tã♦ ♦ ❦✐♥❦ ✐rá ❝♦❧✐❞✐r ✉♠❛ ú♥✐❝❛ ✈❡③ ✭♦♥❡✲❜♦✉♥❝❡✮ ❡s❝❛♣❛♥❞♦ ♣❛r❛ ♦ ✐♥✜♥✐t♦ ❧♦❣♦ ❛♣ós ❛

❝♦❧✐sã♦✳ ❆ ✈❡❧♦❝✐❞❛❞❡ ❝rít✐❝❛ ♥♦ ♠♦❞❡❧♦ φ4 ❢♦✐ ❡st✐♠❛❞❛ ♥✉♠❡r✐❝❛♠❡♥t❡ ❝♦♠♦ s❡♥❞♦ vcr = 0.2598✳

❖♥❡✲❜♦✉♥❝❡s✱ t✇♦✲❜♦✉♥❝❡s ❡ ♦ ❡st❛❞♦ ❜✐♦♥ sã♦ ♦s ♣r✐♥❝✐♣❛✐s ✭♥ã♦ ú♥✐❝♦s✮ ❢❡♥ô♠❡♥♦s ♦❜s❡r✈❛✲

❞♦s ❡♠ ❝♦❧✐sõ❡s ❞❡ ❦✐♥❦s ♥♦ ♠♦❞❡❧♦ φ4✳ ❆ ❡①♣❧✐❝❛çã♦ ♣❛r❛ t♦❞♦s ❡ss❡s ❝❡♥ár✐♦s ✉t✐❧✐③❛ ♦ ❝♦♥❝❡✐t♦
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❞❡ tr♦❝❛ ❞❡ ❡♥❡r❣✐❛ ❡♥tr❡ ♦ ♠♦❞♦ tr❛♥s❧❛❝✐♦♥❛❧✱ ❞❛❞♦ ♣♦r ✭✹✳✶✷✮✱ ❡ ♦ ♠♦❞♦ ✈✐❜r❛❝✐♦♥❛❧ ✭s❤❛♣❡

♠♦❞❡✮✱ ❞❛❞♦ ♣♦r ✭✹✳✶✸✮✱ q✉❡ é ✉♠❛ s♦❧✉çã♦ ❧♦❝❛❧✐③❛❞❛ q✉❡ ♣♦❞❡ ❛r♠❛③❡♥❛r ❡♥❡r❣✐❛ ♣ró①✐♠♦ ❛♦

❝❡♥tr♦ ❞♦ ❦✐♥❦✳ ◆❛ ♣r✐♠❡✐r❛ ❝♦❧✐sã♦✱ ♦ ♠♦❞♦ tr❛♥s❧❛❝✐♦♥❛❧ ✐rá ♣❡r❞❡r ♣❛rt❡ ❞❛ ❡♥❡r❣✐❛ ♣❛r❛ ♦

♠♦❞♦ ✈✐❜r❛❝✐♦♥❛❧✱ ♦♥❞❡ ❡ss❛ ❡♥❡r❣✐❛ ✜❝❛rá ❛r♠❛③❡♥❛❞❛✳ ❖ ❡st❛❞♦ ✜♥❛❧ ❞❡ ❜✐♦♥ ♦❝♦rr❡ ❡♠ ❜❛✐①❛s

✈❡❧♦❝✐❞❛❞❡s ♣♦rq✉❡ ❞✉r❛♥t❡ ❛ ❝♦❧✐sã♦ ❤á t❡♠♣♦ s✉✜❝✐❡♥t❡ ♣❛r❛ q✉❡ ❤❛❥❛ ✉♠ ✉♠ ✢✉①♦ ❞❡ ❡♥❡r❣✐❛

❝♦♥s✐❞❡rá✈❡❧ ❞♦ ♠♦❞♦ tr❛♥s❧❛❝✐♦♥❛❧ ♣❛r❛ ♦ ♠♦❞♦ ✈✐❜r❛❝✐♦♥❛❧✳ ❉❡ss❛ ❢♦r♠❛✱ ♦ ♠♦❞♦ tr❛♥s❧❛❝✐♦♥❛❧

✜❝❛ ❝♦♠ ♣♦✉❝❛ ❡♥❡r❣✐❛✱ ❡ ❛ss✐♠ ♦ ❦✐♥❦ ♥ã♦ ❝♦♥s❡❣✉❡ ❡s❝❛♣❛r ♣❛r❛ ♦ ✐♥✜♥✐t♦ ❢♦r♠❛♥❞♦ ❛ss✐♠ ♦

❡st❛❞♦ ♦s❝✐❧❛tór✐♦✱ q✉❡ ✐♥✐❝✐❛❧♠❡♥t❡ ♣♦❞❡ t❡r ❣r❛♥❞❡s ❛♠♣❧✐t✉❞❡s✱ ♠❛s q✉❡ ❞❡♣♦✐s ❞❡ ✉♠ ❧♦♥❣♦

t❡♠♣♦ ✐rá ❞❡❝❛✐r✱ ❞❡✈✐❞♦ ❛ ❧❡♥t❛ ♣❡r❞❛ ❞❡ ❡♥❡r❣✐❛ ♣♦r r❛❞✐❛çã♦✳

P❛r❛ ♦♥❡✲❜♦✉♥❝❡s ❛ s✐t✉❛çã♦ é ❝♦♥trár✐❛✳ ❖ ♠♦❞♦ tr❛♥s❧❛❝✐♦♥❛❧ t❡♠ ❡♥❡r❣✐❛ r❡❧❛t✐✈❛♠❡♥t❡

❛❧t❛✱ ❡ ♥♦ ♠♦♠❡♥t♦ ❞❛ ❝♦❧✐sã♦✱ ♥ã♦ ❤á t❡♠♣♦ s✉✜❝✐❡♥t❡ ♣❛r❛ tr❛♥s❢❡rê♥❝✐❛ ❞❡ ❡♥❡r❣✐❛ ❡♥tr❡ ♦

♠♦❞♦ ❞❡ tr❛♥s❧❛çã♦ ❡ ♦ ✈✐❜r❛❝✐♦♥❛❧✳ ❉❡ss❛ ❢♦r♠❛✱ ♦ ❦✐♥❦ t❡♠ ❛ ❡♥❡r❣✐❛ ❞♦ s❡✉ ♠♦❞♦ ❞❡ tr❛♥s❧❛çã♦

♣r❛t✐❝❛♠❡♥t❡ ✐♥❛❧t❡r❛❞❛✱ ♦ q✉❡ ♣♦ss✐❜✐❧✐t❛ q✉❡ ❡❧❡ ❡s❝❛♣❡ ♣❛r❛ ♦ ✐♥✜♥✐t♦✳ ◆♦ ❝♦♥t❡①t♦ ❞♦ ♠♦❞❡❧♦

φ4✱ ❛❧t❛s ❡♥❡r❣✐❛s ❡①✐st❡♠ ♣❛r❛ vi > vcr = 0.2598✳

❯♠❛ s✐t✉❛çã♦ ♥♦✈❛ ❛❝♦♥t❡❝❡ ♥♦ ❝❛s♦ ❞❡ t✇♦✲❜♦✉♥❝❡s✳ ❖ ❦✐♥❦ s❡ ♠♦✈❡ ✐♥✐❝✐❛❧♠❡♥t❡ ❝♦♠

❝❡rt❛ ✈❡❧♦❝✐❞❛❞❡ vi < vcr✱ q✉❛♥❞♦ ❛❝♦♥t❡❝❡ ❛ ♣r✐♠❡✐r❛ ❝♦❧✐sã♦✱ ♦ ♠♦❞♦ tr❛♥s❧❛❝✐♦♥❛❧ ♣❡r❞❡

❝❡rt❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❡♥❡r❣✐❛ ♣❛r❛ ♦ ♠♦❞♦ ✈✐❜r❛❝✐♦♥❛❧✳ ◆♦ ❡♥t❛♥t♦✱ ❡ss❛ q✉❛♥t✐❞❛❞❡ ♥ã♦ é tã♦

❣r❛♥❞❡✱ ❝♦♠♦ ♥♦ ❝❛s♦ ❞❡ ❢♦r♠❛çã♦ ❞♦ ❜✐♦♥✳ ❆ss✐♠✱ ❝♦♥t✐♥✉❛♥❞♦ ❝♦♠ ✉♠❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❡♥❡r❣✐❛

❝♦♥s✐❞❡rá✈❡❧ ♥♦ ♠♦❞♦ tr❛♥s❧❛❝✐♦♥❛❧✱ ♦ ❦✐♥❦ ❝♦♥s❡❣✉❡ s❡ ❛❢❛st❛r ❛ ✉♠❛ ❝❡rt❛ ❞✐stâ♥❝✐❛✱ ♠❛s ♥ã♦ ❛

♣♦♥t♦ ❞❡ ❡s❝❛♣❛r ♣❛r❛ ♦ ✐♥✜♥✐t♦✳ ❉❡♣♦✐s ❞❡ ❝❡rt♦ t❡♠♣♦ T12 ❛❝♦♥t❡❝❡ ✉♠❛ s❡❣✉♥❞❛ ❝♦❧✐sã♦✳ ◆❛

s❡❣✉♥❞❛ ❝♦❧✐sã♦ ♦❝♦rr❡ ♥♦✈❛ tr❛♥s❢❡rê♥❝✐❛ ❞❡ ❡♥❡r❣✐❛ ❡♥tr❡ ♦s ♠♦❞♦s ❞❡ tr❛♥s❧❛çã♦ ❡ ✈✐❜r❛❝✐♦♥❛❧✱

só q✉❡ ❞❡ss❛ ✈❡③ ♥♦ s❡♥t✐❞♦ ❝♦♥trár✐♦✱ ❞❡ ♠♦❞♦ q✉❡✱ ❛ ❡♥❡r❣✐❛ q✉❡ ❡st❛✈❛ ❛r♠❛③❡♥❛❞❛ ♥♦ ♠♦❞♦

✈✐❜r❛❝✐♦♥❛❧ r❡t♦r♥❛ ♣❛r❛ ♦ ♠♦❞♦ tr❛♥s❧❛❝✐♦♥❛❧ ❡✱ ❞❡ss❛ ❢♦r♠❛ ❞❡♣♦✐s ❞❛ s❡❣✉♥❞❛ ❝♦❧✐sã♦ ♦ ❦✐♥❦

✜♥❛❧♠❡♥t❡ ❝♦♥s❡❣✉❡ ❡s❝❛♣❛r ♣❛r❛ ♦ ✐♥✜♥✐t♦✳

❖ ❢❡♥ô♠❡♥♦ ❞❡ t✇♦✲❜♦✉♥❝❡ ♥ã♦ ♦❝♦rr❡ s♦♠❡♥t❡ q✉❛♥❞♦ ❛ ✈❡❧♦❝✐❞❛❞❡ é ❡①❛t❛♠❡♥t❡ vi = 0.2✱

♦❝♦rr❡ t❛♠❜é♠ ♣❛r❛ q✉❛❧q✉❡r ✈❡❧♦❝✐❞❛❞❡ ❡♠ ✉♠❛ r❡❣✐ã♦ ❡♠ t♦r♥♦ vi = 0.2✱ ❞❡ ❢♦r♠❛ ♠❛✐s

❡s♣❡❝í✜❝❛✱ ❛ r❡❣✐ã♦ ❡♠ t♦r♥♦ ❞❡ vi = 0.2 é✿ 0.192575 < vi < 0.203425✱ ❝♦♥❢♦r♠❡ ❬✹❪✳ ■ss♦

s✐❣♥✐✜❝❛ q✉❡ ♣❛r❛ q✉❛❧q✉❡r vi✱ q✉❡ ❡st✐✈❡r ♥❡ss❡ ✐♥t❡r✈❛❧♦✱ ♦ ❦✐♥❦ ✐rá ❝♦❧✐❞✐r ❞✉❛s ✈❡③❡s✱ ❝♦♠

✉♠❛ ♣❡q✉❡♥❛ ♦s❝✐❧❛çã♦ ❡♥tr❡ ❛s ❝♦❧✐sõ❡s ✭ ✈❡❥❛ ✜❣✳✭✹✳✹❜✮✮✳ ❊st✉❞♦s ♣♦st❡r✐♦r❡s ❛♦ tr❛❜❛❧❤♦

❞❡ ✭❆❑▲✮ ♠♦str❛r❛♠✱ ❝♦♠ ❧♦❝❛❧✐③❛çã♦ ♠❛✐s ♣r❡❝✐s❛✱ ❛✐♥❞❛ ♠❛✐s ❢❛✐①❛s ❞❡ ✈❡❧♦❝✐❞❛❞❡s ♦♥❞❡

♦❝♦rr❡♠ t✇♦✲❜♦✉♥❝❡s ❬✸✱ ✹✱ ✶✵❪✳ ❊ss❛s ❢❛✐①❛s ❞❡ ✈❡❧♦❝✐❞❛❞❡s ✐♥✐❝✐❛✐s✱ ♦♥❞❡ ♦ ❦✐♥❦ ❡s❝❛♣❛ ♣❛r❛ ♦
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✭❜✮

❋✐❣✉r❛ ✹✳✻✿ ❛✮ vi = 0.226✱ t✇♦✲❜♦✉♥❝❡ q✉❡ ♣❡rt❡♥❝❡ ❛ s❡❣✉♥❞❛ ❥❛♥❡❧❛❀ n = 2✱ ❜✮ vi = 0.2386
t✇♦✲❜♦✉♥❝❡ ♥❛ t❡r❝❡✐r❛ ❥❛♥❡❧❛❀ n = 3

✐♥✜♥✐t♦ ❛♣ós ❝♦❧✐❞✐r ❞✉❛s ✈❡③❡s✱ ✜❝❛r❛♠ ❝♦♥❤❡❝✐❞❛s ♥❛ ❧✐t❡r❛t✉r❛ ❝♦♠♦ ✏❥❛♥❡❧❛s✑ ❞❡ t✇♦✲❜♦✉♥❝❡s

✭t✇♦✲❜♦✉♥❝❡ ✇✐♥❞♦✇s✮✳

❆t✉❛❧♠❡♥t❡ s❡ t❡♠ ❝♦♥❤❡❝✐♠❡♥t♦ s♦❜r❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ ❣r❛♥❞❡ ♥ú♠❡r♦ ❞❡ ❥❛♥❡❧❛s ❞❡

t✇♦✲❜♦✉♥❝❡s✱ q✉❡ ❡stã♦ ❧♦❝❛❧✐③❛❞❛s ❡♥tr❡ vi = 0.192575 ❡ ❛ ✈❡❧♦❝✐❞❛❞❡ ❝rít✐❝❛ vcr = 0.2598✳ ❆

❝❧❛ss✐✜❝❛çã♦ ❞❡ss❛s ❥❛♥❡❧❛s é ❢❡✐t❛ ♣❡❧♦ ♥ú♠❡r♦ ❞❡ ♣❡q✉❡♥❛s ♦s❝✐❧❛çõ❡s n q✉❡ ❡①✐st❡♠ ❡♥tr❡ ♦s

❞♦✐s ♣✐❝♦s ❞❡ ♠í♥✐♠♦✳ P♦r ❡①❡♠♣❧♦✱ ♣♦❞❡♠♦s ✈❡r ♣❡❧❛ ✜❣✉r❛ ✹✳✹❜ n = 1 ✭❡①✐st❡ ✉♠ ♣❡q✉❡♥♦

♠í♥✐♠♦ ❡♥tr❡ ♦s ❞♦✐s ❣r❛♥❞❡s ♠í♥✐♠♦s✮✱ ❛ss✐♠ vi = 0.2 ♣❡rt❡♥❝❡ ❛ ♣r✐♠❡✐r❛ ❥❛♥❡❧❛✳ ◆❛ ✜❣✉r❛

✹✳✻❛ ♠♦str❛♠♦s ✉♠❛ ❝♦❧✐sã♦ ♣❛r❛ vi = 0.226 q✉❡ ♣❡rt❡♥❝❡ ❛ s❡❣✉♥❞❛ ❥❛♥❡❧❛ ✭❞♦✐s ♣❡q✉❡♥♦s

♠í♥✐♠♦s✮✱ ❡ ♥❛ ✜❣✉r❛ ✹✳✻❜ ♠♦str❛♠♦s ✉♠❛ ❝♦❧✐sã♦ ♥❛ t❡r❝❡✐r❛ ❥❛♥❡❧❛ ❞❡ t✇♦✲❜♦✉♥❝❡✳ ➱ ♣♦ssí✈❡❧

q✉❡ ♥♦t❛r q✉❡ ❛ ❝❛❞❛ ❥❛♥❡❧❛ ♦ ♥ú♠❡r♦ ❞❡ ♦s❝✐❧❛çõ❡s ❡♥tr❡ ♦s ♣✐❝♦s ❞❡ ♠í♥✐♠♦s é ❛❝r❡s❝❡♥t❛❞♦

♣♦r ✉♠✳

❆ ❡①♣❧✐❝❛çã♦ ❞♦s ❢❡♥ô♠❡♥♦s ❞❡s❝r✐t♦s ❛❝✐♠❛✱ ❢♦✐ ♣r♦♣♦st❛ ♣♦r ❉❛✈✐❞ ❈❛♠♣❜❡❧❧ ❡t ❛❧✳ ♥❛ r❡❢❡✲

rê♥❝✐❛ ❬✸❪✱ ✜❝❛♥❞♦ ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ▼❡❝❛♥✐s♠♦ ❞❡ tr♦❝❛ ❞❡ ❡♥❡r❣✐❛✳ ❈♦♠ ❜❛s❡ ♥♦ ▼❡❝❛♥✐s♠♦ ❞❡

tr♦❝❛ ❞❡ ❡♥❡r❣✐❛✱ ♦s ❛✉t♦r❡s ✭❈❙❲✮ ❛♣r❡s❡♥t❛r❛♠ ✉♠❛ t❡♦r✐❛ ❞❡ ❝❛rát❡r s❡♠✐✲❢❡♥♦♠❡♥♦❧ó❣✐❝♦✱

♦✉ s❡❥❛✱ ❡❧❡s ♥ã♦ ❛♣r❡s❡♥t❛r❛♠ ✉♠ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❛♥❛❧ít✐❝♦ ♣❛r❛ s✉❛s ❝♦♥❝❧✉sõ❡s✱ ♠❛s ❛tr❛✈és

❞♦s ❞❛❞♦s ❞❡ s✉❛s s✐♠✉❧❛çõ❡s ♣♦st✉❧❛r❛♠ q✉❡ ❢❡♥ô♠❡♥♦s ❞❡ r❡ss♦♥â♥❝✐❛ ✭t✇♦✲❜♦✉♥❝❡s✮ ❛❝♦♥t❡✲

❝❡♠ q✉❛♥❞♦ ✉♠❛ ❝❡rt❛ ❝♦♥❞✐çã♦ é s❛t✐s❢❡✐t❛✳ ❊ss❛ ❝♦♥❞✐çã♦ ❢♦✐ ❛♣r❡s❡♥t❛❞❛ ❝♦♠♦ s❡♥❞♦✿

ω1T12 = 2πn+ δ, ✭✹✳✶✹✮
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♦♥❞❡ ω1 é ❛ ❢r❡q✉ê♥❝✐❛ ❞♦ ♠♦❞♦ ✈✐❜r❛❝✐♦♥❛❧ ✭✹✳✶✸✮✱ T12 é ♦ t❡♠♣♦ ❡♥tr❡ ❛ ♣r✐♠❡✐r❛ ❡ ❛ s❡❣✉♥❞❛

❝♦❧✐sã♦✱ n é ♦ ♥ú♠❡r♦ ❞❛ ❥❛♥❡❧❛ ❞❡ t✇♦✲❜♦✉♥❝❡ ❡✱ δ é ✉♠❛ ❝♦♥st❛♥t❡ ❞❡ ❢❛s❡✳ ❙❡ ❡st❛ ❡①♣❧✐❝❛çã♦

❡stá ❝♦rr❡t❛✱ t❡♠♦s q✉❡ ♦ ♠♦❞♦ ✈✐❜r❛❝✐♦♥❛❧ é ❛♥✐q✉✐❧❛❞♦ q✉❛♥❞♦ ❛ ❝♦♥❞✐çã♦ ✭✹✳✶✹✮ é s❛t✐s❢❡✐t❛✱ ❡

❛ss✐♠ ♦ ♠♦❞♦ ❞❡ tr❛♥s❧❛çã♦ t❡♠ s✉❛ ❡♥❡r❣✐❛ r❡st❛✉r❛❞❛✱ ❡ é ✐ss♦ q✉❡ ♣❡r♠✐t❡ q✉❡ ♦ ❦✐♥❦ ❡s❝❛♣❡✱

❛♣ós ❛ s❡❣✉♥❞❛ ❝♦❧✐sã♦✳ ❉✐t♦ ❞❡ ❢♦r♠❛ ♠❛✐s ♦❜❥❡t✐✈❛✿ t✇♦✲❜♦✉♥❝❡s ♦❝♦rr❡♠ s♦♠❡♥t❡ q✉❛♥❞♦ ❛

❝♦♥❞✐çã♦ ✭✹✳✶✹✮ é s❛t✐s❢❡✐t❛✳ ❆ ✜♠ ❞❡ ✈❡r✐✜❝❛r ❛ ✈❛❧✐❞❛❞❡ ❞❛ ❝♦♥❞✐çã♦ ✭✹✳✶✹✮ ♣❛r❛ ♦s ♥♦ss♦s

❞❛❞♦s✱ ♦❜s❡r✈❛♠♦s ♦s r❡s✉❧t❛❞♦s q✉❡ ♦❜t✐✈❡♠♦s ♣❛r❛ ❛s ♥♦✈❡ ♣r✐♠❡✐r❛s ❥❛♥❡❧❛s ❞❡ t✇♦✲❜♦✉♥❝❡s✳

◆❛ ✜❣✉r❛ ✭✹✳✼❛✮ ♠♦str❛♠♦s ♦s ♥♦✈❡ ♣♦♥t♦s ✭❡♠ ✈❡r♠❡❧❤♦✮ q✉❡ ❝♦rr❡s♣♦♥❞❡♠ ❛♦ ❝❡♥tr♦ ❞❡ ❝❛❞❛

✉♠❛ ❞❛s ❥❛♥❡❧❛s ❡✱ ♦ ❡✐①♦ ✈❡rt✐❝❛❧ q✉❡ ✐♥❞✐❝❛ t❡♠♣♦ ❡♥tr❡ ❛ ♣r✐♠❡✐r❛ ❡ s❡❣✉♥❞❛ ❝♦❧✐sã♦✳ ❆ ❧✐♥❤❛

s♦❧✐❞❛ é ♦❜t✐❞❛ ♣♦r ❛❥✉st❡ ❞❡ ❧✐♥❡❛r✳ ❖ s❧♦♣ ❞❛ ❧✐♥❤❛ só❧✐❞❛ ❢♦✐ ❡♥❝♦♥tr❛❞♦ ✐❣✉❛❧ ❛ 3.727✱ ❡st❡

✈❛❧♦r é ❜❡♠ ♣ró①✐♠♦ ❞♦ ❡s♣❡r❛❞♦ 2π
ω1

= 2π√
3
≈ 3.63✷✳ ❉❡st❛ ❢♦r♠❛ ❛t❡st❛♠♦s ❛ ✈❛❧✐❞❛❞❡ ❞♦

♠❡❝❛♥✐s♠♦ ❞❡ tr♦❝❛ ❞❡ ❡♥❡r❣✐❛✳

❖✉tr❛ ❡①♣r❡ssã♦ ❞❡ ❝❛rát❡r s❡♠✐✲❢❡♥♦♠❡♥♦❧ó❣✐❝♦✱ ❛♣r❡s❡♥t❛❞❛ ❡♠ ❬✸✱ ✸✹❪✱ é ✉♠❛ r❡❧❛çã♦ ❞♦

t❡♠♣♦ ❡♥tr❡ ❛s ❞✉❛s ❝♦❧✐sõ❡s ✭T12✮ ❝♦♠ ❛s ✈❡❧♦❝✐❞❛❞❡s ✐♥✐❝✐❛✐s ♥♦ ❝❡♥tr♦ ❞❛ n✲és✐♠❛ ❥❛♥❡❧❛ ❞❡

t✇♦✲❜♦✉♥❝❡ ❡ ❛ ✈❡❧♦❝✐❞❛❞❡ ❝rít✐❝❛ vcr✳ ❊ss❛ r❡❧❛çã♦ é ❞❛❞❛ ♣♦r✿

vn =

√

v2cr −
(

αω1

2πn+ δ

)2

✭✹✳✶✺✮

❆ ❝♦♥st❛♥t❡ α é ♦❜t✐❞❛ ✏❡①♣❡r✐♠❡♥t❛❧♠❡♥t❡✑ ❛tr❛✈és ❞❛ r❡❧❛çã♦ s❡♠✐✲❢❡♥♦♠❡♥♦❧ó❣✐❝❛ T12 (v) =

α (v2cr − v2)
− 1

2 ♣r♦♣♦st❛ ♣♦r ✭❈❲❙✮✱ vn é ❛ ✈❡❧♦❝✐❞❛❞❡ ♥♦ ❝❡♥tr♦ ❞❛ n✲és✐♠❛ ❥❛♥❡❧❛ ❞❡ t✇♦✲❜♦✉♥❝❡✳

❆❧é♠ ❞❡ ❢♦r♥❡❝❡r ✉♠❛ ♣r❡✈✐sã♦ ❞❡ ✈❡❧♦❝✐❞❛❞❡ ✐♥✐❝✐❛❧ ♣❛r❛ ♦ ❝❡♥tr♦ ❞❡ ✉♠❛ ❞❛❞❛ ❥❛♥❡❧❛✱ ❛ ❡q✉❛çã♦

✭✹✳✶✺✮ ♥♦s ❢❛③ ♣❡r❝❡❜❡r q✉❡ ❞❡✈❡ ❡①✐st✐r ✉♠ ♥ú♠❡r♦ r❡❧❛t✐✈❛♠❡♥t❡ ❣r❛♥❞❡ ❞❡ ❥❛♥❡❧❛s ❛ ♠❡❞✐❞❛

q✉❡ ✈❛♠♦s ♥♦s ❛♣r♦①✐♠❛♠♦s ❞❛ ✈❡❧♦❝✐❞❛❞❡ ❝rít✐❝❛ vcr✳ ❉❡ ❢❛t♦✱ s✐♠✉❧❛çõ❡s ❢❡✐t❛s ❝♦♠ ♠❛✐♦r

♣r❡❝✐sã♦ ✈❡r✐✜❝❛r❛♠ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✸✺ ♥♦✈❛s ❥❛♥❡❧❛s ❞❡ t✇♦✲❜♦✉♥❝❡ ❬✼❪✱ ✈❡r✐✜❝♦✉✲s❡ t❛♠❜é♠

q✉❡ ❡❧❛s ✜❝❛♠ ❝❛❞❛ ✈❡③ ♠❛✐s ♣ró①✐♠❛s ❛ ♠❡❞✐❞❛ q✉❡ ♥♦s ❛♣r♦①✐♠❛♠♦s ❞❡ vcr✱ s❡♥❞♦ ❝❛❞❛ ✈❡③

♠❛✐s ❡str❡✐t❛s ✭❛ r❡❢❡rê♥❝✐❛ ❬✸✹❪ ❡st✐♠❛ q✉❡ ♣❛r❛ n ❣r❛♥❞❡✱ ❛ ❧❛r❣✉r❛ ❞❛ ❥❛♥❡❧❛ ❞❡❝❛✐ ❝♦♠ 1/n3✮

✳ ❆ ✜❣✉r❛ ✹✳✼❜ é ❜❡♠ ❞✐❞át✐❝❛ ♣❛r❛ ✐❧✉str❛r ❡ss❛s t❡♥❞ê♥❝✐❛s✱ ❡ss❛ ✜❣✉r❛ ♠♦str❛ ♦ ♥ú♠❡r♦ ❞❡

❝♦❧✐sõ❡s ✭Nb✮ ♣❛r❛ ❝❛❞❛ ✈❡❧♦❝✐❞❛❞❡ ✐♥✐❝✐❛❧ vi ♥❛ ❢❛✐①❛ 0.18 ≤ vi ≤ 0.28✳ ❖ ❣rá✜❝♦ é ❧✐♠✐t❛❞♦

✷❊♠ s❡✉ tr❛❜❛❧❤♦✱ ❈❛♠♣❜❡❧❧ ✉t✐❧✐③❛ ❛ ❝♦♥st❛♥t❡ m = 1❀ ❛ss✐♠✱ ❡♠ s❡✉ tr❛❜❛❧❤♦ ω1 =
√

3/2✱ r❡s✉❧t❛♥❞♦ ❡♠

✉♠ s❧♦♣ ❞❡ 2π

ω1

= 5.2✳ ❊♠ ♥♦ss❛s s✐♠✉❧❛çõ❡s✱ ❡st❛♠♦s ❝♦♥s✐❞❡r❛♥❞♦ m =
√
2✱ ❡ ♣♦r ✐ss♦ ω1 =

√
3✳
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vi
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N
B

1
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✭❜✮

❋✐❣✉r❛ ✹✳✼✿ ❛✮ ◆ú♠❡r♦ ❞❛ ❥❛♥❡❧❛ n ❛❝r❡s❝✐❞♦ ♣♦r ✷ ✈❡rs✉s T12 ❜✮ ◆ú♠❡r♦ ❞❡ ❜♦✉♥❝❡s ✭Nb✮
✈❡rs✉s ✈❡❧♦❝✐❞❛❞❡ ✐♥✐❝✐❛❧
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❛♦ ❝❛s♦ ❞❡ ❞✉❛s ❝♦❧✐sõ❡s ❡ ❞❡ss❛ ❢♦r♠❛ ❛s ❥❛♥❡❧❛s ❞❡ t✇♦✲❜♦✉♥❝❡s ✜❝❛♠ ♣❡r❢❡✐t❛♠❡♥t❡ ✐❧✉str❛✲

❞❛s ❬✸✺✱ ✸✻❪✳ ➱ ♣♦ssí✈❡❧ ♣❡r❝❡❜❡r q✉❡ ❛s ❥❛♥❡❧❛s ❞❡ t✇♦✲❜♦✉♥❝❡s ✜❝❛♠ ❝❛❞❛ ✈❡③ ♠❛✐s ❡str❡✐t❛s ❛

♠❡❞✐❞❛ q✉❡ ♥♦s ❛♣r♦①✐♠❛♠♦s ❞❛ ✈❡❧♦❝✐❞❛❞❡ ❝rít✐❝❛ vcr✱ ❛ss✐♠ ❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ vcr é ✉♠❛ r❡❣✐ã♦

❝♦♠ ❣r❛♥❞❡ ❞❡♥s✐❞❛❞❡ ❞❡ ❥❛♥❡❧❛s ❞❡ t✇♦✲❜♦✉♥❝❡s✳

❙❡❣✉✐♥❞♦ ❡ss❡ r♦t❡✐r♦✱ ♦ tr❛❜❛❧❤♦ ❞❡ P❡t❡r ❆♥✐♥♦s ❡ s❡✉s ❝♦❧❛❜♦r❛❞♦r❡s ❬✷✸❪ ♦❜t❡✈❡ ❞❡st❛q✉❡✳

❊❧❡s ♦❜s❡r✈❛r❛♠ q✉❡ ❛ ❞❡s❝r✐çã♦ ❞♦s ❢❡♥ô♠❡♥♦s ❞❡ r❡ss♦♥â♥❝✐❛ ♦❜s❡r✈❛❞♦s ❛té ❡♥tã♦ é ♠❛✐s

❝♦♠♣❧❡①♦✱ ♣♦✐s ♥ã♦ ❞❡♣❡♥❞❡ s♦♠❡♥t❡ ❞❡ ❝♦❧✐sõ❡s t✐♣♦ t✇♦✲❜♦✉♥❝❡s✳ ❆♦ ❛♥❛❧✐s❛r ❛ r❡❣✐ã♦ ❡♥tr❡

❞✉❛s ❥❛♥❡❧❛s ❞❡ t✇♦✲❜♦✉♥❝❡s✱ ❡❧❡s ♣❡r❝❡❜❡r❛♠ q✉❡ ❡ss❛ r❡❣✐ã♦ ♥ã♦ é ❢♦r♠❛❞❛ s♦♠❡♥t❡ ♣♦r ❡st❛❞♦

❞❡ ❜✐♦♥ ❡①✐st✐♥❞♦ t❛♠❜é♠ ♥❡ss❛ r❡❣✐ã♦ ❛s ❝❤❛♠❛❞❛s ♥✲❜♦✉♥❝❡s ❝♦♠ n ≥ 3✱ ❛s q✉❛✐s t❛♠❜é♠ ♥♦s

r❡❢❡r✐♠♦s ❝♦♠♦ ♠✉❧t✐✲❜♦✉♥❝❡s✳ P♦r ❡①❡♠♣❧♦✱ ♦❜s❡r✈❛r❛♠ r❡❣✐õ❡s ❞❡ ❥❛♥❡❧❛s t❤r❡❡ ❜♦✉♥❝❡s✱ ♥❛s

q✉❛✐s ♦ ❦✐♥❦ ❡s❝❛♣❛ ♣❛r❛ ♦ ✐♥✜♥✐t♦ ❛♣ós ✉♠❛ t❡r❝❡✐r❛ ❝♦❧✐sã♦✳ ❖ ♠❛✐s ✐♥t❡r❡ss❛♥t❡ ❢♦✐ ♣❡r❝❡❜❡r

q✉❡ ❛s ❞❡ ❥❛♥❡❧❛s ❞❡ ♠✉❧t✐✲❜♦✉♥❝❡s ❡stã♦ ♦r❞❡♥❛❞❛s ❞❡ ❢♦r♠❛ ❜❛st❛♥t❡ r❡❣✉❧❛r✱ ❢♦r♠❛♥❞♦ ✉♠❛

❡str✉t✉r❛ ❢r❛❝t❛❧✱ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿ ❆ t♦❞❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ ✉♠❛ ❥❛♥❡❧❛ ❞❡ t✇♦✲❜♦✉♥❝❡s ❡stã♦

❛ss♦❝✐❛❞❛s ✉♠❛ sér✐❡ ❞❡ ❥❛♥❡❧❛s ❞❡ t❤r❡❡✲❜♦✉♥❝❡s ❀ ❛ t♦❞❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ ✉♠❛ ❥❛♥❡❧❛ ❞❡ t❤r❡❡✲

❜♦✉♥❝❡s ❡stã♦ ❛ss♦❝✐❛❞❛s ✉♠❛ sér✐❡ ❞❡ ❥❛♥❡❧❛s ❞❡ ❢♦✉r✲❜♦✉♥❝❡s✱ ❡ ❛ss✐♠ ♣♦r ❞✐❛♥t❡✳ P♦❞❡♠♦s

❡♥tã♦ ♣❡r❝❡❜❡r q✉❡✿ ❥❛♥❡❧❛s ❞❡ ✭♥✰✶✮✲❜♦✉♥❝❡s sã♦ ❡♥❝♦♥tr❛❞❛s ♥❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ ✉♠❛ ❥❛♥❡❧❛ ❞❡

♥✲❜♦✉♥❝❡s✳ ❆ ✜❣✉r❛ ✹✳✽❛ ♠♦str❛ ❛s ❥❛♥❡❧❛s ❞❡ t❤r❡❡✲❜♦✉♥❝❡s ❡stã♦ ❧♦❝❛❧✐③❛❞❛s ♥❛s ✈✐③✐♥❤❛♥ç❛s

❞❛s ❥❛♥❡❧❛s ❞❡ t✇♦✲❜♦✉♥❝❡s✳ ◗✉❛♥❞♦ ❛♣❧✐❝❛♠♦s ✉♠ ③♦♦♠ ♥❛ r❡❣✐ã♦ ❡♠ ✈❡r♠❡❧❤♦ ❞❛ ✜❣✉r❛

✹✳✽❛ ♦❜t❡♠♦s ❡♥tã♦ ✉♠❛ ✜❣✉r❛ ♠✉✐t♦ s❡♠❡❧❤❛♥t❡ ❛ ❛♥t❡r✐♦r✱ s❡♥❞♦ q✉❡ ❛❣♦r❛ ♣♦❞❡♠♦s ✈❡r ❛s

❥❛♥❡❧❛s ❞❡ ✹✲❜♦✉♥❝❡s ♥❛ ✈✐③✐♥❤❛♥ç❛s ❞❡ ❥❛♥❡❧❛s ❞❡ ✸✲❜♦✉♥❝❡s✳ ❊st✉❞♦s ♣♦st❡r✐♦r❡s ♠♦str❛r❛♠

q✉❡ ❛ ❡str✉t✉r❛ ❤✐❡rárq✉✐❝❛ ❞❛ ❥❛♥❡❧❛s ❞❡ ♠✉❧t✐✲❜♦✉♥❝❡s s❡r✐❛ ♣❡r❢❡✐t❛♠❡♥t❡ ❢r❛❝t❛❧ s♦♠❡♥t❡ ♥❛

❛✉sê♥❝✐❛ ❞❡ r❛❞✐❛çã♦ ❬✻❪✳

P❛ss❛r❡♠♦s ❛❣♦r❛ ❛♦ ❡st✉❞♦ ❞❡ ♦✉tr♦s ♠♦❞❡❧♦s ❞❡ ❝❛rát❡r ♥ã♦✲✐♥t❡❣rá✈❡❧✱ ✈❡r❡♠♦s q✉❡ ❛s

❝❛r❛❝t❡ríst✐❝❛s ❞❡s❝r✐t❛s ♣❛r❛ ♦ ♠♦❞❡❧♦ φ4 sã♦ ♠❛♥t✐❞❛s ♣❡❧❛ ♥❛t✉r❡③❛ ♥ã♦✲✐♥t❡❣rá✈❡❧ ❞❡ss❡s

♠♦❞❡❧♦s✳
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✭❜✮

❋✐❣✉r❛ ✹✳✽✿ ❛✮ ❏❛♥❡❧❛s ❞❡ ✸✲❜♦✉♥❝❡s ♥❛ ✈✐③✐♥❤❛♥ç❛ ❞❛s ❥❛♥❡❧❛s ❞❡ ✷✲❜♦✉♥❝❡s✳ ❜✮ ❩♦♦♠ ❞❛ r❡❣✐ã♦
❡♠ ✈❡r♠❡❧❤♦ ❞❡ ❛✮✱ ♠♦str❛ ❛ ✈✐③✐♥❤❛♥ç❛ ❞❛ s❡❣✉♥❞❛ ❥❛♥❡❧❛ ❞❡ t✇♦✲❜♦✉♥❝❡s✳ ➱ ♣♦ss✐✈❡❧ ✈❡r ❛s
❥❛♥❡❧❛s ❞❡ ❢♦✉r✲❜♦✉♥❝❡s ♥❛s ♣ró①✐♠✐❞❛❞❡s ❞❛s ❥❛♥❡❧❛s ❞❡ t❤r❡❡✲❜♦✉♥❝❡s✳

✹✳✷ ❉✉♣❧♦ ❙✐♥❡✲●♦r❞♦♥

❖✉tr❛ t❡♦r✐❛ ❞❡ ❝❛rát❡r ♥ã♦ ✐♥t❡❣rá✈❡❧ é ♦ ❉✉♣❧♦ s✐♥❡✲●♦r❞♦♥ ✭❉s●✮✳ ❊st❡ ❢♦✐ ✉s❛❞♦✱ ♥♦

✜♥❛❧ ❞♦ sé❝✉❧♦ ❳❳ ❝♦♠♦ ♠♦❞❡❧♦ ♣❛r❛ ♠✉✐t♦s s✐st❡♠❛s ❢ís✐❝♦s✱ ❝♦♠♦ ♣♦r ❡①❡♠♣❧♦✱ ❛ ❞✐♥â♠✐❝❛

❞♦ s♣✐♥ ❞❡ ✉♠ s✉♣❡r✢✉✐❞♦ 3He ♥❛ ❢❛s❡ B ❬✻✱ ✸✼✱ ✸✽❪✱ ❛❧❣✉♠❛s ❝❛r❛❝t❡ríst✐❝❛s ❞❛ ♣r♦♣❛❣❛çã♦ ❞❡

♣✉❧s♦s ót✐❝♦s ✉❧tr❛❝✉rt♦s ❡♠ ✉♠ ♠❡✐♦ ❞❡❣❡♥❡r❛❞♦ ❬✸✾❪✱ ❡①❝✐t❛çõ❡s ♥ã♦✲❧✐♥❡❛r❡s ❡♠ ✉♠❛ ❝❛❞❡✐❛
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❝♦♠♣r❡ssí✈❡❧ ❞❡ ❞✐♣♦❧♦s XY s♦❜ ❝♦♥❞✐çõ❡s ❞❡ ❛❝♦♣❧❛♠❡♥t♦ ♣✐❡③♦❡❧étr✐❝♦ ❬✹✵❪✱ ♠❛❝r♦✲♠♦❧é❝✉❧❛s✱

❞❡♥tr❡ ♦✉tr❛s ❛♣❧✐❝❛çõ❡s✱ ❝♦♥❢♦r♠❡ ❬✻✱ ✸✽❪✳ ❖ ❡st✉❞♦ ♠❛✐s ❝♦♠♣❧❡t♦ ❛❝❡r❝❛ ❞❡ss❡ ♠♦❞❡❧♦ é

❡♥❝♦♥tr❛❞♦ ♥❛ r❡❢❡rê♥❝✐❛ ❬✶✷❪✱ q✉❡ ❛♣r❡s❡♥t❛ ♦ r❡s✉❧t❛❞♦ ❞♦ ❡st✉❞♦ ❞❡ ❝♦❧✐sõ❡s ❦✐♥❦✲❛♥t✐❦✐♥❦

♣❛r❛ ❞✐❢❡r❡♥t❡s s❡t♦r❡s t♦♣♦❧ó❣✐❝♦s ❞♦ ♣♦t❡♥❝✐❛❧✳ ❯♠❛ ♠♦t✐✈❛çã♦ ♣❛r❛ t❛❧ ❡st✉❞♦ ♣♦❞❡ t❡r s✐❞♦

❛ ❝♦♠♣❛r❛çã♦ ❡♥tr❡ ♦s ❢❡♥ô♠❡♥♦s ❞❡ r❡ss♦♥â♥❝✐❛ ❥á ♦❜s❡r✈❛❞♦s ❡♠ ❝♦❧✐sõ❡s ❞♦ t✐♣♦ ❦✐♥❦ ❝♦♠

❛♥t✐❦✐♥❦ ♥♦ ♠♦❞❡❧♦ φ4✳

❖ ▼♦❞❡❧♦ ❉✉♣❧♦ s✐♥❡✲●♦r❞♦♥ é ❡①♣r❡ss♦ ♣❡❧❛ s❡❣✉✐♥t❡ ❞❡♥s✐❞❛❞❡ ❧❛❣r❛♥❣❡❛♥❛✳

L =
1

2

(

dφ

dt

)2

− 1

2

(

dφ

dx

)2

− V (φ) .

❖♥❞❡ ♦ ♣♦t❡♥❝✐❛❧ V (φ) t❡♠ ❛ s❡❣✉✐♥t❡ ❢♦r♠❛

V (φ) = − 4

1 + |4η|

(

η cosφ− cos
φ

2

)

. ✭✹✳✶✻✮

❊ ♣♦rt❛♥t♦✱ ♦ ❝❛♠♣♦ φ (x, t) s❛t✐s❢❛③ ❛ s❡❣✉✐♥t❡ ❡q✉❛çã♦ ❞❡ ♠♦✈✐♠❡♥t♦

∂2φ

∂t2
− ∂2φ

∂x2
+

2

1 + |4η|

[

2η sinφ− sin

(

φ

2

)]

= 0, ✭✹✳✶✼✮

♦♥❞❡ η é ✉♠ ♣❛râ♠❡tr♦ q✉❡ ♣♦❞❡ ❛ss✉♠✐r q✉❛❧q✉❡r ✈❛❧♦r r❡❛❧✱ ♦✉ s❡❥❛✱ −∞ ≤ η ≤ ∞✳ ❆

✈❛r✐❛çã♦ ❞♦ ♣❛râ♠❡tr♦ η ❢❛③ ❝♦♠ q✉❡ ♦ ♣♦t❡♥❝✐❛❧ ❞✐❢❡r❡♥t❡s ❡str✉t✉r❛s ♥♦ q✉❡ s❡ r❡❢❡r❡ ❛♦s

s❡t♦r❡s t♦♣♦❧ó❣✐❝♦s✳ ➱ ✐♠♣♦rt❛♥t❡ ❞❡st❛❝❛r ♦s ❞♦✐s ❝❛s♦s ❧✐♠✐t❡s ♣❛r❛ η✿ q✉❛♥❞♦ η → ±∞ ♦

♣♦t❡♥❝✐❛❧ V (φ) s❡ r❡❞✉③ ❛ ✉♠ ♣♦t❡♥❝✐❛❧ s✐♥❡✲●♦r❞♦♥ ♣❛r❛ ♦ ❝❛♠♣♦ φ✱ ❡♥q✉❛♥t♦ q✉❡ q✉❛♥❞♦

η → 0 ♦ ♣♦t❡♥❝✐❛❧ s❡ r❡❞✉③ ❛ ✉♠ s✐♥❡✲●♦r❞♦♥ ♣❛r❛ ❛ ✈❛r✐á✈❡❧ φ/2✳ ◆♦t❡✲s❡ t❛♠❜é♠ q✉❡ V (φ)

é ♣❡r✐ó❞✐❝♦ ♣♦r 4π✳ ❖ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ V (φ) ♣♦❞❡ s❡r ❛❞❡q✉❛❞❛♠❡♥t❡ s❡♣❛r❛❞♦ ❡♠ q✉❛tr♦

r❡❣✐õ❡s✱ s♦❜r❡ ❛s q✉❛✐s ❝♦♠❡♥t❛♠♦s ❛ s❡❣✉✐r✳

❼ ❘❡❣✐ã♦ ■✿ η < −1
4

✕ ◆❡st❛ r❡❣✐ã♦ ✭✈❡❥❛ ✹✳✾✮✱ ♦ ♣♦t❡♥❝✐❛❧ t❡♠ três s❡t♦r❡s s❡t♦r❡s ❞❡ ♠í♥✐♠♦s✱ q✉❡ ♣♦❞❡♠

s❡r ❝♦♥s✐❞❡r❛❞♦s ❝♦♠♦ s❡t♦r❡s t♦♣♦❧ó❣✐❝♦s✱ ♥♦ ❡♥t❛♥t♦✱ ♦s s❡t♦r❡s ❬−4π + φ0✱ −φ0❪ ❡

❬φ0✱ 4π − φ0❪✱ φ0 = 2 arccos (1/4η)✱ sã♦ ❡q✉✐✈❛❧❡♥t❡s✱ ♣♦✐s sã♦ s✐♠étr✐❝♦s ❡♠ r❡❧❛çã♦

❛ φ = 0✳ ❆ss✐♠✱ é ♣r❡❝✐s♦ ❡st✉❞❛r ❛♣❡♥❛s ✉♠ ❞❡ss❡s s❡t♦r❡s✳ ❙❡ ❞❡s❝❛rt❛♠♦s ♦

s❡t♦r ❬−4π + φ0✱ −φ0❪✱ r❡st❛rá ❡♥tã♦ ♦ ✐♥t❡r✈❛❧♦ ❬−φ0✱ 4π❪✱ q✉❡ ♣♦ss✉✐ ❞♦✐s s❡t♦r❡s

t♦♣♦❧ó❣✐❝♦s✳ P♦r ❡①❡♠♣❧♦✱ ♥♦ ❝❛s♦ ❡s♣❡❝í✜❝♦ ❡♠ q✉❡ η = −1/2✱ ♦ ✐♥t❡r✈❛❧♦ ❛ s❡r
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❝♦♥s✐❞❡r❛❞♦ s❡rá ❬−4π/3✱ 4π❪✱ ♥❡ss❡ ✐♥t❡r✈❛❧♦ ❡①✐st✐rã♦ ❞♦✐s s❡t♦r❡s t♦♣♦❧ó❣✐❝♦s✱ ❛♦

✐♥✈és ❞♦s três ✐♥✐❝✐❛✐s✳ ❊ss❡s ❞♦✐s s❡t♦r❡s ❛♣r❡s❡♥t❛♠ ❡st❛❞♦s ❞❡❣❡♥❡r❛❞♦s ❞❡ ♠í♥✐♠❛

❡♥❡r❣✐❛✱ ♣♦ré♠✱ ❝♦♠♦ ❡❧❡s sã♦ s❡♣❛r❛❞♦s ♣♦r ❜❛rr❡✐r❛s ❞❡ ♣♦t❡♥❝✐❛❧ ♥ã♦✲❡q✉✐✈❛❧❡♥t❡s✱

❞❡✈❡♠ ❡①✐st✐r ❞♦✐s t✐♣♦s ❞❡ s♦❧✉çõ❡s ❦✐♥❦✲❛♥t✐❦✐♥❦✳ ❉❛ ♠❡s♠❛ ❢♦r♠❛ q✉❡ ❬✶✷❪ ♥❡st❡

tr❛❜❛❧❤♦✱ ❡ss❛s ❞✐❢❡r❡♥t❡s s♦❧✉çõ❡s sã♦ ❞❡♥♦♠✐♥❛❞❛s✿ ❧❛r❣❡ ❦✐♥❦✱ s♦❧✉çã♦ r❡❧❛t✐✈❛ ❛♦

s❡t♦r ❬−φ0, φ0]❀ s♠❛❧❧ ❦✐♥❦✱ s♦❧✉çã♦ r❡❧❛t✐✈❛ ❛♦ s❡t♦r ❬φ0✱ 4π − φ0❪✳

φ
0

V
(φ
)

-1

0

1

2

2π 4π
Large Kink

Small Kink

−2π−4π

❋✐❣✉r❛ ✹✳✾✿ V (φ) ♣❛r❛ η = −1.0

❼ ❘❡❣✐ã♦ ■■✿ −1
4
< η < 0 ❡ ❘❡❣✐ã♦ ■■■✿ 0 < η < 1

4

✕ ❊♠ ❛♠❜❛s ❛s r❡❣✐õ❡s ■■ ❡ ■■■ ✭✜❣✉r❛s ✹✳✶✵❛ ❡ ✹✳✶✵❜ r❡s♣❡❝t✐✈❛♠❡♥t❡✮ ♦ ♣♦t❡♥❝✐❛❧ ♣♦ss✉✐

❝❛rát❡r ♣❡r✐ó❞✐❝♦ ♠❛✐s ♥♦tá✈❡❧✱ ❛♣r❡s❡♥t❛♥❞♦ ❛♣❡♥❛s ✉♠ t✐♣♦ ❞❡ ♠í♥✐♠♦✱ s❡♥❞♦ ❡st❡

s❡♣❛r❛❞♦ ♣♦r ♠á①✐♠♦s ❡q✉✐✈❛❧❡♥t❡s✳ ❆ss✐♠✱ ♥❡ss❛s r❡❣✐õ❡s ♦ ♣♦t❡♥❝✐❛❧ s❡ ❛♣r♦①✐♠❛

❞♦ ♠♦❞❡❧♦ s✐♥❡✲●♦r❞♦♥✱ s❡♥❞♦ ♣❡r❢❡✐t❛♠❡♥t❡ ✐♥t❡❣rá✈❡❧ ♥❛ r❡❣✐ã♦ ■■ ✭−1
4
< η < 0✮✳

❆ r❡❣✐ã♦ ■■■ ✭ 0 < η < 1
4
✮ s❡ ❞✐❢❡r❡♥❝✐❛ ❞♦ ♠♦❞❡❧♦ s✐♥❡✲●♦r❞♦♥ ♣♦r ❛♣r❡s❡♥t❛r ✉♠

❡st❛❞♦ ✈✐❜r❛❝✐♦♥❛❧✱ ❞❡ss❛ ❢♦r♠❛ ♦s ❦✐♥❦s ♥ã♦ ♣❛ss❛♠ ✉♠ ♣❡❧♦ ♦✉tr♦ ❝♦♠♦ ♥♦ ♠♦❞❡❧♦

s● ✭✈❡❥❛ ✜❣✳ ✸✳✹✮✱ t♦❞❛✈✐❛ ♥❡ss❛ r❡❣✐ã♦ t❛♠❜é♠ ♥ã♦ sã♦ ♦❜s❡r✈❛❞❛s ❥❛♥❡❧❛s ❞❡ t✇♦✲

❜♦✉♥❝❡s ❀ ♦ ❢❡♥ô♠❡♥♦ ♦❜s❡r✈❛❞♦ ♥❡ss❛ r❡❣✐ã♦ é ♦ q✉❡ ❝❤❛♠❛♠♦s ❞❡ q✉❛s✐✲r❡ss♦♥â♥❝✐❛s✳

◗✉❛s✐✲r❡ss♦♥â♥❝✐❛s sã♦ ❝❛r❛❝t❡r✐③❛❞❛s ♣❡❧♦ ❧♦♥❣♦ t❡♠♣♦ ❡♥tr❡ ❛ s❡❣✉♥❞❛ ❡ t❡r❝❡✐r❛

❝♦❧✐sã♦ ✭T23✮ ❡♥tr❡ ♦s ❦✐♥❦s✱ ♣♦r ❡st❛ r❛③ã♦✱ r❡❣✐õ❡s ❞❡ q✉❛s✐✲r❡ss♦♥â♥❝✐❛ s❡ ❛ss❡♠❡✲

❧❤❛♠ ❛ r❡❣✐õ❡s ❞❡ t✇♦✲❜♦✉♥❝❡s ❡✱ ❞❡ss❛ ❢♦r♠❛ ❛♠❜♦s ♦s ❢❡♥ô♠❡♥♦s ♣❛r❡❝❡♠ t❡r ❛

♠❡s♠❛ ♥❛t✉r❡③❛✱ ❛ s❛❜❡r✿ ♦ ♠❡❝❛♥✐s♠♦ ❞❡ tr♦❝❛ ❞❡ ❡♥❡r❣✐❛❀ ♥♦ ❝❛s♦ ❞❡ ✉♠❛ q✉❛s✐✲
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r❡ss♦♥â♥❝✐❛✱ ❛ ❡♥❡r❣✐❛ q✉❡ r❡t♦r♥❛ ♣❛r❛ ♦ ♠♦❞♦ tr❛♥s❧❛❝✐♦♥❛❧✱ ❛♣ós ❛ s❡❣✉♥❞❛ ❝♦❧✐sã♦

♥ã♦ é s✉✜❝✐❡♥t❡ ♣❛r❛ q✉❡ ♦ ❦✐♥❦ ❡s❝❛♣❡ ♣❛r❛ ♦ ✐♥✜♥✐t♦✳

φ
0

V
(φ
)

-2

-1

0

1

2

3

4π−4π −2π 2π

✭❛✮

φ
0

V
(φ
)

-3

-2

-1

0

1

2

4π−2π 2π−4π

✭❜✮

❋✐❣✉r❛ ✹✳✶✵✿ V (φ) ♣❛r❛ ❛✮ η = −0.2✱ ❜✮ η = +0.2

❼ ❘❡❣✐ã♦ ■❱✿ η > 1
4

✕ ◆❛ r❡❣✐ã♦ η > 0 ✭✜❣✉r❛ ✹✳✶✶✮ t♦r♥❛✲s❡ ♠❛✐s ❛❞❡q✉❛❞♦ ❡①♣r❡ss❛r ♦ ♣♦t❡♥❝✐❛❧ ❝♦♠

♦ ❛✉①í❧✐♦ ❞❛ s❡❣✉✐♥t❡ s✉❜st✐t✉✐çã♦ η = 1
4
sinh2 R ❬✶✸❪✳ ❆♣❡s❛r ❞❡ ♥❡ss❛ r❡❣✐ã♦ ♦

♣♦t❡♥❝✐❛❧ ❛♣r❡s❡♥t❛r ❞♦✐s t✐♣♦s ❞❡ ♠í♥✐♠♦s ❧♦❝❛✐s✱ ❞❡✈❡♠♦s ♦❜s❡r✈❛r q✉❡ ❡❧❡s sã♦

♥ã♦✲❞❡❣❡♥❡r❛❞♦s✱ ❛ ♠❡♥♦s q✉❡ η → ∞✳ ◆❡ss❛ r❡❣✐ã♦ ✉♠ ♠♦❞♦ ✈✐❜r❛❝✐♦♥❛❧ t❛♠❜é♠

❡stá ♣r❡s❡♥t❡ ❡✱ ♦ ✐♥í❝✐♦ ❞♦ ❡s♣❡❝tr♦ ❝♦♥tí♥✉♦ é ✜①♦ ❡♠ ω = 1✱ q✉❛❧q✉❡r q✉❡ s❡❥❛

♦ η > 0✳ ❆ ❞✐❢❡r❡♥ç❛ ❛q✉✐✱ é q✉❡ ❛ ♠❡❞✐❞❛ q✉❡ ❛✉♠❡♥t❛♠♦s ♦ ✈❛❧♦r ❞❡ R ✭♥❡ss❛

r❡❣✐ã♦ R > ln
(

1 +
√
2
)

✮ ❛s ❥❛♥❡❧❛s ❞❡ q✉❛s✐✲r❡ss♦♥â♥❝✐❛ ✈ã♦ ❞❛♥❞♦ ❧✉❣❛r às ❥❛♥❡❧❛s

❞❡ t✇♦✲❜♦✉♥❝❡s ♣r♦♣r✐❛♠❡♥t❡ ❞✐t❛s✳

φ
0

V
(φ
)

-1.5

-1

-0.5

0

0.5

1

4π−2π 2π−4π

❋✐❣✉r❛ ✹✳✶✶✿ V (φ) ♣❛r❛ η = +1.0
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❆ s❡❣✉✐r✱ ❛♣r❡s❡♥t❛♠♦s ✉♠ ❡st✉❞♦ ❞❡ ❝♦❧✐sõ❡s✱ ❡♠ ❝❛rát❡r ❞❡ r❡✈✐sã♦ ❞❛ ❧✐t❡r❛t✉r❛ ❝✐❡♥tí✜❝❛✱

s♦♠❡♥t❡ ♣❛r❛ ♦ s❡t♦r η < −1
4
✳ ❖s ♦✉tr♦s s❡t♦r❡s sã♦ ❛♥❛❧✐s❛❞♦s ♥❛ r❡❢❡rê♥❝✐❛ ❬✶✷❪ ❡✱ ❡♠

♣❛rt✐❝✉❧❛r✱ ♦ tr❛❜❛❧❤♦ ❬✶✸❪ ✐♥✈❡st✐❣❛ ❝♦❧✐sõ❡s ❦✐♥❦✲❛♥t✐❦✐♥❦ ♣❛r❛ η > 0✳

✹✳✷✳✶ ❈♦❧✐sõ❡s ❦✐♥❦✲❛♥t✐❦✐♥❦ ♣❛r❛ η = −1
2

❈♦♠♦ ❥á ✈✐st♦ ♥❡st❡ tr❛❜❛❧❤♦✱ ❛s s♦❧✉çõ❡s t✐♣♦ ❦✐♥❦ sã♦ ❡stá✈❡✐s ❡ ✐♥t❡r♣♦❧❛♠ ❡♥tr❡ ❞♦✐s

♠í♥✐♠♦s ❛❞❥❛❝❡♥t❡s ❞❡ ❡♥❡r❣✐❛✳ P❛r❛ η < −1/4 ♦ ♣♦t❡♥❝✐❛❧ ♣♦ss✉✐ ❞✉❛s ♣♦ss✐❜✐❧✐❞❛❞❡s ♣❛r❛ s❡

♦❜t❡r s♦❧✉çõ❡s t✐♣♦ ❦✐♥❦✳ ❖✉ s❡❥❛✱ tê♠✲s❡ ❞✉❛s s♦❧✉çõ❡s ❡stát✐❝❛s ♣❛r❛ ❛ ❡q✉❛çã♦ ✭✹✳✶✼✮✳ ❯♠❛s

❞❡st❛s s♦❧✉çõ❡s✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ r❡❢❡rê♥❝✐❛ ❬✶✷❪✱ é ❡①♣r❡ss❛ ♣♦r✿

φsm (x) = 2π (2n+ 1)± 4 arctan

{
√

|4η| − 1

|4η|+ 1
tanh

[
√

|4η| − 1

16 |η| x

]}

. ✭✹✳✶✽✮

❉❛ ♠❡s♠❛ ❢♦r♠❛ q✉❡ ♥❛ r❡❢❡rê♥❝✐❛ ❬✶✷❪✱ ❡st❛ s♦❧✉çã♦ é ❛q✉✐ ❞❡♥♦♠✐♥❛❞❛✿ s♠❛❧❧ ❦✐♥❦✳ ❆ s♦❧✉çã♦

s♠❛❧❧ ❦✐♥❦ ✐♥t❡r♣♦❧❛ ❡♥tr❡ ♦s ♠í♥✐♠♦s ❞❡ ♣♦t❡♥❝✐❛❧ φ0 ❡ 4π − φ0✱ ♦♥❞❡ φ0 = 2 arccos
(

1
4η

)

✳ ❆

❡♥❡r❣✐❛ ❞❡st❛ s♦❧✉çã♦ é ❞❛❞❛ ♣♦r

Esm =

(

16

|η|+ 4 |η|2
)1/2 [

φ0

2
− π +

√

16η2 − 1

]

.

❆ ♦✉tr❛ s♦❧✉çã♦ é ❞❡♥♦♠✐♥❛❞❛ ❧❛r❣❡ ❦✐♥❦✱ s❡♥❞♦ ❡①♣r❡ss❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

φlg (x) = 4πn± 4 arctan

{
√

|4η|+ 1

|4η| − 1
tanh

[
√

|4η| − 1

16 |η| x

]}

✭✹✳✶✾✮

❊st❛ s♦❧✉çã♦ ✐♥t❡r♣♦❧❛ ❡♥tr❡ −φ0 ❡ φ0❡ t❡♠ ❡♥❡r❣✐❛

Elg =

(

16

|η|+ 4 |η|2
)1/2 [

φ0

2
+
√

16η2 − 1

]

.

❈♦♠♦ ❞❡ ❝♦st✉♠❡✱ ♦s s✐♥❛✐s (+) ❡ (−) ❡♠ ✭✹✳✶✽✮ ❡ ✭✹✳✶✾✮ ❝♦rr❡s♣♦♥❞❡♠ ❛s s♦❧✉çõ❡s ❞❡ ❦✐♥❦ ❡

❛♥t✐❦✐♥❦ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❆❣♦r❛ ♣❛ss❛r❡♠♦s ❛ ✐♥✈❡st✐❣❛r ♦ ♣r♦❝❡ss♦ ❞❡ ❝♦❧✐sã♦ ❡♥tr❡ ❦✐♥❦s ❡♠ ✉♠ ♣♦t❡♥❝✐❛❧ ❝♦♠♦ ♦

♠♦str❛❞♦ ♥❛ ✜❣✉r❛ ✹✳✾✳ ◆♦✈❛♠❡♥t❡✱ é ✐♠♣♦rt❛♥t❡ ❡st✉❞❛r ♦ ♣♦t❡♥❝✐❛❧ ❞❡ ♣❡rt✉❜❛çõ❡s Vsch (x)✱
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✭❛✮ ✭❜✮

❋✐❣✉r❛ ✹✳✶✷✿ n = −1✳ ❛✮ s♠❛❧❧ ❦✐♥❦ ❜✮ ❧❛r❣❡ ❦✐♥❦

♣♦✐s ❥á t❡♠♦s ✈✐st♦✱ ♥♦s ❝❛♣ít✉❧♦s ❛♥t❡r✐♦r❡s✱ q✉ã♦ ✈❛❧✐♦s❛s ✐♥❢♦r♠❛çõ❡s s♦❜r❡ ❛ ❞✐♥â♠✐❝❛ ❞❛

❝♦❧✐sã♦ ❡❧❡ ♣♦❞❡ ♥♦s ❢♦r♥❡❝❡r✳ ❆ ❡q✉❛çã♦ ❞❡ ❙❝❤rö❞✐♥❣❡r ♣❛r❛ ♦ ♣♦t❡♥❝✐❛❧ ❞✉♣❧♦ s✐♥❡✲●♦r❞♦♥

✜❝❛✿

−∂2χ (x)

∂x2
+

[

4η cosφ− cos φ
2

1 + 4 |η|

]

φ=φK

χ (x) = ω2χ (x) . ✭✹✳✷✵✮

❊ss❛ ❡q✉❛çã♦ ❛❞♠✐t❡ s♦❧✉çõ❡s ♣❛r❛ ω = 0✱ ♣❛r❛ ❛♠❜♦s ❧❛r❣❡ ❡ s♠❛❧❧ ❦✐♥❦s✳ ❖ ❡s♣❡❝tr♦ ❞❡

s♦❧✉çõ❡s ❝♦♥t✐♥✉❛s ♣❛r❛ η < −1
4
t❡♠ ✐♥✐❝✐♦ ❡♠ ❬✶✷❪

ωcont (η) =
√

|4η|−1
|4η| η < −1/4 .

❆❧é♠ ♠♦❞♦ tr❛♥s❧❛❝✐♦♥❛❧ ✭s♦❧✉çã♦ ♣❛r❛ ω = 0✮ ❤á t❛♠❜é♠ ♥❡st❡ s❡t♦r ❛ ♣r❡s❡♥ç❛ ❞❡ ✉♠ ♠♦❞♦

✈✐❜r❛❝✐♦♥❛❧ ✭s❤❛♣❡ ♠♦❞❡✮✱ ♠❛s ❛♣❡♥❛s ♣❛r❛ ❛ s♦❧✉çã♦ s♠❛❧❧ ❦✐♥❦✱ s♦❧✉çã♦ ❧❛r❣❡ ❦✐♥❦ ♥ã♦ ♣♦ss✉✐

✉♠ ♠♦❞♦ ✈✐❜r❛❝✐♦♥❛❧✳ ❉❡ss❛ ❢♦r♠❛✱ ♥ã♦ ❞❡✈❡ ❡①✐st✐r ❢❡♥ô♠❡♥♦s ❞❡ r❡ss♦♥â♥❝✐❛ ❡♠ ❝♦❧✐sõ❡s

❡♥✈♦❧✈❡♥❞♦ ❧❛r❣❡ ❦✐♥❦s✳ ❘❡❛❧✐③❛♠♦s s✐♠✉❧❛çõ❡s ❞❛ ❝♦❧✐sã♦ ❡♥tr❡ s♠❛❧❧ ❦✐♥❦s φsm (x)✳ P❛r❛

t❛♥t♦✱ ❛♣❧✐❝❛♠♦s ✉♠ ❜♦♦st ❞❡ ▲♦r❡♥t③ à s♦❧✉çã♦ ❡stát✐❝❛✱ ♦❜t❡♥❞♦ ❛ss✐♠ ✉♠❛ s♦❧✉çã♦ ✈✐❛❥❛♥t❡

φsm (x, t) = φsm (Z) , ❝♦♠ Z = γ (x− x0 − vt)✱ s❡♥❞♦ γ ♦ ❢❛t♦r ❞❡ ❝♦♥tr❛çã♦ ❞❡ ▲♦r❡♥t③ ✳ ❆

❝♦❧✐sã♦ ❝♦♥s✐st❡ ♥❛ s♦❧✉çã♦ ♥✉♠ér✐❝❛ ❞❛ ❡q✉❛çã♦ ✭✹✳✶✼✮ ❝♦♠ ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s✿

φ (x) = φ (x, 0) = φ ¯sm (x+ x0,−vi, 0) + φsm (x− x0, vi, 0)−
4

3
π, ✭✹✳✷✶✮
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φ̇ (x) = φ̇ (x, 0) = φ̇ ¯sm (x+ x0,−vi, 0) + φ̇sm (x− x0, vi, 0) .

❆ ♥♦t❛çã♦ φ ¯sm (x) ✐♥❞✐❝❛ ✉♠ s♠❛❧❧ ❛♥t✐❦✐♥❦✳ ❆s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s ♠♦str❛♠ q✉❡ ♥❡st❡ ❝❛s♦

❛ ❝♦❧✐sã♦ s❡rá ♥❛ ♦r❞❡♠ ❛♥t✐❦✐♥❦✲❦✐♥❦✳ ♦ q✉❡ ✐♥❞✐❝❛ q✉❡ ♦ ❛♥t✐❦✐♥❦ ✈✐❛❥❛ ❞❛ ❡sq✉❡r❞❛ ♣❛r❛ ❛

❞✐r❡✐t❛ ❝♦♠ ✈❡❧♦❝✐❞❛❞❡ vi > 0✱ ❡st❛♥❞♦ s❡✉ ❝❡♥tr♦ ❞❡ ♠❛ss❛ ✐♥✐❝✐❛❧♠❡♥t❡ ❡♠ ✉♠❛ ♣♦s✐çã♦ −x0✱

❡♥q✉❛♥t♦ q✉❡ ♦ ❦✐♥❦ ✈✐❛❥❛ ❞❛ ❞✐r❡✐t❛ ♣❛r❛ ❡sq✉❡r❞❛ ❝♦♠ ✉♠❛ ✈❡❧♦❝✐❞❛❞❡ vi < 0 ✳ ❖ ♣❛râ♠❡tr♦

❞❡ s❡♣❛r❛çã♦ ❢♦✐ ❡s❝♦❧❤✐❞♦ s❡♥❞♦ x0 = 25✱ ❞❡ ❢♦r♠❛ q✉❡ ✐♥✐❝✐❛❧♠❡♥t❡ ❛♠❜♦s ❦✐♥❦s✲❛♥t✐❦✐♥❦ ❡stã♦

❝♦♠ s❡✉s ❝❡♥tr♦ ❞❡ ♠❛ss❛ ♠✉✐t♦ ❞✐st❛♥t❡ ✉♠ ❞♦ ♦✉tr♦✳

❙✐♠✉❧❛♠♦s ❝♦❧✐sõ❡s s♠❛❧❧ ❦✐♥❦✲❛♥t✐❦✐♥❦ ♥❛ ❢❛✐①❛ ❞❡ ✈❡❧♦❝✐❞❛❞❡ 0.28 < vi < 0.35✳ ❖ r❡s✉❧t❛❞♦

❡stá ❡♠ ❛❝♦r❞♦ ❝♦♠ ♦ ♦❜t✐❞♦ ♥♦ tr❛❜❛❧❤♦ ♦r✐❣✐♥❛❧ ❬✶✷❪✱ ❡ ❝♦♠♦ ❡s♣❡r❛❞♦✱ ✈❡r✐✜❝♦✉✲s❡ q✉❡ ❝♦❧✐sõ❡s

❞❡ s♠❛❧❧ ❦✐♥❦s ❞♦ ♣♦t❡♥❝✐❛❧ ❞✉♣❧♦ s✐♥❡✲●♦r❞♦♥✱ ❛♣r❡s❡♥t❛♠ ❢❡♥ô♠❡♥♦s ❞❡ r❡ss♦♥â♥❝✐❛ ❞❡ ♠❡s♠❛

♥❛t✉r❡③❛ ❞❛q✉❡❧❡s ♦❜s❡r✈❛❞♦s ❡♠ ❝♦❧✐sõ❡s ❦✐♥❦✲❛♥t✐❦✐♥❦✱ ❞♦ ♣♦t❡♥❝✐❛❧ φ4✳

❆ ✜❣✉r❛ ✹✳✶✸ ❛♣r❡s❡♥t❛ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ ♥ú♠❡r♦ ❞❡ ❝♦❧✐sã♦ ♣❛r❛ ❝❛❞❛ ✈❡❧♦❝✐❞❛❞❡ ♥❛

❢❛✐①❛ ❞❡ ✈❡❧♦❝✐❞❛❞❡ s✐♠✉❧❛❞❛✳ ❆tr❛✈és ❞❡st❛ ✜❣✉r❛ t♦r♥❛✲s❡ ❜❛st❛♥t❡ ❝❧❛r♦ q✉❡ ❛s ❥❛♥❡❧❛s ❞❡

r❡ss♦♥â♥❝✐❛ t❛♠❜é♠ ❡stã♦ ♣r❡s❡♥t❡s ❡♠ ❝♦❧✐sõ❡s ❞♦ ♠♦❞❡❧♦ ❞✉♣❧♦ s✐♥❡✲●♦r❞♦♥✳ ❏❛♥❡❧❛s ❞❡

t❤r❡❡ ❜♦✉♥❝❡s t❛♠❜é♠ sã♦ ♦❜s❡r✈❛❞❛s✱ ❡ ❛ss✐♠ ❝♦♠♦ ♥♦ ♠♦❞❡❧♦ φ4✱ ❡❧❛s ❡stã♦ ❧♦❝❛❧✐③❛❞❛s ♥❛s

✈✐③✐♥❤❛♥ç❛s ❞❛s ❥❛♥❡❧❛s ❞❡ t✇♦✲❜♦✉♥❝❡s✳ ❉❡st❛ ❢♦r♠❛ ✜❝❛ ❡✈✐❞❡♥t❡ q✉❡ ♦ ♠❡❝❛♥✐s♠♦ ❞❡ tr♦❝❛

❞❡ ❡♥❡r❣✐❛✱ ♣r♦♣♦st♦ ♣♦r ✭❈❙❲✮ é t❛♠❜é♠ s❛t✐s❢❛tór✐♦ ♣❛r❛ ❛ ❛♥á❧✐s❡ ❝♦❧✐sõ❡s ♥❡st❡ ♠♦❞❡❧♦✳ ❆

❡①✐stê♥❝✐❛ ❞❡ ♠✉❧t✐✲❜♦✉♥❝❡s t❛♠❜é♠ s❡ ❞❡✈❡ ❛ tr♦❝❛ ❞❡ ❡♥❡r❣✐❛ ❡♥tr❡ ♦ ♠♦❞♦ ❞❡ tr❛♥s❧❛çã♦ ❡

♦ ♠♦❞♦ ✈✐❜r❛❝✐♦♥❛❧ ✭s❤❛♣❡ ♠♦❞❡✮✳ ❈♦♥❝❧✉í♠♦s ❡st❛ s❡çã♦ ❛♣r❡s❡♥t❛♥❞♦ ❛ ❝♦❧✐sã♦ ❞❡ ✉♠ s♠❛❧❧

❦✐♥❦ ❝♦♠ s❡✉ r❡s♣❡❝t✐✈♦ ❛♥t✐❦✐♥❦ ♣❛r❛ ✉♠❛ ❛❧t❛ ✈❡❧♦❝✐❞❛❞❡ ✐♥✐❝✐❛❧✱ vi = 0.92 ❝♦♠ η = −1.0✳ ❖

r❡s✉❧t❛❞♦ q✉❡ ♦❜t✐❞♦ ❥á ❤❛✈✐❛ s✐❞♦ ♣r❡✈✐st♦ ❡♠ ♣✉❜❧✐❝❛çõ❡s ❛♥t❡r✐♦r❡s❀ ♣❛r❛ ❛❧t❛s ✈❡❧♦❝✐❞❛❞❡s ❛

❝♦❧✐sã♦ ❞❡ ✉♠ ♣❛r ❞❡ s♠❛❧❧ ❦✐♥❦s ❞❡❝❛✐ ❡♠ ✉♠ ❡st❛❞♦ ✜♥❛❧ ❝♦♠♦ ✉♠ ♣❛r ❞❡ ❧❛r❣❡ ❦✐♥❦s✳ ❊ss❡

❢❡♥ô♠❡♥♦ é ♦❜s❡r✈❛❞♦ ♥❛ ✜❣✉r❛ ✹✳✶✹✳

◆❛ ♣ró①✐♠❛ s❡çã♦✱ ❡st✉❞❛✲s❡ ♦ ♠♦❞❡❧♦ φ6✱ ♦✉tr♦ ♣♦t❡♥❝✐❛❧ ❞❡ ❛✉t♦ ✐♥t❡r❛çã♦ ❞♦ t✐♣♦ ♣♦❧✐♥ô✲

♠✐❛❧✳ ❊st❡ ♣♦r s✉❛ ✈❡③ é ♦ ♣♦t❡♥❝✐❛❧ ♣♦❧✐♥♦♠✐❛❧ ♠❛✐s ♣ró①✐♠♦ ❞♦ ♣♦t❡♥❝✐❛❧ φ4✳
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vi

0.29 0.3 0.31 0.32 0.33 0.34 0.35

N
B

1

2

✭❛✮

vi

0.3427 0.3428 0.3428 0.3429 0.3429 0.3429 0.343

N
B

2

3

✭❜✮

❋✐❣✉r❛ ✹✳✶✸✿ ❈♦❧✐sõ❡s ❞❡ ❦✐♥❦s ♥♦ ♠♦❞❡❧♦ ❉s● ❝♦♠ η = −1/2✿ ❛✮ ◆ú♠❡r♦ ❞❡ ❜♦✉♥❝❡s ✈❡rs✉s
vi ❜✮ ❏❛♥❡❧❛s ❞❡ t❤r❡❡✲❜♦✉♥❝❡s ♥❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ ✉♠❛ ❥❛♥❡❧❛ ❞❡ t✇♦✲❜♦✉♥❝❡
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❋✐❣✉r❛ ✹✳✶✹✿ η = −1.0✳ ❊♠ ❛❧t❛ ✈❡❧♦❝✐❞❛❞❡s✱ ✉♠ ♣❛r ❞❡ s♠❛❧❧ ❦✐♥❦s ❞❡❝❛✐ ❡♠ ✉♠ ♣❛r ❞❡ ❧❛r❣❡
❦✐♥❦s✳

✹✳✸ ▼♦❞❡❧♦ φ6

❖ ♠♦❞❡❧♦ φ6 é ♦✉tr♦ ✐♠♣♦rt❛♥t❡ ♠♦❞❡❧♦ ❞❡ ♥❛t✉r❡③❛ ♥ã♦✲✐♥t❡❣rá✈❡❧✳ ❊ss❡ ♠♦❞❡❧♦ s❡ ❞✐❢❡r❡♥✲

❝✐❛ ❞♦ ♠♦❞❡❧♦ φ4 ♣♦r ♣♦ss✉✐r ✉♠ ♠í♥✐♠♦ ❛ ♠❛✐s✱ t❡♥❞♦ ❝♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞✐r❡t❛ q✉❡ ♦ ♠♦❞❡❧♦

♣♦ss✉✐ ✉♠ ♦✉tr♦ s❡t♦r t♦♣♦❧ó❣✐❝♦✳ ❊♥tr❡ ♦s ♣♦t❡♥❝✐❛✐s ♣♦❧✐♥♦♠✐❛✐s ❞❡ ❛✉t♦ ✐♥t❡r❛çã♦✱ ♦ φ6 é ♦

♠❛✐s ♣ró①✐♠♦ ❞♦ φ4✱ ♣♦r ❡ss❡ ♠♦t✐✈♦✱ ✉♠❛ ❞❛s ♠♦t✐✈❛çõ❡s ♣❛r❛ s❡ ❡st✉❞❛r t❛❧ ♠♦❞❡❧♦ é ❝♦♠♣❛✲

r❛çã♦ ❞✐r❡t❛ ❝♦♠ ♦ ♠♦❞❡❧♦ φ4✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ✈❡r✐✜❝❛✲s❡ s❡ ♦s ❢❡♥ô♠❡♥♦s ♦❜s❡r✈❛❞♦s ❡♠ ❝♦❧✐sõ❡s

❦✐♥❦✲❛♥t✐❦✐♥❦ ❞♦ ♠♦❞❡❧♦ φ4 t❛♠❜é♠ sã♦ ❡♠ ✉♠ ❝♦♥t❡①t♦ ❞❡ ♠❛✐♦r ♥ã♦✲❧✐♥❡❛r✐❞❛❞❡✳ P♦r ✐ss♦✱

♦ ❡st✉❞♦ ❞❡ss❡ ♣♦t❡♥❝✐❛❧ é ♣❡r❢❡✐t❛♠❡♥t❡ ❥✉st✐✜❝á✈❡❧✱ ♣r✐♠❡✐r❛♠❡♥t❡ ♣♦r q✉❡ ✈❡♠ ♣❡r♠✐t✐♥❞♦✱

♣r✐♥❝✐♣❛❧♠❡♥t❡ ♥♦ ❝♦♥t❡①t♦ ❞❡ ❝♦❧✐sõ❡s✱ ❡①♣❧✐❝❛çõ❡s ♠❛✐s ❣❡r❛✐s ♣❛r❛ ♦s ❢❡♥ô♠❡♥♦s ♦❜s❡r✈❛❞♦s

t❛♥t♦ ♥♦ ♠♦❞❡❧♦ φ4✱ ❝♦♠♦ ♥♦ ♠♦❞❡❧♦ ❞✉♣❧♦ s✐♥❡✲●♦r❞♦♥ ❬✶✹✱✹✶❪✳

P❛ss❛r❡♠♦s ❡♥tã♦ ❛ ❞❡s❝r✐çã♦ ❛♥❛❧ít✐❝❛ ❞♦ ♠♦❞❡❧♦✳ ❊♠ s✉♠❛✱ sã♦ s❡❣✉✐❞♦s ♦s ♠❡s♠♦s ♣r♦✲

❝❡❞✐♠❡♥t♦s ❥á ❛❞♦t❛❞♦s ♥❛s s❡çõ❡s ❛♥t❡r✐♦r❡s✳ ❖ ♠♦❞❡❧♦ φ6 é ❞❡s❝r✐t♦✱ ❡♠ (1 + 1) ❞✐♠❡♥sõ❡s

♣❡❧❛ ❞❡♥s✐❞❛❞❡ ❧❛❣r❛♥❣❡❛♥❛✳

L =
1

2

(

∂φ

∂t

)2

− 1

2

(

∂φ

∂x

)2

− V (φ) , ✭✹✳✷✷✮
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s❡♥❞♦ ♦ ♣♦t❡♥❝✐❛❧ ❞❛❞♦ ♣♦r

V (φ) =
1

2
φ2
(

φ2 − 1
)2

. ✭✹✳✷✸✮

❆ ✜❣✉r❛ ✹✳✶✺ ♠♦str❛ ❛ ❡♥❡r❣✐❛ ♣♦t❡♥❝✐❛❧ ♣❛r❛ ❝❛❞❛ ✈❛❧♦r ❞♦ ❝❛♠♣♦ φ (x)✳ ❆ ❡q✉❛çã♦ ❞❡

♠♦✈✐♠❡♥t♦ é ♦❜t✐❞❛ ❞❡ ❢♦r♠❛ ✉s✉❛❧✱ ♣♦r ❊✉❧❡r✲▲❛❣r❛♥❣❡ ✭✷✳✼✮✱ t♦r♥❛♥❞♦✲s❡ ♥❡ss❡ ❝❛s♦ ✐❣✉❛❧

❛

❋✐❣✉r❛ ✹✳✶✺✿ P♦t❡♥❝✐❛❧ ❞♦ ♠♦❞❡❧♦ φ6

∂2φ

∂t2
− ∂2φ

∂x2
+ φ

(

φ2 − 1
)2

+ 2φ3
(

φ2 − 1
)

= 0. ✭✹✳✷✹✮

❋❛③❡♥❞♦ ✉s♦ ❞♦ ❢♦r♠❛❧✐s♠♦ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠✱ ❡st✉❞❛❞♦ ♥♦ ❝❛♣ít✉❧♦ ✷✱ ♣♦❞❡✲s❡ ♦❜t❡r s♦❧✉çõ❡s

❡stát✐❝❛s ❞❛ ❡q✉❛çã♦ ✭✹✳✷✹✮✳ ❆♥t❡s✱ ✈❡♠♦s q✉❡ ✉♠❛ ❢✉♥çã♦ s✉♣❡r♣♦t❡♥❝✐❛❧ W (φ) q✉❡ s❛t✐s❢❛③ ❛

❝♦♥❞✐çã♦ ✭✷✳✶✻✮✱ tê♠ ❛ s❡❣✉✐♥t❡ ❢♦r♠❛ ♥♦ ♠♦❞❡❧♦ φ6

W (φ) =
φ2

2
− φ4

4
. ✭✹✳✷✺✮

❆s s♦❧✉çõ❡s ❞❡ ❡st❛❞♦ ❇P❙ sã♦ ♦❜t✐❞❛s ✉t✐❧✐③❛♥❞♦ ❛ r❡❧❛çã♦ ✭✷✳✶✽✮✳ ▲♦❣♦✱ ♣❛r❛ ♦ ♠♦❞❡❧♦ φ6 ❛s

❡q✉❛çõ❡s ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ sã♦✿

dφ

dx
= ±

(

φ− φ3
)

. ✭✹✳✷✻✮
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❖ s✐♥❛❧ s✉♣❡r✐♦r ✏+✑✱ ❛♣r❡s❡♥t❛ ❛s s❡❣✉✐♥t❡s s♦❧✉çõ❡s t♦♣♦❧ó❣✐❝❛s

φ(0,1) (x) =
√

1
2
(1 + tanh (x)) φ(0,−1) (x) = −

√

1
2
(1 + tanh (x)) , ✭✹✳✷✼✮

❡ ♦ s✐♥❛❧ ✐♥❢❡r✐♦r ✏−✑ ❞❡ ✭✹✳✷✻✮✱ r❡s✉❧t❛ ♥❛s s❡❣✉✐♥t❡s s♦❧✉çõ❡s t♦♣♦❧ó❣✐❝❛s

φ(1,0) (x) =
√

1
2
(1 + tanh (−x)) φ(−1,0) (x) = −

√

1
2
(1 + tanh (−x)) . ✭✹✳✷✽✮

❖s í♥❞✐❝❡s ✐♥❞✐❝❛♠ ♦ s❡t♦r ❞❡ ✐♥t❡r♣♦❧❛çã♦ ❞♦ ❦✐♥❦ ✭❛♥t✐❦✐♥❦✮✱ ✉♠❛ ✈❡③ q✉❡ ♦ ♠♦❞❡❧♦ φ6 ♣♦ss✉✐

❞♦✐s s❡t♦r❡s t♦♣♦❧ó❣✐❝♦s✿ ♦ s❡t♦r ❞❡ ✐♥t❡r♣♦❧❛çã♦ ❡♥tr❡ ♦s ♠í♥✐♠♦s φmin = −1 ❡ φmin = 0✱ ❡st❡

é ♦ ❝❛s♦ ❞♦ ❦✐♥❦ φ(−1,0) (x) ❡ ❞♦ ❛♥t✐❦✐♥❦ φ(0,−1) (x)❀ ♦ ♦✉tr♦ s❡t♦r é ❛ ✐♥t❡r♣♦❧❛çã♦ ❡♥tr❡ ♦s

♠í♥✐♠♦s φmin = 0 ❡ φmin = 1✱ q✉❡ é ♦ ❝❛s♦ ❞♦ ❦✐♥❦ φ(0,1) (x) ❡ ❞♦ ❛♥t✐❦✐♥❦ φ(1,0) (x)✳ ❆ ❡♥❡r❣✐❛

❞❡ ❝❛❞❛ ✉♠❛ ❞❛s s♦❧✉çõ❡s ✭✹✳✷✼✮ ❡ ✭✹✳✷✽✮ é ♦❜t✐❞❛ ♣♦r ✉t✐❧✐③❛çã♦ ❞❛ ❡q✉❛çã♦ ✭✷✳✷✵✮✱ s❡♥❞♦✱ ❡♠

❛♠❜♦s ♦s ❝❛s♦s✱ ✐❣✉❛❧ ❛ Emin = 1/4✳

❯♠❛ ✈❡③ q✉❡ ♦ ♠♦❞❡❧♦ ♣♦ss✉✐ ❞♦✐s s❡t♦r❡s t♦♣♦❧ó❣✐❝♦s✱ ❝♦♠ ♦ ♠í♥✐♠♦ φmin = 0 ❡♠ ❝♦♠✉♠✱

♥♦s é s✉✜❝✐❡♥t❡ r❡❛❧✐③❛r ❝♦❧✐sõ❡s ❞❡ ❦✐♥❦s ❝r✐❛❞♦s ❡♠ ❛♣❡♥❛s ✉♠ ❞❡ss❡s s❡t♦r❡s✳ ◆❡st❛ ❞✐ss❡rt❛çã♦✱

é ❢❡✐t❛ r❡✈✐sã♦ ❞❡ ❬✶✹❪ ❡ ♣♦rt❛♥t♦ ❡st✉❞❛r❡♠♦s ♦ ❡s♣❛❧❤❛♠❡♥t♦ ❡♥tr❡ ❦✐♥❦✲❛♥t✐❦✐♥❦ q✉❡ ✐♥t❡r♣♦❧❛♠

❡♥tr❡ ♦s ♠í♥✐♠♦s φmin = 0 ❡ φmin = 1✱ ♦✉ s❡❥❛✱ ✉s❛r❡♠♦s ❛s s♦❧✉çõ❡s φ(1,0) (x) ❡ φ(0,1) (x)✳

❘❡s✉❧t❛❞♦s ❡q✉✐✈❛❧❡♥t❡s sã♦ ♦❜t✐❞♦s q✉❛♥❞♦ r❡❛❧✐③❛♠♦s ❝♦❧✐sõ❡s ♥♦ s❡t♦r q✉❡ ✐♥t❡r♣♦❧❛ ❡♥tr❡

φmin = 0 ❡ φmin = −1 ❬✹✶❪✳

◆♦ s❡t♦r q✉❡ ✈❛♠♦s ❛♥❛❧✐s❛r✱ ❡①✐st❡♠ ❞✉❛s ❝♦♥✜❣✉r❛çõ❡s ❞❡ ♣❡r✜❧ ✐♥✐❝✐❛❧ ♣♦ssí✈❡✐s✳ ❙ã♦ ❡❧❛s✿

❼ P❛r (0, 1)✰ (1, 0) ♦✉ KK̄

φKK̄ = φ(0,1) (x+ x0) + φ(1,0) (x− x0)− 1, ✭✹✳✷✾✮

♦♥❞❡ x0 > 0✳ ❊st❛ ❝♦♥✜❣✉r❛çã♦ ✐♥❞✐❝❛ ✉♠❛ ❝♦❧✐sã♦ ❞♦ t✐♣♦ ❦✐♥❦✲❛♥t✐❦✐♥❦✳ ❊st❛♥❞♦ ✐♥✐❝✐❛❧♠❡♥t❡

❝❡♥tr♦ ❞♦ ❦✐♥❦ ❡♠ ✉♠❛ ♣♦s✐çã♦ x = −x0 ❡ ♦ ❛♥t✐❦✐♥❦ ❡♠ ✉♠❛ ♣♦s✐çã♦ x = x0✳

❼ P❛r (1, 0)✰ (0, 1) ♦✉ K̄K

φK̄K = φ(1,0) (x+ x0) + φ(0,1) (x− x0) , ✭✹✳✸✵✮

❡st❛ ❝♦♥✜❣✉r❛çã♦ ✐♥❞✐❝❛ ✉♠❛ ❝♦❧✐sã♦ ❞♦ t✐♣♦ ❛♥t✐❦✐♥❦✲❦✐♥❦✱ ❝♦♠ ♦ ❛♥t✐❦✐♥❦ ❡♠ x = −x0 ❡ ♦ ❦✐♥❦

❡♠ x = x0✳
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❆ ❛♥á❧✐s❡ ❞♦ s❡t♦r ♣❡rt✉r❜❛t✐✈♦✱ ❝♦♠♦ ❥á ❢♦✐ ❝♦♠❡♥t❛❞♦✱ ♥♦s ❧❡✈❛ ❛ ✐❞❡♥t✐✜❝❛çã♦ ❞❡ ♣♦ssí✈❡✐s

s♦❧✉çõ❡s ❞❡ ❡st❛❞♦s ❧✐❣❛❞♦s✳ ❖ ♣♦t❡♥❝✐❛❧ ❞❡ ❙❝❤rö❞✐♥❣❡r ❞♦ ♠♦❞❡❧♦ é✿

Vsch (x) = 15φ4
s − 12φ2

s + 1. ✭✹✳✸✶✮

❖ ♠♦❞♦ ③❡r♦ ❞♦ ♠♦❞❡❧♦ é ♦❜t✐❞♦ ❛tr❛✈és ❞❛ ❡①♣r❡ssã♦ ✭✷✳✸✹✮✱ s❡♥❞♦ ✐❣✉❛❧ ❛

η0 (x) = A
(

φs (x)− φ3
s (x)

)

, ✭✹✳✸✷✮

♦♥❞❡ φs ❞❡♥♦t❛ q✉❛✐sq✉❡r ✉♠❛ ❞❛s s♦❧✉çõ❡s ❡stát✐❝❛s ✭✹✳✷✼✮✱ ✭✹✳✷✽✮✳ ❆s s♦❧✉çõ❡s ❞♦ ❡s♣❡❝tr♦

❝♦♥tí♥✉♦ sã♦ ❡①♣r❡ss❛s ❡♠ t❡r♠♦s ❞❡ ❢✉♥çõ❡s ❤✐♣❡r❣❡♦♠étr✐❝❛s✱ ❝♦♥❢♦r♠❡ ❬✹✷❪✳

❖ ♠♦❞❡❧♦ φ6✱ ❛♣r❡s❡♥t❛ ✉♠❛ s✐t✉❛çã♦ ✐♥é❞✐t❛ ❛té ❡♥tã♦✱ ♣❛r❛ ♠♦❞❡❧♦s ❞❡ ♥❛t✉r❡③❛ ♥ã♦✲

✐♥t❡❣rá✈❡❧✳ ◗✉❛♥❞♦ s✉❜st✐t✉í♠♦s φs ♥❛ ❡q✉❛çã♦ ✭✹✳✸✶✮ q✉❛❧q✉❡r ✉♠❛ ❞❛s s♦❧✉çõ❡s ❡stát✐❝❛s

φ(1,0)✱ φ(0,1)✱ φ(0,−1)♦✉ φ(−1,0)✱ tê♠✲s❡ q✉❡ ♦ ♣♦t❡♥❝✐❛❧ Vsch (φs) ♥ã♦ ♣♦ss✉✐ s♦❧✉çã♦ ❞❡ ❡st❛❞♦

❧✐❣❛❞♦✱ ❛❧é♠ ❞❛ s♦❧✉çã♦ ✉s✉❛❧❀ ♠♦❞♦ ③❡r♦✳ ❉✐t♦ ❞❡ ❢♦r♠❛ ♠❛✐s ❝❧❛r❛✿ ❖s ❦✐♥❦s ❞♦ ♣♦t❡♥❝✐❛❧

φ6✱ ✐♥❞✐✈✐❞✉❛❧♠❡♥t❡✱ ♥ã♦ ♣♦ss✉❡♠ ♠♦❞♦ ✈✐❜r❛❝✐♦♥❛❧ ✐♥t❡r♥♦✳ ◆❛ ✜❣✉r❛ ✹✳✶✻ ♠♦str❛♠♦s ❝♦♠♦

❡①❡♠♣❧♦✱ ♦ ♣♦t❡♥❝✐❛❧ ❞❡ ♣❡rt✉❜❛çã♦ Vsch (x) ♣❛r❛ ❛ s♦❧✉çã♦ ❡stát✐❝❛ φs = φ(1,0) (x)✳ ❖❜s❡r✈❛♥❞♦

♦s r❡s✉❧t❛❞♦s ❞❡ ❝♦❧✐sõ❡s ♥♦ ♠♦❞❡❧♦ φ4 ❡ ❞✉♣❧♦ s✐♥❡✲●♦r❞♦♥✱ ♥ós ❡s♣❡r❛♠♦s q✉❡ ❛s ❡str✉t✉r❛s ❞❡

r❡ss♦♥â♥❝✐❛✱ t❛✐s ❝♦♠♦ ❛ ❢❛✐①❛ ❞❡ ❥❛♥❡❧❛s ❞❡ t✇♦✲❜♦✉♥❝❡s ♥ã♦ s❡❥❛♠ ♦❜s❡r✈❛❞❛s ❡♠ ❝♦❧✐sõ❡s ❞❡

❦✐♥❦s ❞♦ ♠♦❞❡❧♦ φ6✳ ◆♦ ❡♥t❛♥t♦✱ ♦ ❡st✉❞♦ ♥✉♠ér✐❝♦ r❡❛❧✐③❛❞♦ ♣r✐♠❡✐r❛♠❡♥t❡ ♣♦r P✳ ❉♦r❡② ❡t ❛❧✳

❬✶✹❪✱ ♠♦str♦✉ ✉♠ ❝♦♠♣♦rt❛♠❡♥t♦ ❝♦♠♣❧❡t❛♠❡♥t❡ ❞✐❢❡r❡♥t❡ ❡♠ r❡❧❛çã♦ ❛♦ ❡s♣❡r❛❞♦✳ Pr✐♠❡✐r♦✱

♦s ❛✉t♦r❡s ♣❡r❝❡❜❡r❛♠ q✉❡ ❛ ❝♦❧✐sã♦ ❝♦♠ ♦ ♣❛r (0, 1) + (1, 0) ♥ã♦ ♣♦ss✉✐ ♥❡♥❤✉♠❛ ❡str✉t✉r❛

❞❡ r❡ss♦♥â♥❝✐❛✱ s❡♥❞♦ q✉❡ ♣❛r❛ ✈❡❧♦❝✐❞❛❞❡s vi < vcr ≈ 0.289✱ ♦ ♣❛r ❦✐♥❦✲❛♥t✐❦✐♥❦ s❡♠♣r❡ ✜❝❛

❛r♠❛❞✐❧❤❛❞♦ ✉♠ ❛♦ ♦✉tr♦✱ ❡♥q✉❛♥t♦ q✉❡ ♣❛r❛ ✈❡❧♦❝✐❞❛❞❡ vi > vcr✱ ♦ ♣❛r (0, 1) + (1, 0) ❞❡❝❛✐

❡♠ ✉♠ ♣❛r (0,−1) + (−1, 0)✱ ♦✉ s❡❥❛ ♦ ♣❛r t❡♠ ♦ ❡st❛❞♦ ✜♥❛❧ ♥♦ ♦✉tr♦ s❡t♦r t♦♣♦❧ó❣✐❝♦✳ ❊st❡

❢❡♥ô♠❡♥♦ ♣♦❞❡ s❡r ♦❜s❡r✈❛❞♦ ♥❛ ✜❣✉r❛ ✹✳✶✼✳ ❖❜s❡r✈❡ q✉❡ ❡ss❡ ❢❡♥ô♠❡♥♦ é s❡♠❡❧❤❛♥t❡ àq✉❡❧❡

♦❜s❡r✈❛❞♦ ❡♠ ❛❧t❛s ✈❡❧♦❝✐❞❛❞❡ ❞♦ ♠♦❞❡❧♦ ❞✉♣❧♦ s✐♥❡✲●♦r❞♦♥ ✭✈❡❥❛ ✜❣✳ ✹✳✶✹✮✳ ❈♦♠♣❛r❛♥❞♦ ♦s

r❡s✉❧t❛❞♦s✱ ✈❡r✲s❡ q✉❡ ❡st❡ ❝♦♠♣♦rt❛♠❡♥t♦ ♥ã♦ ❝❛✉s❛ s✉r♣r❡s❛✱ ♣♦✐s é ♦ t✐♣♦ ❞❡ ❝♦♠♣♦rt❛♠❡♥t♦

❡s♣❡r❛❞♦ ♣♦r ✉♠ ♠♦❞❡❧♦ q✉❡ ♥ã♦ ♣♦ss✉✐ ✉♠ s❤❛♣❡ ♠♦❞❡✳

P♦r s✉❛ ✈❡③✱ ✉♠ ❝♦♠♣♦rt❛♠❡♥t♦ ✐♥❡s♣❡r❛❞♦ ❢♦✐ ♦❜s❡r✈❛❞♦ ♥❛s ❝♦❧✐sõ❡s ❡♥✈♦❧✈❡♥❞♦ ♦ ♣❛r

(1, 0) + (0, 1)✳ ◆❡st❡ ❝❛s♦✱ ✉♠❛ r✐❝❛ ❡str✉t✉r❛ ❞❡ r❡ss♦♥â♥❝✐❛✱ ❡str✉t✉r❛ ❞❡ ❥❛♥❡❧❛s ❞❡ ♠✉❧t✐✲

❜♦✉♥❝❡s✱ ❢♦✐ ♦❜s❡r✈❛❞❛✳ ❆ ❡str✉t✉r❛ t❡r♠✐♥❛ ♥❛ ✈❡❧♦❝✐❞❛❞❡ ❝rít✐❝❛ ❞❡ ❡s❝❛♣❡ vcr ≈ 0.0457✱ ❛
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♣❛rt✐r ❞❛ q✉❛❧ ♦s ❦✐♥❦s s❡♠♣r❡ s❡ s❡♣❛r❛♠ ♣❛r❛ ♦ ✐♥✜♥✐t♦ ❛♣ós ❛ ♣r✐♠❡✐r❛ ❝♦❧✐sã♦❀ ❛❜❛✐①♦ ❞❡ vcr✱

♦ ❝♦♠♣♦rt❛♠❡♥t♦ s❡ ❛ss❡♠❡❧❤❛ ❛♦ ❛♣r❡s❡♥t❛❞♦ ♥♦ ♠♦❞❡❧♦ φ4✳ ❆ ✜❣✉r❛ r❡s✉♠❡ ♦s ❢❡♥ô♠❡♥♦s

♦❜s❡r✈❛❞♦s ✹✳✶✽ ♠♦str❛♥❞♦ ♦ t❡♠♣♦ ❡♥tr❡ ❛ ♣r✐♠❡✐r❛ ✭♣r❡t♦✮✱ s❡❣✉♥❞❛ ✭✈❡r♠❡❧❤♦✮ ❡ t❡r❝❡✐r❛

❝♦❧✐sã♦ ✭✈❡r❞❡✮❀ ❛s ❥❛♥❡❧❛s ❞❡ t✇♦✲❜♦✉♥❝❡s ❡stã♦ ❧♦❝❛❧✐③❛❞❛s ♥❛s ✈❡❧♦❝✐❞❛❞❡s ✐♥✐❝✐❛✐s ♣❛r❛ ❛s

q✉❛✐s ♦ t❡♠♣♦ ❡♥tr❡ ❛ s❡❣✉♥❞❛ ❡ t❡r❝❡✐r❛ ❝♦❧✐sã♦ ❞✐✈❡r❣❡♠✳

❋✐❣✉r❛ ✹✳✶✻✿ P♦t❡♥❝✐❛❧ ❞❡ ♣❡rt✉❜❛çã♦ Vsch ♣❛r❛ ✉♠ ✐♥❞✐✈✐❞✉❛❧ ❛♥t✐❦✐♥❦ φ(1,0) (x)

❋✐❣✉r❛ ✹✳✶✼✿ ❆❝✐♠❛ ❞❡ ✉♠❛ ✈❡❧♦❝✐❞❛❞❡ ❝rít✐❝❛ vcr ♦ ♣❛rKK̄ ❞❡❝❛✐ ❡♠ ✉♠ K̄K ♥♦ s❡t♦r t♦♣♦❧ó❣✐❝♦
(0,−1)

❆ s✐t✉❛çã♦ ❞❡s❝r✐t❛ ❛❝✐♠❛✱ t♦r♥♦✉✲s❡ ✉♠ ❝♦♥tr❛✲❡①❡♠♣❧♦ ❡♠ r❡❧❛çã♦ ❛♦ ❝♦♥❤❡❝✐♠❡♥t♦ ❞❡

❝♦❧✐sõ❡s ❡♠ ♠♦❞❡❧♦s ♥ã♦✲✐♥t❡❣rá✈❡✐s✳ ▼❡s♠♦ ♥❛ ❛✉sê♥❝✐❛ ❞❡ ✉♠ s❤❛♣❡ ♠♦❞❡ ❢♦✐ ♦❜t✐❞♦ ✉♠
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❝♦♠♣♦rt❛♠❡♥t♦ s❡♠❡❧❤❛♥t❡ ❛♦ ♠♦❞❡❧♦ ❞♦ φ4✱ ♦✉ s❡❥❛✱ ♠❡s♠♦ ♥❛ ❛✉sê♥❝✐❛ ❞❡ ✉♠ s❤❛♣❡ ♠♦❞❡✱

♣❛r❛ ♦s ❦✐♥❦s ❞♦ φ6✱ ❛ ❡♥❡r❣✐❛ ❝✐♥ét✐❝❛ ❢♦✐ ❞❡ ❛❧❣✉♠❛ ❢♦r♠❛ ❛r♠❛③❡♥❛❞❛✳ ❖s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s

♣❡❧♦s ❛✉t♦r❡s ❞❡ ❬✶✹❪ sã♦ ❝♦♥s✐st❡♥t❡s ❝♦♠ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ ♠❡❝❛♥✐s♠♦ ❞❡ tr♦❝❛ ❞❡ ❡♥❡r❣✐❛✱

♣♦ré♠ ♥❡st❡ ♠❡❝❛♥✐s♠♦ é ❡ss❡♥❝✐❛❧ q✉❡ ❡①✐st❛ ✉♠❛ s♦❧✉çã♦ s❤❛♣❡ ♠♦❞❡✳ ❉❡ss❛ ❢♦r♠❛✱ ❡❧❡s

❢♦r❛♠ ❧❡✈❛❞♦s ❛ ♣r♦♣♦r ❛ ❡①✐stê♥❝✐❛ ❞❡ t❛❧ ♠❡❝❛♥✐s♠♦ ❝♦♠ ✉♠❛ ❛❜♦r❞❛❣❡♠ ❞✐❢❡r❡♥t❡ ❞❛q✉❡❧❛

❢♦r❛ ♣r♦♣♦st❛ ♣♦r ✭❈❙❲✮✳ ❙❛❜❡✲s❡ q✉❡ ♥♦ ♠♦❞❡❧♦ φ4✱ ♦s r❡s✉❧t❛❞♦s ♦❜s❡r✈❛❞♦s ✐♥❞❡♣❡♥❞❡♠ ❞❛

♦r❞❡♠ ✐♥✐❝✐❛❧ ❞❛ ❝♦❧✐sã♦✱ q✉❡ ♣♦❞❡ s❡r KK̄ ♦✉ K̄K❀ ✐ss♦ é ♣❡r❢❡✐t❛♠❡♥t❡ ❝♦♠♣r❡❡♥sí✈❡❧ ❞❛❞♦

q✉❡ Vsch✱ ♥♦ φ4✱ ✭❡q✳ ✹✳✶✶✮ t❡♠ ✐♥✈❛r✐â♥❝✐❛ ♣♦r x → −x✳ ◆♦ ❡♥t❛♥t♦✱ ❝♦♠♦ ♦ ♣♦t❡♥❝✐❛❧ ✭✹✳✸✶✮

♥ã♦ ❛♣r❡s❡♥t❛ ❡ss❛ ✐♥✈❛r✐â♥❝✐❛✱ ♦ r❡s✉❧t❛❞♦ ♥♦ ♠♦❞❡❧♦ φ6 ❞❡♣❡♥❞❡ ❞❛ ❡s❝♦❧❤❛ ❞❛ ♦r❞❡♠ ✐♥✐❝✐❛❧

❞❛ ❝♦❧✐sã♦✱ q✉❡ ♣♦❞❡ s❡r KK̄ ♦✉ K̄K ✳ P♦r ❡ss❛ r❛③ã♦ ❛♦ ✐♥✈és ❞❡ s✉❜st✐t✉✐r φs ❡♠ ✭✹✳✸✶✮

♣♦r s♦❧✉çõ❡s ✐♥❞✐✈✐❞✉❛✐s✱ ♦s ❛✉t♦r❡s ❞❛ ♥♦✈❛ ❛❜♦r❞❛❣❡♠ s✉❜st✐t✉ír❛♠ φs ♣♦r ❝❛❞❛ ✉♠❛ ❞❛s

❝♦♥✜❣✉r❛çõ❡s (0, 1) + (1, 0) ✭❡q✳✹✳✷✾✮ ♦✉ (1, 0) + (0, 1) ✭❡q✳ ✭✹✳✸✵✮✮✱ ♣r♦❝✉r❛♥❞♦ ❞❡ss❛ ❢♦r♠❛✱

s♦❧✉çõ❡s ❞❡ ❡st❛❞♦s ❧✐❣❛❞♦s ♣❛r❛ ❛s ❝♦♥✜❣✉r❛çõ❡s ✐♥✐❝✐❛✐s✱ ❡ ♥ã♦ ♣❛r❛ ❛s s♦❧✉çõ❡s ✐♥❞✐✈✐❞✉❛✐s ❞❡

❦✐♥❦ ♦✉ ❛♥t✐❦✐♥❦✳ ❆ ✜❣✉r❛ ✹✳✶✾❛ ♠♦str❛ Vsch ♣❛r❛ ♦ ♣❛r ♥❛ ❝♦♥✜❣✉r❛çã♦ ✐♥✐❝✐❛❧ KK̄✱ ✈❡r✲s❡ q✉❡

❡①✐st❡♠ ❞♦✐s ♠í♥✐♠♦s ❝♦♠ ✉♠❛ ❣r❛♥❞❡ ❜❛rr❡✐r❛ ❡♥tr❡ ❡❧❡s✳ ❏á ❛ ✜❣✉r❛ ✹✳✶✾❜✱ ♠♦str❛ Vsch ♣❛r❛

♦ ♣❛r ♥❛ ♦r❞❡♠ K̄K✳ ◆❡st❡ ❝❛s♦✱ t❛♠❜é♠ ❡①✐st❡♠ ❞♦✐s ♠í♥✐♠♦s✱ s❡♣❛r❛❞♦s ♣♦r ✉♠❛ ❜❛rr❡✐r❛✱

t♦❞❛✈✐❛✱ ♥❡st❡ ❝❛s♦ ❛ ❜❛rr❡✐r❛ é ❜❡♠ ♠❡♥♦r q✉❡ ♦ ✈❛❧♦r ❛ss✐♥tót✐❝♦ ❞❡ Vsch(x)✱ ♦ q✉❡ t♦r♥❛

♣♦ssí✈❡❧ ❛ ❡①✐stê♥❝✐❛ ❡st❛❞♦ ❧✐❣❛❞♦s✳
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❋✐❣✉r❛ ✹✳✶✽✿ ❚❡♠♣♦ ❡♥tr❡ ❛ ♣r✐♠❡✐r❛ ✭❧✐♥❤❛ ♣r❡t❛✮ ✱ s❡❣✉♥❞❛ ✭❧✐♥❤❛ ✈❡r♠❡❧❤❛✮ ❡ t❡r❝❡✐r❛ ✭❧✐♥❤❛
✈❡r❞❡✮ ❝♦❧✐sã♦ ♣❛r❛ (1, 0) + (0, 1)✳ P❛r❛ ❥❛♥❡❧❛s ❞❡ t✇♦✲❜♦✉♥❝❡s✱ ♦ t❡♠♣♦ ♣❛r❛ ❛ t❡r❝❡✐r❛ ❝♦❧✐sã♦
❞✐✈❡r❣❡✳
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❖s ❛✉t♦r❡s ❞❡ ❬✶✹❪✱ ♠♦str❛r❛♠ q✉❡ ♦ ♣♦t❡♥❝✐❛❧ ❞❡ ❙❝❤rö❞✐♥❣❡r ♣❛r❛ ❛ ❝♦♥✜❣✉r❛çã♦ ✭✹✳✸✵✮

✭Vsch (φK̄K)✮ r❡❛❧♠❡♥t❡ ♣♦ss✉✐ s♦❧✉çõ❡s ❞❡ ❡st❛❞♦s ❧✐❣❛❞♦✱ ❛❧é♠ ❞❡ ♣♦ss✉✐r ✉♠ ♠♦❞♦ ③❡r♦✱ ❞❡s❞❡

q✉❡ ♦ ♣❛râ♠❡tr♦ ❞❡ s❡♣❛r❛çã♦ s❡❥❛ r❡❧❛t✐✈❛♠❡♥t❡ ❣r❛♥❞❡ ✭x0 ≥ 4✮✳ ❖ ♠❡s♠♦ ❡st✉❞♦ ♣❛r❛

Vsch (φKK̄)✱ ♠♦str❛ q✉❡ ❡ss❛ ❝♦♥✜❣✉r❛çã♦ tê♠ ❛♣❡♥❛s ♦ ♠♦❞♦ ③❡r♦✳ ❆ ♥♦✈❛ ❝❛r❛❝t❡ríst✐❝❛

♦❜s❡r✈❛❞❛ ♥♦ ♠♦❞❡❧♦ φ6 é q✉❡✿ ❡♠❜♦r❛ ♥ã♦ ❡①✐st❛ ✉♠ ♠♦❞♦ ✈✐❜r❛❝✐♦♥❛❧ ♣❛r❛ ♦s ❦✐♥❦s ❞❡

❢♦r♠❛ ✐♥❞✐✈✐❞✉❛❧✱ ❛ ❡♥❡r❣✐❛ ❝✐♥ét✐❝❛ ♣♦❞❡ s❡r ❛r♠❛③❡♥❛❞❛ ♥♦ ❡st❛❞♦s ✈✐❜r❛❝✐♦♥❛✐s ♦r✐❣✐♥❛❞♦s

♣❡❧❛ ❝♦♥✜❣✉r❛çã♦ ✐♥✐❝✐❛❧ (1, 0)+(0, 1)✳ ❉❡st❛ ❢♦r♠❛ é ♣♦ssí✈❡❧ ❡①♣❧✐❝❛r ♦ s✉r❣✐♠❡♥t♦ ❞❛s ❥❛♥❡❧❛s

❞❡ ♠✉❧t✐✲❜♦✉♥❝❡s✱ ❛tr❛✈és ❞❛ ❝♦♥❞✐çã♦ ❞❡ r❡ss♦♥â♥❝✐❛ ❞❡ ❈❛♠♣❜❡❧❧✱ ✭✹✳✶✹✮✳

✭❛✮ ✭❜✮

❋✐❣✉r❛ ✹✳✶✾✿ P♦t❡♥❝✐❛❧ ❞❡ ♣❡rt✉r❜❛çã♦ ✭❧✐♥❤❛ só❧✐❞❛✮ ❡ ❝♦♥✜❣✉r❛çõ❡s ✐♥✐❝✐❛✐s ✭❧✐♥❤❛ tr❛❝❡❥❛❞❛✮
♣❛r❛ ♦s ♣❛r❡s ♦r❞❡♥❛❞♦s✿ ❛✮ (0, 1) + (1, 0) ❡ ❜✮ (1, 0) + (0, 1)✳

❊ss❡ r❡s✉❧t❛❞♦s✱ ♠♦str❛♠ q✉❡ ❛ ❛♥á❧✐s❡ ❞❛ ❡q✉❛çã♦ ❞❡ ❙❝❤rö❞✐♥❣❡r ♣❛r❛ ♦ ♣❡r✜❧ ✐♥✐❝✐❛❧ t❡♠

❝❛rát❡r ♠❛✐s ❛♠♣❧♦ q✉❡ ❛ ❛♥á❧✐s❡ ♣❛r❛ ♦ ❞❡❢❡✐t♦ t♦♣♦❧ó❣✐❝♦ ✐♥❞✐✈✐❞✉❛❧✳ ❚♦❞❛✈✐❛ ♥ã♦ t❡♠♦s ❝❡rt❡③❛

❛✐♥❞❛✱ s❡ ♣♦❞❡♠♦s ❣❡♥❡r❛❧✐③❛r ❡st❛ ❛✜r♠❛çã♦✳ ❊♥tã♦✱ ♣❛r❛ ♠❡❧❤♦r ❝♦♠♣r❡❡♥sã♦ ❞♦s ❢❡♥ô♠❡♥♦s

♦❜s❡r✈❛❞♦s ♥♦ ❡s♣❛❧❤❛♠❡♥t♦ ❞❡ ❦✐♥❦s é ♠❛✐s s❡❣✉r♦ q✉❡ s❡ r❡❛❧✐③❡ ♦ ❡st✉❞♦ ❞❛ ❡q✉❛çã♦ ❞❡

❙❝❤rö❞✐♥❣❡r ♣❛r❛ ❛♠❜♦s ❦✐♥❦s ❡ ❝♦♥✜❣✉r❛çã♦ ✐♥✐❝✐❛❧✳ ❖ ♠♦❞❡❧♦ φ4 ❛♣r❡s❡♥t❛ ♣❛r❛ ❛s s✉❛s

❝♦♥✜❣✉r❛çõ❡s ✐♥✐❝✐❛✐s ❛s ♠❡s♠❛s s♦❧✉çõ❡s ❞❡ ❡st❛❞♦ ❧✐❣❛❞♦✱ q✉❡ s❡✉s ❦✐♥❦s ✐♥❞✐✈✐❞✉❛❧♠❡♥t❡

❛♣r❡s❡♥t❛♠✱ ♣♦r ❡st❛ r❛③ã♦ ❛ ❡①♣❧✐❝❛çã♦ ❞♦ ♠❡❝❛♥✐s♠♦ ❞❡ tr♦❝❛ ❞❡ ❡♥❡r❣✐❛ ❡♠ t❡r♠♦s ❞♦ ♠♦❞♦

✈✐❜r❛❝✐♦♥❛❧ ❞♦ ❦✐♥❦ ✐♥❞✐✈✐❞✉❛❧ ♥ã♦ ❛♣r❡s❡♥t❛ ♣r♦❜❧❡♠❛s✱ ♥♦ ♠♦❞❡❧♦ φ4✳



❈❛♣ít✉❧♦ ✺

❊s♣❛❧❤❛♠❡♥t♦ ❡♠ ❇❛rr❡✐r❛s ❞❡ ❈♦♥t♦r♥♦

❊st❡ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t❛ ♦ ❡st✉❞♦ s♦❜r❡ ❝♦❧✐sõ❡s ❞❡ ❦✐♥❦s ❡♠ ✉♠ ❝♦♥t❡①t♦ ❞✐❢❡r❡♥t❡s ❡♠

r❡❧❛çã♦ ❛♦s ❝❛♣ít✉❧♦s ❛♥t❡r✐♦r❡s✳ ❊st✉❞❛✲s❡ ♦ ❡s♣❛❧❤❛♠❡♥t♦✶ ❞❡ ✉♠ ❦✐♥❦ ♦✉ ❛♥t✐❦✐♥❦ ♥❛ ❧✐♥❤❛

s❡♠✐✲✐♥✜♥✐t❛ −∞ < x ≤ 0✳ ◆❛ ❧✐t❡r❛t✉r❛ ❝✐❡♥tí✜❝❛✱ ❥á ❡①✐st❡♠ tr❛❜❛❧❤♦s q✉❡ ❡♥✈♦❧✈❡♠ ♦

❡s♣❛❧❤❛♠❡♥t♦ ❞❡ ❦✐♥❦s ❡♠ ❧✐♥❤❛ s❡♠✐✲✐♥✜♥✐t❛❀ ❝✐t❛♠♦s ❝♦♠♦ ❡①❡♠♣❧♦✱ ♦ ❡st✉❞♦ ❞❛ ✐♥t❡r❛çã♦ ❞❡

❦✐♥❦s ❝♦♠ ✐♠♣✉r❡③❛s r❡❛❧✐③❛❞♦s ♣❛r❛ ❛♠❜♦s ♦s ♠♦❞❡❧♦s s✐♥❡✲●♦r❞♦♥ ❡ φ4 ❬✶✻✱ ✶✼❪ ✳ ❖ ♠♦❞❡❧♦

φ4✱ ❡♠ ❧✐♥❤❛ s❡♠✐✲✐♥✜♥✐t❛✱ é ♦ ♣♦♥t♦ ❞❡ ♣❛rt✐❞❛ ♣❛r❛ ❡st❡ ❡st✉❞♦✳ P❛r❛ t❛♥t♦✱ ♦s r❡s✉❧t❛❞♦s

❞❛ ♣r✐♠❡✐r❛ s❡çã♦ sã♦ ♦❜t✐❞♦s ❛tr❛✈és ❞♦ ❡st✉❞♦ ❬✶✺❪✱ q✉❡ é ❛ ♥♦ss❛ ♣r✐♥❝✐♣❛❧ r❡❢❡rê♥❝✐❛ ♣❛r❛

♦ ❡st✉❞♦ r❡❛❧✐③❛❞♦ ♥❡st❡ ❝❛♣ít✉❧♦✳ ◆❛ s❡❣✉♥❞❛ ♣❛rt❡ ❞❡st❡ ❝❛♣ít✉❧♦✱ ❛♣r❡s❡♥t❛♠♦s ♦ tr❛❜❛❧❤♦

q✉❡ t❡♠♦s ❞❡s❡♥✈♦❧✈✐❞♦ ♣❛r❛ ♦ ♠♦❞❡❧♦ φ6 r❡str✐t♦ à ❧✐♥❤❛ s❡♠✐✲✐♥✜♥✐t❛✳ ❆ ❧✐♠✐t❛çã♦ ❞♦ ❡s♣❛ç♦

♣♦❞❡ s❡r ❢❡✐t❛ ♣♦r ✉♠❛ ❝♦♥❞✐çã♦ ❞❡ ❝♦♥t♦r♥♦ ❛❞❡q✉❛❞❛ ❬✹✸❪✳ ❊♠ ❛♠❜♦s ♦s ♠♦❞❡❧♦s φ4 ❡ φ6✱ ❛

r❡str✐çã♦ ❞♦ ❡s♣❛ç♦ é ❢❡✐t❛ ♣♦r ✉♠❛ ❝♦♥❞✐çã♦ ❞❡ ◆❡✉♠❛♥♥ ❡♠ x = 0✳

✺✳✶ ▼♦❞❡❧♦ λφ4

❊st❛ s❡çã♦✱ ❢❛③❡♠♦s ✉♠❛ r❡✈✐sã♦ ❞♦ tr❛❜❛❧❤♦ ❬✶✺❪✳ ◆♦ ❡♥t❛♥t♦✱ t❡♠♦s ♦ ♦❜❥❡t✐✈♦ ❞❡ ❢♦r♥❡❝❡r

✉♠❛ ❛❜♦r❞❛❣❡♠ ♠❛✐s ❝❧❛r❛✱ ♣♦r ✐ss♦✱ ❛♣r❡s❡♥t❛♠♦s ❛❧❣✉♥s ❝á❧❝✉❧♦s q✉❡ ♥ã♦ sã♦ ❛♣r❡s❡♥t❛❞♦s

♥❛ r❡❢❡rê♥❝✐❛ ♦r✐❣✐♥❛❧✳

✶◆♦ ❝♦♥t❡①t♦ ❞❡st❡ tr❛❜❛❧❤♦✱ ✑❡s♣❛❧❤❛♠❡♥t♦✑ é s✐♥ô♥✐♠♦ ❞❡ ✑❝♦❧✐sã♦✑✳

✺✶
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✺✳✶✳✶ ❙♦❧✉çõ❡s ❡ ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦

❈♦♥s✐❞❡r❡♠♦s ♦ ♠♦❞❡❧♦ φ4✱ ❞❡s❝r✐t♦ ♣❡❧❛ s❡❣✉✐♥t❡ ❞❡♥s✐❞❛❞❡ ❧❛❣r❛♥❣❡❛♥❛

L =
1

2

(

∂φ

∂t

)2

− 1

2

(

∂φ

∂x

)2

− 1

2

(

1− φ2
)2

. ✭✺✳✶✮

❆ ❢✉♥çã♦ s✉♣❡r♣♦t❡♥❝✐❛❧ ♣❛r❛ ❡st❡ ♠♦❞❡❧♦ é✿ W (φ) = φ− 1
3
φ3✳ ❊♥tã♦ ❛s ❡q✉❛çõ❡s ❞❡ ♣r✐♠❡✐r❛

♦r❞❡♠ ✷✳✶✽ sã♦ ❞❛❞❛s ♣♦r✿

dφ

dx
= ±

(

1− φ2
)

. ✭✺✳✷✮

❆❣♦r❛ ♦ ♦❜❥❡t✐✈♦ é ❡♥❝♦♥tr❛r s♦❧✉çõ❡s ♣❛r❛ ❛ ❡q✉❛çã♦ ✭✺✳✷✮ ❞❡ ❢♦r♠❛ q✉❡ t❛✐s s♦❧✉çõ❡s s❛t✐s❢❛ç❛♠

❛ s❡❣✉✐♥t❡ ❝♦♥❞✐çã♦ ❞❡ ◆❡✉♠❛♥♥

dφ

dx

∣

∣

∣

∣

x=0

= H. ✭✺✳✸✮

P❛r❛ ♦ s✐♥❛❧ ✑+✑✱ ❛s ♣♦ssí✈❡✐s s♦❧✉çõ❡s sã♦✿

φ1 = tanh (x−X0) , φ2 = tanh (x+X0) , φ̃3 = coth (x−X1) , φ̃4 = coth (x+X1) .

✭✺✳✹✮

❊ ♣❛r❛ ♦ s✐♥❛❧ ✑−✑✱ ❛s ♣♦ssí✈❡✐s s♦❧✉çõ❡s sã♦✿

φ̃1 = − tanh (x−X0) , φ̃2 = − tanh (x+X0) , φ3 = − coth (x−X1) , φ4 = − coth (x+X1) .

✭✺✳✺✮

❯s❛♠♦s ❛ ♥♦t❛çã♦ φ̃i (x)✱ ❝♦♠ i = 1..4✱ ❝♦♠ ♦ ♦❜❥❡t✐✈♦ ❞❡ ♠❛♥t❡r ❛ ♠❡s♠❛ ♥♦t❛çã♦ ❞❛ r❡❢❡rê♥❝✐❛

❬✶✺❪✱ ♥♦t❡✲s❡ q✉❡ φ̃i (x) = −φi (x) ✳ ❏á q✉❡ ❡ss❛s s♦❧✉çõ❡s ❞❡✈❡♠ s❛t✐s❢❛③❡r ❛ ❝♦♥❞✐çã♦ ✭✺✳✸✮✱ ♦s

♣❛râ♠❡tr♦s X0 ❡ X1 ♣♦❞❡♠ s❡r ♦❜t✐❞♦s ❝♦♠♦ ❢✉♥çã♦ ❞❡ H✳ P♦r ❡①❡♠♣❧♦✱ X0 ❡ X1 sã♦ ♦❜t✐❞♦s✱

❡♠ t❡r♠♦ ❞❛s s♦❧✉çõ❡s φ1 ❡ φ3 r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

d (tanh (−X0))

dx
= H =⇒ X0 (H) = arccosh

(

1
√

|H|

)

, ✭✺✳✻✮
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❞❛ ♠❡s♠❛ ❢♦r♠❛✱ ♣❛r❛ φ3

X1 (H) = arcsinh

(

1
√

|H|

)

. ✭✺✳✼✮

❆s s♦❧✉çõ❡s ✭✺✳✹✮ ❡ ✭✺✳✺✮ ❞❡✈❡♠ s❡r ❡♥t❡♥❞✐❞❛s✱ ❞✉r❛♥t❡ ❛ ❝♦❧✐sã♦✱ ❝♦♠♦ ✉♠ t✐♣♦ ❞❡ ✑❜❛rr❡✐r❛

❞❡ ❢r♦♥t❡✐r❛✑✱ ♣♦✐s t❛✐s s♦❧✉çõ❡s ♣❡r♠❛♥❡❝❡♠ ✜①❛s ❞✉r❛♥t❡ ❛ ❝♦❧✐sã♦ ❡ ❣❛r❛♥t❡♠ ❛ ❝♦♥❞✐çã♦

❞❡ ◆❡✉♠❛♥♥ ❡♠ x = 0✳ ❆ ✜❣✉r❛ ✭✺✳✶✮ ♠♦str❛ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛s s♦❧✉çõ❡s φi (x) q✉❛♥❞♦

H = 1/2✳ ❖ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ X0 ❡ X1 ❡♠ ❢✉♥çã♦ ❞❡ H é ♠♦str❛❞♦ ♥❛ ✜❣✉r❛ ✺✳✷✳

x

-8 -6 -4 -2 0 2 4

φ
(x
)

-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

φ1

φ2

φ3

φ4

Fronteira

❋✐❣✉r❛ ✺✳✶✿ ❙♦❧✉çõ❡s ❊stát✐❝❛s✱ H = 1
2
✳

❋✐❣✉r❛ ✺✳✷✿ X0 ❡ X1 ❡♠ ❢✉♥çã♦ ❞❡ ❍
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✺✳✶✳✷ ❊♥❡r❣✐❛ ♥❛ ❋r♦♥t❡✐r❛

❆s s♦❧✉çõ❡s ❡stát✐❝❛s ✭✺✳✹✮ ❡ ✭✺✳✺✮ sã♦ ❡st❛❞♦ ❇P❙✱ ❞❡st❛ ❢♦r♠❛ ❛ ❡♥❡r❣✐❛ ❞❡ss❛s s♦❧✉çõ❡s ♣♦❞❡

s❡r ❝❛❧❝✉❧❛❞❛ ❛tr❛✈és ❞♦ ♠ét♦❞♦ ❞❡ ❇♦❧❣♦♠♦❧✬♥②✐✱ ❛ ❡①♣r❡ssã♦ ✭✷✳✶✼✮✱ ♥♦ ❡♥t❛♥t♦✱ ♦ ✐♥t❡r✈❛❧♦ ❞❡

✐♥t❡❣r❛çã♦ ❞❡✈❡ s❡r ♠✉❞❛❞♦ ♣❛r❛ −∞ < x ≤ 0✳ ❆ ❡①✐stê♥❝✐❛ ❞❛ ❝♦♥❞✐çã♦ ❞❡ ◆❡✉♠❛♥♥ ✭✺✳✸✮ ❡♠

x = 0 t❛♠❜é♠ ❝♦♥tr✐❜✉✐ ♣❛r❛ ❛ ❡♥❡r❣✐❛ ❞❛ s♦❧✉çã♦✱ ❡ss❛ ❝♦♥tr✐❜✉✐çã♦ é ❡①♣r❡ss❛ ♣❡❧❛ ❛❞✐çã♦ ❞♦

t❡r♠♦ ❞❡ ❡♥❡r❣✐❛ −Hφ (0, t)✳ ❊ss❡ t❡r♠♦ ❧❡♠❜r❛ ♦ ❛❝♦♣❧❛♠❡♥t♦ s♣✐♥ ✲ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❬✷✹✱✷✺❪✱

♣♦r ✐ss♦✱ H ♣♦❞❡ s❡r ✐♥t❡r♣r❡t❛❞♦ ❝♦♠♦ ✉♠ ✏t✐♣♦ ❞❡ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦✑✳ ❈♦♠ ❡ss❛s ❝♦♥s✐❞❡r❛çã♦✱

❛ ❡♥❡r❣✐❛ ❞❛s s♦❧✉çõ❡s é ❞❛❞❛ ♣♦r✿

E [φ] =
1

2

ˆ

(

dφ

dx
∓ dW

dφ

)2

dx±W

∣

∣

∣

∣

0

−∞
−Hφ (0, t) . ✭✺✳✽✮

❆ ❡♥❡r❣✐❛ ❞❛s s♦❧✉çõ❡s ✑❜❛rr❡✐r❛✲❢r♦♥t❡✐r❛✑ é ♦❜t✐❞❛ s❡❣✉✐♥❞♦✲s❡ ❛ s❡❣✉✐♥t❡ r♦t✐♥❛✿

❼ ❯s❛✲s❡ ♦ ♣r✐♠❡✐r♦ t❡r♠♦ ❞❡ ✭✺✳✽✮ dφ
dx

= ±dW
dφ

❢❛③❡♥❞♦ x = 0✱ ❞❡ss❛ ❢♦r♠❛✱ ❛ ❞❡♣❡♥❞ê♥❝✐❛

❞❛ s♦❧✉çã♦✱ ❡♠ r❡❧❛çã♦ ❛♦ ❝❛♠♣♦ H✱ é ❡♥❝♦♥tr❛❞❛ ♥❡ss❡ ♣♦♥t♦✳

❼ ❆ ❡♥❡r❣✐❛ ♠í♥✐♠❛ é ❡♥tã♦ ❝❛❧❝✉❧❛❞❛ ✉s❛♥❞♦ ♦ t❡r❝❡✐r♦ ❡ q✉❛rt♦ t❡r♠♦s ❞❡ ✭✺✳✽✮✳

❥á ✈✐♠♦s✱ ♣❛r❛ ♦ ♣♦t❡♥❝✐❛❧ φ4 t❡♠♦s q✉❡ dW
dφ

= 1− φ2 ❡ ❛ss✐♠ ♣♦❞❡♠♦s ❡s❝r❡✈❡r q✉❡

dφ

dx
= ±

(

1− φ2
)

✭✺✳✾✮

❡

±W

∣

∣

∣

∣

0

−∞
= ±

(

φ− 1

3
φ3

) ∣

∣

∣

∣

0

−∞
, ✭✺✳✶✵✮

❡s❝♦❧❤❡♥❞♦ ♦ s✐♥❛❧ s✉♣❡r✐♦r ❞❡ ❢♦r♠❛ s✐♠✉❧tâ♥❡❛ ❡♠ ✭✺✳✾✮ ❡ ✭✺✳✶✵✮✱ t❡♠♦s✿

φx =
dφ

dx
=
(

1− φ2
)

. ✭✺✳✶✶✮

❆ ❝♦♥❞✐çã♦ ❛❝✐♠❛ é s❛t✐s❢❡✐t❛ t❛♥t♦ ♣♦r φ1 (x) ❝♦♠♦ ♣♦r φ2 (x)✱ ✉♠❛ ✈❡③ q✉❡✱ d
dx

(tanh (x)) =

1 − tanh2(x)✳ ❆❣♦r❛ ❞❡✈❡✲s❡ ♦❜s❡r✈❛r ❝♦♠♦ s❡ ❝♦♠♣♦rt❛ φ1 (x) ❡ φ2 (x) ❡♠ x = 0✳ ■st♦ é ❢❡✐t♦

✉t✐❧✐③❛♥❞♦✲s❡ ❛ ❡q✉❛çã♦ ✭✺✳✶✶✮✱ ♦✉ s❡❥❛✱
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dφ1 (0)

dx
= 1− φ2

1 (0) .

❆❣♦r❛ ❛ ❝♦♥❞✐çã♦ ❞❡ ❝♦♥t♦r♥♦ dφ1(0)
dx

= H é ✉t✐❧✐③❛❞❛✱ ❡ ❛ss✐♠✱ ♦❜tê♠✲s❡ ❛ s❡❣✉✐♥t❡ ✐❣✉❛❧❞❛❞❡

H = 1− φ2
1 (0) =⇒ φ1 (0) = ±

√
1−H. ✭✺✳✶✷✮

❊st❛ ❡q✉❛çã♦ ❛♣r❡s❡♥t❛ ❞♦✐s ❝♦♠♣♦rt❛♠❡♥t♦ ♣♦ssí✈❡✐s ♣❛r❛ φ1 (0)✳ P❛r❛ ❡s❝♦❧❤❡r ♦ s✐♥❛❧ ❝♦rr❡t❛✲

♠❡♥t❡ ❡♠ ✭✺✳✶✷✮✱ ❞❡✈❡✲s❡ ♦❜s❡r✈❛r q✉❡ ❛ ♠❡❞✐❞❛ q✉❡ H → 1✱ X0 (H) → 0+ ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡

❛ s♦❧✉çã♦ φ1 (0) = tanh (−X0) s❡ ❛♣r♦①✐♠❛ ❞❡ 0−✱ ♣♦r ❡ss❛ r❛③ã♦ ♦ s✐♥❛❧ ❝♦rr❡t♦ ❛ s❡r ❡s❝♦❧❤✐❞♦

❡♠ ✭✺✳✶✷✮ é ♦ s✐♥❛❧ ✏−✑✳ ❈♦♠ ❡ss❛ ❡s❝♦❧❤❛✱ ❛ s♦❧✉çã♦✱ φ1 (0)✱ ✜❝❛ ✳

φ1 (0) = −
√
1−H. ✭✺✳✶✸✮

❋❛③❡♥❞♦ ♦ ♠❡s♠♦ ♣r❡❝❡❞✐♠❡♥t♦ ♣❛r❛ φ2 (x)✱ ❡♥❝♦♥tr❛♠♦s q✉❡

φ2 (0) = ±
√
1−H. ✭✺✳✶✹✮

◆♦✈❛♠❡♥t❡✱ ❞❡✈❡✲s❡ ❡s❝♦❧❤❡r ♦ s✐♥❛❧ ❝♦rr❡t❛♠❡♥t❡✳ ◆❡ss❡ ❝❛s♦✱ q✉❛♥❞♦ H → 1✱ X0 → 0+ ❡ ❡♠

❝♦♥s❡q✉ê♥❝✐❛ ❛ s♦❧✉çã♦ φ2 (0) = tanh (+X0) → 0+ ✳ ❆ss✐♠✱ ♦ s✐♥❛❧ ❝♦rr❡t♦ é ✏+✑✳

φ2 (0) =
√
1−H. ✭✺✳✶✺✮

❆❣♦r❛✱ ✉♠❛ ✈❡③ ♦❜t✐❞♦s φ1 (0) ❡ φ2 (0)✱ é ♣♦ssí✈❡❧ ❝❛❧❝✉❧❛r ❛ ❡♥❡r❣✐❛ ❞❡st❛s s♦❧✉çõ❡s✳ ❈♦♠♦ ❡ss❛s

s♦❧✉çõ❡s s❛t✐s❢❛③❡♠ ♦ s✐♥❛❧ s✉♣❡r✐♦r ❡♠ ✭✺✳✽✮ ♦ s✐♥❛❧ s✉♣❡r✐♦r t❛♠❜é♠ é ❡s❝♦❧❤✐❞♦ ♥♦ t❡r❝❡✐r♦

t❡r♠♦ ❞❡st❛ ❡q✉❛çã♦ ✳ ❆ss✐♠ ❛ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ♣❛r❛ ❛ s♦❧✉çã♦ φ1 (x) é✿

E[φ1] =

(

φ1 −
1

3
φ3
1

)
∣

∣

∣

∣

0

−∞
−Hφ1 (0, t) ,

E[φ1] =

(

φ1 (0)−
1

3
φ3
1 (0)

)

− φ1 (−∞) +
1

3
φ3
1 (−∞)−Hφ1 (0, t) . ✭✺✳✶✻✮

▲❡♠❜r❛♥❞♦ q✉❡ φ1 (−∞) = −1 ❡ q✉❡ φ1 (0, t) = φ1 (0) = −
√
1−H✱ ♦ q✉❡ ✐♠♣❧✐❝❛

E[φ1] =

(

−
√
1−H +

1

3
(1−H)

3

2

)

+ 1− 1

3
−H(−

√
1−H)
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E[φ1] =
2

3
−

√
1−H (1−H) +

1

3
(1−H)

3

2

E[φ1] =
2

3
− 2

3
(1−H)

3

2 ✭✺✳✶✼✮

P❛r❛ φ2 ♦s ❧✐♠✐t❡s sã♦ ♦s ♠❡s♠♦s ❞❡ ✭✺✳✶✻✮✱ ❛ss✐♠✱ tê♠✲s❡ q✉❡

E[φ2] =

(

φ2 (0)−
1

3
φ3
2 (0)

)

− φ2 (−∞) +
1

3
φ3
2 (−∞)−Hφ2 (0, t) ,

❡ ✉s❛♥❞♦ φ2 (−∞) = −1 ❡ φ2 (0, t) = φ2 (0) =
√
1−H✱ ♦❜tê♠✲s❡

E[φ2] =

(√
1−H − 1

3
(1−H)

3

2

)

+ 1− 1

3
−H(

√
1−H)

E[φ2] =
2

3
+

2

3
(1−H)

3

2 . ✭✺✳✶✽✮

❊s❝♦❧❤❡♥❞♦ ❛❣♦r❛ ♦ s✐♥❛❧ ✐♥❢❡r✐♦r ♥❛s ❡q✉❛çõ❡s ✭✺✳✾✮ ❡ ✭✺✳✶✵✮✱ t❡♠♦s ❛ s❡❣✉✐♥t❡ ❡q✉❛çã♦✿

φx =
dφ

dx
= φ2 − 1.

❆ ❡q✉❛çã♦ ❛❝✐♠❛ é s❛t✐s❢❡✐t❛ ♣♦r φ3 (x) ❡ ♣♦r φ4(x)✱ ♣♦✐s✱ d
dx

(− coth (x)) = coth2(x) − 1✳

❙❡❣✉✐♥❞♦ ♦s ♠❡s♠♦s ♣❛ss♦s ❢❡✐t♦s ♣❛r❛ φ1 (x) ❡ φ2 (x) ♦❜tê♠✲s❡ q✉❡

φ3 (0) = ±
√
1 +H, ✭✺✳✶✾✮

♥❡ss❡ ❝❛s♦✱ q✉❛♥❞♦ H → 0✱ X1 → +∞✳ ❆ss✐♠ ❛ s♦❧✉çã♦ φ3 (0) = − coth (−X1) → 1+ > 1✱ ❧♦❣♦

❛ r❛✐③ ♥❡ss❡ ❧✐♠✐t❡ s❡rá ♣♦s✐t✐✈❛✱ ✐st♦ ✐♥❞✐❝❛ q✉❡ ♦ s✐♥❛❧ ❝♦rr❡t♦ ❡♠ ✺✳✶✾ é ♦ s✐♥❛❧ ✏+✑

φ3 (0) =
√
1 +H. ✭✺✳✷✵✮

❆ ❡♥❡r❣✐❛ ❞❡ss❛ s♦❧✉çã♦ é ❡♥tã♦✿

E [φ3] = φ3 (−∞)− 1

3
φ3
3 (−∞)− φ3 (0) +

1

3
φ3
3 (0)−Hφ3 (0, t)
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E [φ3] = 1− 1

3
−

√
1 +H +

1

3
(1 +H)

3

2 −H
√
1 +H

E [φ3] =
2

3
− 2

3
(1 +H)

3

2 . ✭✺✳✷✶✮

❆ ✜❣✉r❛ ✺✳✸ ♠♦str❛ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛s ❡♥❡r❣✐❛s ♦❜t✐❞❛s✳ P❡r❝❡❜❡✲s❡ q✉❡ q✉❛♥❞♦ H ❝r❡s❝❡

❛té 1✱ φ2 s❡ ❥✉♥t❛ ❝♦♠ φ1 ❡ ❞❡s❛♣❛r❡❝❡♠✱ ✜❝❛♥❞♦ s♦♠❡♥t❡ φ3 ❝♦♠♦ s♦❧✉çã♦ ♣❛r❛ H > 1✳

❋✐❣✉r❛ ✺✳✸✿ ❊♥❡r❣✐❛s ❡♠ ❢✉♥çã♦ ❞❡ ❍

❙❡❣✉✐♥❞♦ ❛ r♦t✐♥❛ ❞❡s❝r✐t❛ ♥♦s ❝á❧❝✉❧♦s ❛♥t❡r✐♦r❡s✱ ♣♦❞❡✲s❡ ❝❛❧❝✉❧❛r t❛♠❜é♠ ❡♥❡r❣✐❛ ♣❛r❛ ❛s

s♦❧✉çõ❡s ❞♦ t✐♣♦ φ̃i = −φi ✳ ❖s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s sã♦✿

E
[

φ̃1

]

=
2

3
− 2

3
(1 +H)

3

2 , ✭✺✳✷✷✮

E
[

φ̃2

]

=
2

3
+

2

3
(1 +H)

3

2 ✭✺✳✷✸✮

❡

E[φ̃3] =
2

3
− 2

3
(1−H)

3

2 . ✭✺✳✷✹✮

❉❡ ♦♥❞❡ ✈❡♠♦s q✉❡ E
[

φ̃1

]

= E [φ3]✱ E
[

φ̃2

]

= E [φ4] ❡✱ E[φ̃3] = E[φ1]✳ ❆♣ós ♦ ❝á❧❝✉❧♦ ❞❡

E
[

φ̃1

]

✱ E
[

φ̃2

]

❡ E
[

φ̃3

]

✱ ♣❡r❝❡❜❡♠♦s q✉❡ ❛♣❡♥❛s E
[

φ̃2

]

t❡♠ ✉♠ ❝♦♠♣♦rt❛♠❡♥t♦ ♥♦✈♦ ❡♠

r❡❧❛çã♦ ❛s ❡♥❡r❣✐❛s ✭✺✳✶✸✮✱ ✭✺✳✶✺✮ ❡ ✭✺✳✷✶✮✳ ❆ ✜❣✉r❛ ✺✳✹ ♠♦str❛ t♦❞❛s ❛s ❝♦♥✜❣✉r❛çõ❡s ❞❡ ❡♥❡r❣✐❛

♠í♥✐♠❛ ♣♦ssí✈❡✐s ♣❛r❛ ❡st❡ ♠♦❞❡❧♦✳
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❋✐❣✉r❛ ✺✳✹✿ ❚♦❞❛s ❛s ❝♦♥✜❣✉r❛çõ❡s ❞❡ ❡♥❡r❣✐❛ ♣♦ssí✈❡✐s ❡♠ ❢✉♥çã♦ ❞❡ ❍

✺✳✷ ❈♦❧✐sã♦ ❆♥t✐❦✐♥❦✲❋r♦♥t❡✐r❛

❆ss✐♠ ❝♦♠♦ ♥♦s ♠♦❞❡❧♦s ❛♥t❡r✐♦r❡s✱ ♥❡st❡ ♠♦❞❡❧♦ ❛ ❝♦rr❡t❛ ❞❡✜♥✐çã♦ ❞♦ ♣❡r✜❧ ✐♥✐❝✐❛❧ ❞❛

❝♦❧✐sã♦ é ✉♠ ♣❛ss♦ ❢✉♥❞❛♠❡♥t❛❧✳ ❈♦♠♦ ♣❡r✜❧ ✐♥✐❝✐❛❧ ❝♦♥s✐❞❡r❛✲s❡ ✉♠ ❦✐♥❦ ✉♠ ❛♥t✐❦✐♥❦ ✈✐❛❥❛♥t❡

❡ ❝♦♠♣❧❡t❛✲s❡ ❡st❡ ♣❡r✜❧ ❡s❝♦❧❤❡♥❞♦✲s❡ ❛❞❡q✉❛❞❛♠❡♥t❡ ✉♠❛s ❞❛s s♦❧✉çõ❡s ✭✺✳✹✮ ♦✉ ✭✺✳✺✮ q✉❡

s❡ ❝♦♠♣♦rt❛rá ❝♦♠♦ ✉♠❛ ✑❜❛rr❡✐r❛✑ ❡ ❣❛r❛♥t✐rá ❛ ❝♦♥❞✐çã♦ ❞❡ ❝♦♥t♦r♥♦ ❡♠ x = 0✳ P❛r❛ ❛

❡s❝♦❧❤❛ ❛❞❡q✉❛❞❛ ❞❛ s♦❧✉çõ❡s ✑❜❛rr❡✐r❛✑ ❞❡✈❡♠♦s ❝♦♥s✐❞❡r❛r q✉❡✱ ❡♠ ❣❡r❛❧✱ ❝♦❧✐sõ❡s ❞❡ ❞❡❢❡✐t♦s

sã♦ r❡❛❧✐③❛❞❛s ❝♦♠ s♦❧✉çõ❡s ❞❡ ❞✐❢❡r❡♥t❡s s✐♥❛✐s ❞❛ ❡q✉❛çã♦ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠✳ P♦r ❡①❡♠♣❧♦✱ s❡

♦ ❦✐♥❦ é s♦❧✉çã♦ ♣❛r❛ ♦ s✐♥❛❧ ✬+✬ ❞❛ ❡q✉❛çã♦ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠✱ ❡❧❡ ❞❡✈❡rá ❝♦❧✐❞✐r ❝♦♠ ❛ s♦❧✉çã♦

❞♦ s✐♥❛❧ ✬−✬✱ q✉❡ ♥♦ ❝❛s♦ ❞♦ ♠♦❞❡❧♦ φ4✱ é ♦ ❛♥t✐❦✐♥❦✳ ❈♦♠ ❡ss❛ ♦❜s❡r✈❛çã♦✱ ❝♦♥s✐❞❡r❛♠♦s q✉❡

♦ ♣❡r✜❧ ✐♥✐❝✐❛❧ ❞❡✈❡ s❡r ❢♦r♠❛❞♦ ♣♦r s♦❧✉çõ❡s ❞❡ ❞✐❢❡r❡♥t❡s s✐♥❛✐s ❞❛ ❡q✉❛çã♦ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠

✭✺✳✷✮✳ ❈♦♠♦ ❥á ✈✐♠♦s✱ ❝❛❞❛ s♦❧✉çã♦ ✑❜❛rr❡✐r❛✑ ❡stá ❛ss♦❝✐❛❞♦ ✉♠ X0 (H) ♦✉ X1 (H)✱ ❡ ❛ss✐♠ ♦

H ♣♦❞❡ ✜❝❛r r❡str✐t♦ ❛ s❡r ♣♦s✐t✐✈♦ ♦✉ ♥❡❣❛t✐✈♦✱ ❡st❡ é ❝❛s♦ ❞❛s s♦❧✉çõ❡s ✭✺✳✹✮ ❡ ✭✺✳✺✮✳ ❆ss✐♠ ♦

❝❛♠♣♦ H t❛♠❜é♠ ❞❡✈❡ s❡r ❡s❝♦❧❤✐❞♦ ❛❞❡q✉❛❞❛♠❡♥t❡✳ ❱❡r✐✜❝❛✲s❡ q✉❡ ♣❛r❛ ♦ ♠♦❞❡❧♦ φ4✱ ❝♦♠

❝♦♥❞✐çã♦ ❞❡ ❝♦♥t♦r♥♦✱ ♦s ♣♦ssí✈❡✐s ♣❡r✜s ✐♥✐❝✐❛✐s sã♦✿

❼ P❛r❛ H > 0

φ (x, 0) = − tanh (γ (x− x0)) + φ1 (x) + 1,
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✐st♦ é✱

φ (x, 0) = − tanh (γ (x− x0)) + tanh (x−X0) + 1, ✭✺✳✷✺✮

♦♥❞❡ γ = (1− v2i )
− 1

2 ✳ ◆♦t❡ q✉❡ ♦ ♣r✐♠❡✐r♦ t❡r♠♦ é ✉♠ ❛♥t✐❦✐♥❦ ✈✐❛❥❛♥t❡✱ ❡♥q✉❛♥t♦ q✉❡ ♦

s❡❣✉♥❞♦ t❡r♠♦ é ✉♠❛ s♦❧✉çã♦ ✑❜❛rr❡✐r❛✑ q✉❡ s❡ ♠❛♥té♠ ✜①❛ ❝♦♠ ♦ t❡♠♣♦ ❡ ❣❛r❛♥t❡ ❛ ❝♦♥❞✐çã♦

❞❡ ❝♦♥t♦r♥♦ ❡♠ x = 0✳ ❖✉tr♦ ♣❡r✜❧ ♣♦ssí✈❡❧ ♣❛r❛ H > 0 é✿

φ (x, 0) = tanh (γ (x− x0)) + φ3 (x)− 1,

♦✉ s❡❥❛✱

φ (x, 0) = tanh (γ (x− x0))− coth (x−X1)− 1, ✭✺✳✷✻✮

❞❡ss❛ ✈❡③ ♦ ♣r✐♠❡✐r♦ t❡r♠♦ é ✉♠ ❦✐♥❦ ✈✐❛❥❛♥t❡✱ ❡♥q✉❛♥t♦ q✉❡ ♦ s❡❣✉♥❞♦ t❡r♠♦ é ✜①♦✳

❼ P❛r❛ H < 0

φ (x, 0) = tanh (γ (x− x0)) + φ̃1 (x)− 1,

✐st♦ é✱

φ (x, 0) = tanh (γ (x− x0))− tanh (x−X0)− 1. ✭✺✳✷✼✮

❖ ♦✉tr♦ ♣❡r✜❧ ❛❞❡q✉❛❞♦ ♣❛r❛ H < 0 é✿

φ (x, 0) = − tanh (γ (x− x0)) + φ̃3 (x) + 1,

✐st♦ é✱

φ (x, 0) = − tanh (γ (x− x0)) + coth (x−X1)− 1. ✭✺✳✷✽✮

➱ ✐♠♣♦rt❛♥t❡ ❝♦♠❡♥t❛r ❛q✉✐✱ q✉❡ ❞❡✈✐❞♦ à s✐♠❡tr✐❛ ❞♦ ♠♦❞❡❧♦ φ4✱ ❡①✐st❡ ✉♠❛ r❡❧❛çã♦ ❞❡

❡q✉✐✈❛❧ê♥❝✐❛ ❡♥tr❡ ♦s r❡s✉❧t❛❞♦s ❞❡ss❛s ❝♦♥✜❣✉r❛çõ❡s ✐♥✐❝✐❛✐s✳ ❈♦♠♦ ♣♦❞❡ s❡r ✈❡r✐✜❝❛❞♦✱ ♦s

r❡s✉❧t❛❞♦s ❞❛ ❝♦♥✜❣✉r❛çã♦ ✭✺✳✷✺✮ sã♦ ❡q✉✐✈❛❧❡♥t❡s ❛♦s r❡s✉❧t❛❞♦s ❞❛ ❝♦♥✜❣✉r❛çã♦ ✭✺✳✷✼✮✱ ❡

♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♣❡❧❛ ❝♦♥✜❣✉r❛çã♦ ✭✺✳✷✻✮ sã♦ ❡q✉✐✈❛❧❡♥t❡s ❛♦s ♦❜t✐❞♦s ♣❡❧❛ ❝♦♥✜❣✉r❛çã♦

✭✺✳✷✽✮✳ P♦r ❡ss❛ r❛③ã♦✱ ♣r❡❝✐s❛✲s❡ r❡❛❧✐③❛r ❝♦❧✐sõ❡s ♣❛r❛ ❛♣❡♥❛s ❞✉❛s ❞❡ss❛s ❝♦♥✜❣✉r❛çõ❡s✱ q✉❡

♦❜t❡r❡♠♦s t♦❞♦s ♦s ❝♦♠♣♦rt❛♠❡♥t♦s ♣♦ssí✈❡✐s ♣❛r❛ ❡ss❡ ♠♦❞❡❧♦✳
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✭❛✮ ✭❜✮

❋✐❣✉r❛ ✺✳✺✿ ❈♦♥✜❣✉r❛çõ❡s ✐♥✐❝✐❛✐s ♣❛r❛ ❛✮ H > 0 ❞❛❞❛ ♣♦r ✭✺✳✷✺✮✳ ❜✮ H < 0 ❞❛❞❛ ♣♦r ✭✺✳✷✽✮✳

◆❡st❡ tr❛❜❛❧❤♦✱ ❛♣❡♥❛s ❛s ❝♦♥✜❣✉r❛çõ❡s ✭✺✳✷✺✮ ✭H > 0✮ ❡ ✭✺✳✷✽✮ ✭H < 0✮ sã♦ ✉t✐❧✐③❛❞❛s✳

P❛r❛ ❛♠❜❛s ❛s ❝♦♥✜❣✉r❛çõ❡s✱ ❝♦♥s✐❞❡r❛✲s❡ q✉❡ ♦ ❦✐♥❦ ♦✉ ❛♥t✐❦✐♥❦ ✈✐❛❥❛♥t❡ ♣❛rt❡ ✐♥✐❝✐❛❧♠❡♥t❡

❞❡ ✉♠❛ ♣♦s✐çã♦ x0 = −10 ✈✐❛❥❛♥❞♦ ❡♠ ❞✐r❡çã♦ ❛ ❢r♦♥t❡✐r❛ ❝♦♠ ✈❡❧♦❝✐❞❛❞❡ vi > 0✳

P❛r❛ r❡s♦❧✈❡r ♦ s✐st❡♠❛ ♥✉♠❡r✐❝❛♠❡♥t❡✱ ❞❡✜♥✐♠♦s ✉♠ ✐♥t❡r✈❛❧♦ ❞❡ ❝♦♠♣r✐♠❡♥t♦ L ❡✱ ❝♦❧♦✲

❝❛♠♦s ❛ ❝♦♥❞✐çã♦ ❞❡ ❝♦♥t♦r♥♦ ❞❡ ◆❡✉♠❛♥♥ ❡♠ x = 0 ❡ ✉♠❛ ❝♦♥❞✐çã♦ ❞❡ ❉✐r❡❝❤❧❡t ❡♠ x = −L✳

❯t✐❧✐③❛♠♦s ✉♠ ♠ét♦❞♦ ❞❡ ❞✐❢❡r❡♥ç❛s ✜♥✐t❛s ❞❡ q✉❛rt❛ ♦r❞❡♠ ❡♠ ✉♠❛ ❣r❛❞❡ ❝♦♠ ✷✵✹✽ ♥ós ❝♦♠

L = 100✱ ❧♦❣♦ ♦ ♣❛ss♦ ✈❡✐♦ ❛ s❡r δx ≈ 0.05❀ ♣❛r❛ ❛ ❞✐s❝r❡t✐③❛çã♦ ♥♦ ❞♦♠í♥✐♦ ❞♦ t❡♠♣♦✱ ❢♦✐ ✉s❛❞♦

♦ ♠ét♦❞♦ ❞❡ ❘✉❣❡✲❑✉tt❛ ❞❡ q✉❛rt❛ ♦r❞❡♠ ❝♦♠ ♣❛ss♦s ❞❡ δt = 0.002✳

◆♦ss❛s s✐♠✉❧❛çõ❡s r❡♣r♦❞✉③✐r❛♠ ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♥♦ tr❛❜❛❧❤♦ ❬✶✺❪ ♦♥❞❡ ❢♦r❛♠ ❛♣r❡s❡♥✲

t❛❞❛s r✐❝❛s ❝❛r❛❝t❡ríst✐❝❛s✱ ❞❡♥tr❡ ❡❧❛s✱ ❛❧❣✉♥s ❢❡♥ô♠❡♥♦s s♦❜r❡ ♦s q✉❛✐s ♥ã♦ ❤❛✈✐❛ ♥❛ ❧✐t❡r❛t✉r❛✳

❋❛❧❛r❡♠♦s ❛❣♦r❛ s♦❜r❡ ♦s ♣r✐♥❝✐♣❛✐s ❢❡♥ô♠❡♥♦s ❡♥❝♦♥tr❛❞♦s ♣❛r❛ ❡st❡ ♠♦❞❡❧♦✳ ❊st❡s ❡♥❝♦♥tr❛♠✲

s❡ r❡s✉♠✐❞♦s ♥❛s ✜❣✉r❛s ✺✳✻✱ ✺✳✽ ❡ ✺✳✾✳
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vi

0.05 0.1 0.15 0.2 0.25 0.3

N
B

0

1

2

3

✭❛✮

vi

0.05 0.1 0.15 0.2 0.25 0.3 0.35

N
B

0

1

2

✭❜✮

✭❝✮

❋✐❣✉r❛ ✺✳✻✿ ◆ú♠❡r♦ ❞❡ ❜♦✉♥❝❡s ♣♦r vi ♣❛r❛ ❛✮ H = −0.1✱ ❜✮ H = −0.2✳ ❊♠ ❝✮ t❡♠♦s ♦ ❛♥t✐❦✐♥❦
♥❛ ✈❡❧♦❝✐❞❛❞❡ ❝rít✐❝❛ ❞❡ r❡♣✉❧sã♦ ♣❛r❛ H = −0.2❀ vi = 0.171992022✳
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t
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φ
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❋✐❣✉r❛ ✺✳✼✿ ❏❛♥❡❧❛ ③❡r♦✳ ◆ã♦ ❡①✐st❡ ♥❡♥❤✉♠❛ ♦s❝✐❧❛çã♦ ❡♥tr❡ ♦s ❞♦✐s ❣r❛♥❞❡s ♠í♥✐♠♦s✳

❈♦♠♦ ❡s♣❡r❛❞♦✱ ❛ ♣❛rt✐r ❞❛ ❡①♣r❡ssã♦ ❞❛ ❢♦rç❛ ❡stát✐❝❛ ✭❛♣ê♥❞✐❝❡ ❇ ✮✱ ♣❛r❛ H < 0 ❛ ❢♦rç❛

é ✐♥✐❝✐❛❧♠❡♥t❡ r❡♣✉❧s✐✈❛✳ ❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛✱ s❡ ♦ ❛♥t✐❦✐♥❦ ✈✐❛❥❛ ❝♦♠ ✉♠❛ ✈❡❧♦❝✐❞❛❞❡ ✐♥✐❝✐❛❧

♣❡q✉❡♥❛✱ ❡❧❡ ♥ã♦ ❝♦♥s❡❣✉❡ s❡ ❛♣r♦①✐♠❛r ♦ s✉✜❝✐❡♥t❡ ❞❛ ❜❛rr❡✐r❛✱ s❡♥❞♦ r❡✢❡t✐❞♦ ❞❡ ❢♦r♠❛ ❡❧ást✐❝❛

♣❛r❛ −∞✳ ❆ ♠❡❞✐❞❛ q✉❡ s✉❛ ✈❡❧♦❝✐❞❛❞❡ vi ❛✉♠❡♥t❛✱ ♦ ❛♥t✐❦✐♥❦ ❝♦♥s❡❣✉❡ ❝❤❡❣❛r ❝❛❞❛ ✈❡③ ♠❛✐s

♣ró①✐♠♦ ❞♦ ❝♦♥t♦r♥♦✱ ❛té q✉❡ ❛t✐♥❣❡ ✉♠❛ ❝❡rt❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ❡q✉✐❧í❜r✐♦✱ ♦♥❞❡ ♦ ❛♥t✐❦✐♥❦ ♥ã♦

❝❤❡❣❛ ❛ ❢r♦♥t❡✐r❛✱ ♠❛s t❛♠❜é♠ ♥ã♦ r❡✢❡t✐❞♦✱ ❡ ❞❡ss❛ ❢♦r♠❛ ❡❧❡ ✜❝❛ ❡♠ ✉♠ ❡st❛❞♦ ❞❡ ❡q✉✐❧í❜r✐♦✱

✈❡❥❛ ❛s ❋✐❣s✳ ✭✺✳✻❜✮ ❡ ✭✺✳✻❝✮ ♣❛r❛ H = −0.2✳ ❈❤❛♠❛♠♦s t❛❧ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ✈❡❧♦❝✐❞❛❞❡ ❝rít✐❝❛ ❞❡

r❡♣✉❧sã♦ vcrp✳ P❛r❛ ✈❡❧♦❝✐❞❛❞❡s vi > vcrp ♦ ❛♥t✐❦✐♥❦ ❝♦♥s❡❣✉❡ ✈❡♥❝❡r ❛ ❢♦rç❛ r❡♣✉❧s✐✈❛✱ ❝♦❧✐❞✐♥❞♦

♥❛ ❢r♦♥t❡✐r❛✳ ❆✉♠❡♥t❛♥❞♦ ❛✐♥❞❛ ♠❛✐s ❛ s✉❛ ✈❡❧♦❝✐❞❛❞❡✱ ❡❧❡ ❛❧❝❛♥ç❛ ❛ ✈❡❧♦❝✐❞❛❞❡ ❝rít✐❝❛ ❞❡

❡s❝❛♣❡ vcr✱ ♦♥❞❡ s❡♠♣r❡ ❡s❝❛♣❛rá ♣❛r❛ −∞ ❛♣ós ❛ ♣r✐♠❡✐r❛ ❝♦❧✐sã♦✳

❖✉tr❛ ❝❛r❛❝t❡ríst✐❝❛ ✐♠♣♦rt❛♥t❡ ❞♦ ♠♦❞❡❧♦ ♣❛r❛ ✈❛❧♦r❡s ❞❡ H < Hc é ❛ ✏r❡s✉rr❡✐çã♦✑ ❞❡ ✉♠❛

❥❛♥❡❧❛ ❞❡ t✇♦✲❜♦✉♥❝❡ q✉❡ ❈❛♠♣❜❡❧❧ ♣❡r❝❡❜❡✉ ❡st❛r ❛✉s❡♥t❡ ❡♠ s❡✉ tr❛❜❛❧❤♦✱ ❬✸❪✳ ❊st❛ ❥❛♥❡❧❛

♣♦❞❡ é ✐❧✉str❛❞❛ ♥❛ ✜❣✉r❛ ✺✳✻❜✱ ❡st❛♥❞♦ ❝❡♥tr❛❞❛ ❡♠ t♦r♥♦ ❞❡ vi = 0.245✳ ❱❛♠♦s ❝❤❛♠❛r ❡st❛

❥❛♥❡❧❛ ❞❡ ❥❛♥❡❧❛ ③❡r♦✱ ♣❡❧♦ ❢❛t♦ ❞❡st❛ s❡ ❧♦❝❛❧✐③❛r ❛♥t❡s ❞❛q✉❡❧❛ q✉❡ ❝♦♥❤❡❝❡♠♦s ❝♦♠♦ ♣r✐♠❡✐r❛

❥❛♥❡❧❛✳ ◆❛ ✜❣✉r❛ ✺✳✼✱ ♠♦str❛♠♦s ✉♠❛ ❝♦❧✐sã♦ ❝♦♠ vi = 0.244 ♥❛s ♣r♦①✐♠✐❞❛❞❡s ❞♦ ❝❡♥tr♦ ❞❛

❥❛♥❡❧❛✳ ✈❡r✲s❡ q✉❡ ♦ ♥♦♠❡ s❡ ❥✉st✐✜❝❛✱ ♣❡❧♦ ❢❛t♦ ❞❡ ❡♥tr❡ ❛s ❞✉❛s ❝♦❧✐sõ❡s ❤❛✈❡r ③❡r♦ ♦s❝✐❧❛çõ❡s✳

P❛r❛H > 0✱ t❡♠♦s ❞✉❛s ❝❛r❛❝t❡ríst✐❝❛ ♣r✐♥❝✐♣❛✐s✿ P❛r❛ ✈❛❧♦r❡s ❞❡H < Hc ≈ 0.6✱ ♦❜s❡r✈❛♠♦s

✭❋✐❣✳✺✳✽ ✮ ✉♠❛ ❡str✉t✉r❛ ❞❡ ❥❛♥❡❧❛s ♠✉❧t✐✲❜♦✉♥❝❡s ❝♦♠ ❛ ♠❡s♠❛ ❡str✉t✉r❛ ❞♦ ♠♦❞❡❧♦ φ4✱ ♥♦
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❋✐❣✉r❛ ✺✳✽✿ ◆ú♠❡r♦ ❞❡ ❜♦✉♥❝❡s ✈❡rs✉s vi✿ ❛✮ H = 0 r❡♣r♦❞✉③ ♦ ♠♦❞❡❧♦ φ4❀ ❜✮ H = +0.2
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❡♥t❛♥t♦ ❛ ♠❡❞✐❞❛ q✉❡ ❛✉♠❡♥t❛♠♦s ♦ ✈❛❧♦r ❞❡ H ❛ ✈❡❧♦❝✐❞❛❞❡ ❝rít✐❝❛ ❞❡ ❡s❝❛♣❡ ✈❛✐ s❡ t♦r♥❛♥❞♦

♠❡♥♦r q✉❡ ♦ ✈❛❧♦r ♣❛❞rã♦ vcr = 0.2598 ❡✱ ❡♠ ❝♦♥s❡q✉ê♥❝✐❛ ❛ ❡str✉t✉r❛ ✈❛✐ ✜❝❛♥❞♦ ❝❛❞❛ ✈❡③ ♠❛✐s

❝♦♠♣r✐♠✐❞❛✳ P❛r❛H = 0 ❛ ❡str✉t✉r❛ ❞❡ ♠✉❧t✐✲❜♦✉♥❝❡s ❞♦ ♠♦❞❡❧♦ φ4 ✭❋✐❣✳ ✹✳✼❜✮ é ♣❡r❢❡✐t❛♠❡♥t❡

r❡❝✉♣❡r❛❞❛✳

P♦r ✜♠✱ ♣❛r❛ ✈❛❧♦r❡s ❞❡ H > Hc ♦❜s❡r✈❛♠♦s ❡♠ ♥♦ss❛s s✐♠✉❧❛çõ❡s✱ ♦ ♠❡s♠♦ ❝♦♠♣♦rt❛♠❡♥t♦

❡♥❝♦♥tr❛❞♦ ❬✶✺❪ ✳ ❙ã♦ ♥♦✈♦s ❝♦♠♣♦rt❛♠❡♥t♦s q✉❡ ♣♦❞❡♠ s❡r ✈✐st♦s ♥❛ ✜❣✉r❛ ✺✳✾✳ ◆❛ ✜❣✉r❛ ✺✳✾❛

♣❡r❝❡❜❡♠♦s q✉❡ ❛♣ós ❛ ❝♦❧✐sã♦ ❛ ❢r♦♥t❡✐r❛ ♣❡r♠❛♥❡❝❡ ❡♠ ✉♠ ❡st❛❞♦ ❞❡ ❛❣✐t❛çã♦✱ ✐ss♦ ❛❝♦♥t❡❝❡

❞❡✈✐❞♦ ❛ ❢r♦♥t❡✐r❛ ❡stá ❝♦♠ ❛ ❡♥❡r❣✐❛ ♣ró①✐♠♦ ❞❡ s❡✉ ✈❛❧♦r ♠á①✐♠♦✳ ◆❡ss❛ s✐t✉❛çã♦ ❛ ❝♦❧✐sã♦

❞♦ ❛♥t✐❦✐♥❦ ♣♦❞❡ ♦❝❛s✐♦♥❛r ❛ ❝r✐❛çã♦ ❞❡ ✉♠ ♥♦✈♦ ❦✐♥❦ ❛ ♣❛rt✐r ❞❛ ❢r♦♥t❡✐r❛✳ ◆❛ ✜❣✉r❛ ✺✳✾❜

♦❜s❡r✈❛♠♦s q✉❡ ❛ ❝♦❧✐sã♦ ❞♦ ❛♥t✐❦✐♥❦ ❝♦♠ ❛ ❢r♦♥t❡✐r❛❀ ♥❡ss❛ s✐t✉❛çã♦ ♦ ♥♦✈♦ ♣❛r KK̄ ❝♦❧✐❞❡

♣♦r ✉♠ ❝❡rt♦ ♥ú♠❡r♦ ❞❡ ✈❡③❡s ❡ ❞❡♣♦✐s s❡ s❡♣❛r❛♠❀ ❥á ♣❛r❛ ❛ ✈❡❧♦❝✐❞❛❞❡ vi = 0.39 ♦ ❦✐♥❦

♦r✐❣✐♥❛❞♦ ❞❛ ❢r♦♥t❡✐r❛ ✜❝❛ ♣r❡s♦ ❛♦ ❛♥t✐❦✐♥❦ ✐♥✐❝✐❛❧ ❡ ✈✐❛❥❛♠ ❝♦♠ ✈❡❧♦❝✐❞❛❞❡s ♣r❛t✐❝❛♠❡♥t❡

✐❣✉❛✐s✱ ❢♦r♠❛♥❞♦ ✉♠ ❜✉❧❦ ♦s❝✐❧❧♦♥

✭❛✮ ✭❜✮

✭❝✮

❋✐❣✉r❛ ✺✳✾✿ ❈♦❧✐sã♦ ❛♥t✐❦✐♥❦✲❢r♦♥t❡✐r❛ ♣❛r❛ H = 0.9✳ ❛✮ vi = 0.35 ✱ ❜✮ vi = 0.37 ❢♦r♠❛çã♦ ❞❡
✉♠ ♣❛r KK̄ ❝✮ vi = 0.39 ❋♦r♠❛çã♦ ❞❡ ✉♠ ❜✉❧❦ ♦s❝✐❧❧♦♥✳
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✺✳✸ ▼♦❞❡❧♦ φ6

❖ ♣❛ss♦ s❡❣✉✐♥t❡ ❛♦ q✉❡ s❡ t❡♠ ❡st✉❞❛❞♦ ❛té ❛q✉✐ é ♦ ❡st✉❞♦ ❞❡ ❝♦❧✐sõ❡s ❦✐♥❦s✲❢r♦♥t❡✐r❛

♣❛r❛ ♦ ♠♦❞❡❧♦ φ6✳ ❆ ♣r✐♥❝✐♣❛❧ ♠♦t✐✈❛çã♦ ♣❛r❛ ❡st❡ ❡st✉❞♦ é ❛ ❝♦♠♣❛r❛çã♦ ❝♦♠ ♦s r❡s✉❧t❛❞♦s

♦❜t✐❞♦s ♣❛r❛ ♦ ♠♦❞❡❧♦ φ4 ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❝♦♥t♦r♥♦✳ ❏á ✈✐♠♦s ♥❛ s❡çã♦ ✹✳✸ q✉❡ ♦ ❡st✉❞♦ ❞❡

❝♦❧✐sõ❡s ♥♦ φ6 ♣r♦♣♦r❝✐♦♥♦✉ ✉♠❛ ♥♦✈❛ ❛❜♦r❞❛❣❡♠✱ ❡♠ r❡❧❛çã♦ ❛♦ φ4✱ ♣❛r❛ ♦ ❡♥t❡♥❞✐♠❡♥t♦ ❞❛s

❡str✉t✉r❛s ❞❡ r❡ss♦♥â♥❝✐❛✳ ❉❛ ♠❡s♠❛ ❢♦r♠❛✱ ♥❡st❛ s❡çã♦ ❡st✉❞❛♠♦s ❝♦❧✐sõ❡s ❦✐♥❦s ❞♦ ♠♦❞❡❧♦ φ6

❡♠ ✉♠❛ s❡♠✐✲❧✐♥❤❛ ✈❡r✐✜❝❛♥❞♦ ❛s s❡♠❡❧❤❛♥ç❛s ❡ ♣♦ssí✈❡✐s ♥♦✈♦s ❝♦♠♣♦rt❛♠❡♥t♦s ♥❡ss❡ ❝♦♥t❡①t♦

❞❡ ♠❛✐♦r ♥ã♦✲❧✐♥❡❛r✐❞❛❞❡✳

✺✳✸✳✶ ❙♦❧✉çõ❡s ❡ ❝♦♥❞✐çã♦ ❞❡ ❝♦♥t♦r♥♦

■♥✐❝✐❛♠♦s ❝♦♠ ❛s s♦❧✉çõ❡s ❡stát✐❝❛s ♣❛r❛ ❛s ❡q✉❛çõ❡s ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ❞♦ ♠♦❞❡❧♦ φ6

φx = ±
(

φ− φ3
)

. ✭✺✳✷✾✮

❖ s✐♥❛❧ s✉♣❡r✐♦r✱ φx = (φ− φ3)✱ t❡♠ ❛s s❡❣✉✐♥t❡s s♦❧✉çõ❡s

φ1± (x) = ±
√

1+tanh(x−X0)
2

, φ2± (x) = ±
√

1+coth(x−X0)
2

✭✺✳✸✵✮

P❛r❛ ♦ s✐♥❛❧ ✐♥❢❡r✐♦r✱ φx = φ3 − φ✱ tê♠✲s❡ ❛s s♦❧✉çõ❡s

φ3± (x) = ±
√

1−tanh(x−X1)
2

φ4± (x) = ±
√

1−coth(x−X1)
2

, ✭✺✳✸✶✮

♦♥❞❡ ♥♦✈❛♠❡♥t❡ X0 (H) ❡ X1 (H) sã♦ ♦❜t✐❞♦s ❛ ♣❛rt✐r ❞❛ ❝♦♥❞✐çã♦ ❞❡ ◆❡✉♠❛♥♥ ❡♠ x = 0.

❈♦♠♦ ❥á ✈✐st♦ ♥❛ s❡çã♦ ✹✳✸✱ ♦ ♠♦❞❡❧♦ φ6 ♣♦ss✉✐ ❞♦✐s s❡t♦r❡s t♦♣♦❧ó❣✐❝♦s✳ P❛r❛ ♦s ✜♥s ❞❡ ♥♦ss❛

✐♥✈❡st✐❣❛çã♦✱ ✈❛♠♦s ❡st✉❞❛r ❝♦❧✐sõ❡s s♦♠❡♥t❡ ♣❛r❛ ♦ s❡t♦r q✉❡ ❝♦♠♣r❡❡♥❞❡ ♦s ♠í♥✐♠♦s 0 ❡ 1✳ P♦r

✐ss♦✱ ♥❡st❛ s❡çã♦ ♥♦s ✐♥t❡r❡ss❛♠ s♦♠❡♥t❡ ❛s s♦❧✉çõ❡s q✉❡ ✐♥t❡r♣♦❧❡♠ ❡♥tr❡ ❡ss❡s ❞♦✐s ♠í♥✐♠♦s✳

❆♥❛❧✐s❛♥❞♦ ❛s s♦❧✉çõ❡s ✭✺✳✸✵✮ ❡ ✭✺✳✸✶✮✱ ✈❡♠♦s q✉❡ φ1+ (x) ❡ φ3+ (x) sã♦ ❛s ú♥✐❝❛s s♦❧✉çõ❡s q✉❡

✐♥t❡r♣♦❧❛♠ ♥♦ s❡t♦r t♦♣♦❧ó❣✐❝♦ ❝♦♥s✐❞❡r❛❞♦✱ ✐ss♦ ✐♠♣❧✐❝❛ q✉❡ ❛s ❞✉❛s ♣♦❞❡♠ s❡r ❝♦♥s✐❞❡r❛❞❛s

♣❛r❛ ♦ ✉s♦ ❞❛ ❝♦♥❞✐çã♦ ❞❡ ❝♦♥t♦r♥♦ ❞❡ ◆❡✉♠❛♥♥✳ Pr✐♠❡✐r❛♠❡♥t❡✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r ❛ ❢r♦♥t❡✐r❛

❝♦♠♦ s❡♥❞♦ ❛ s♦❧✉çã♦ φ1+ (x)✳ ❆ ❛♣❧✐❝❛çã♦ ❞❛ ❝♦♥❞✐çã♦ ❞❡ ◆❡✉♠❛♥♥ ♣❛r❛ ❡st❛ s♦❧✉çã♦ ♥♦s ❧❡✈❛
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❋✐❣✉r❛ ✺✳✶✵✿ X0 ❡♠ ❢✉♥çã♦ ❞❡ ❍ ♥♦ ♠♦❞❡❧♦ φ6

✉♠❛ ❡q✉❛çã♦ tr❛♥s❝❡♥❞❡♥t❛❧ ♣❛r❛ X0✱ ❞❛❞❛ ♣♦r

e2X0

(1 + e2X0)
3

2

= H. ✭✺✳✸✷✮

▲♦❣♦✱ ♥❡ss❡ ❝❛s♦ X0 (H) é ♦❜t✐❞♦ ♥✉♠❡r✐❝❛♠❡♥t❡✳ ❆ ✜❣✉r❛ ✺✳✶✵ ♠♦str❛ ♦ s❡✉ ❝♦♠♣♦rt❛♠❡♥t♦

❡♠ ❢✉♥çã♦ ❞♦ ❝❛♠♣♦ H✳ ◆❛ s❡çã♦ ✺✳✶ ♦ ✈❛❧♦r ♠á①✐♠♦ ❞♦ ♣❛râ♠❡tr♦ H✱ ❝♦♠ H > 0✱ ❢♦✐

Hmax = 1✳ ❆ ♣❛rt✐r ❞❛ ❡q✉❛çã♦ ✭✺✳✸✷✮✱ ✈❡♠♦s q✉❡ ❝❛♠♣♦ H ❛❣♦r❛ ❡stá r❡str✐t♦ ❛♦ ✐♥t❡r✈❛❧♦

0 < |H| < 2

9

√
3 = Hmax ✭✺✳✸✸✮

✺✳✸✳✷ ❊♥❡r❣✐❛s ♥❛ ❋r♦♥t❡✐r❛

▲❡♠❜r❛♥❞♦ q✉❡ ♣❛r❛ ♦ ♣♦t❡♥❝✐❛❧ φ6 W = φ2

2
− φ4

4
✱ ❡ ❛ ❡q✉❛çã♦ ✭✺✳✾✮✱ ♥❡st❡ ❝❛s♦✱ é ❞❛❞❛ ♣♦r

dφ

dx
= ±

(

φ− φ3
)

. ✭✺✳✸✹✮

❆ s♦❧✉çã♦ φ1+ (x) s❛t✐s❢❛③ ♦ s✐♥❛❧ s✉♣❡r✐♦r✱ ❛❧é♠ ❞♦ q✉❡ ❡♠ x = 0✱ ❞❡✈❡ ✈❛❧❡r q✉❡

H = φ1 (0)− φ3
1 (0) , ✭✺✳✸✺✮
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❡ ❛ss✐♠ ❛ ❡♥❡r❣✐❛ ❞❡ φ1+ (x) s❡rá

E[φ1] =

(

1

2
φ2
1 (0)−

1

4
φ4
1 (0)

)

− 1

2
φ2
1 (−∞) +

1

4
φ4
1 (−∞)−Hφ1 (0, t) . ✭✺✳✸✻✮

▼✉❧t✐♣❧✐❝❛♥❞♦ ✭✺✳✸✺✮ ♣♦r φ1 (0)✱ ♦❜t❡♠♦s q✉❡

Hφ1 (0) = φ1 (0)
2 − φ1 (0)

4 ✭✺✳✸✼✮

❆❣♦r❛✱ ❢❛③❡♥❞♦ ✉s♦ ❞❛ r❡❧❛çã♦ ✭✺✳✸✼✮ ❡♠ ✭✺✳✸✻✮✱ ♦❜tê♠✲s❡ ❛ ❡♥❡r❣✐❛ ♥❛ ❢♦r♠❛

E [φ1] =
φ2
1 (0)

2
− φ4

1 (0)

4
− φ2

1 (−∞)

2
+

φ4
1 (−∞)

4
− φ1 (0)

2 + φ1 (0)
4 ,

❡ ❝♦♠♦ φ1 (−∞) = 0✱ ♦❜t❡♠♦s ❛ ❡♥❡r❣✐❛ ❞❡ φ1+ (x) ❝♦♠♦ s❡♥❞♦

E [φ1] =
3

4
φ4
1 (0)−

1

2
φ2
1 (0) ✭✺✳✸✽✮

✺✳✹ ❈♦❧✐sã♦ ❆♥t✐❦✐♥❦ ✲❋r♦♥t❡✐r❛

◆❡st❛ s❡çã♦ ❛♣r❡s❡♥t❛♠♦s ♦s r❡s✉❧t❛❞♦s ❞❛s ♥♦ss❛s s✐♠✉❧❛çõ❡s ♣❛r❛ H > 0✳ ❆ ✜♠ ❞❡ ❡st❛✲

❜❡❧❡❝❡r ✉♠❛ ❝♦♠♣❛r❛çã♦ ❝♦♠ ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♥❛ s❡çã♦ ✺✳✶✱ ♠♦str❛♠♦s ♦s r❡s✉❧t❛❞♦s ♣❛r❛

❛s ♠❡s♠❛s ♣r♦♣♦rçõ❡s ❞♦ Hmax✳ ▲❡♠❜r❛♥❞♦ q✉❡ ♣❛r❛ ♦ φ4✱ Hmax = 1.0 ❡ q✉❡ ♣❛r❛ ♠♦❞❡❧♦ φ6✱

Hmax é ❞❛❞♦ ♣♦r ✺✳✸✸✳ ❈♦♥s✐❞❡r❛♠♦s ✉♠ ❛♥t✐❦✐♥❦✱ ❡♠ ✉♠❛ ♣♦s✐çã♦ ✐♥✐❝✐❛❧ x0 = −20✱ ✈✐❛❥❛♥❞♦

❡♠ ❞✐r❡çã♦ ❛ ❢r♦♥t❡✐r❛ ❝♦♠ ✈❡❧♦❝✐❞❛❞❡ vi > 0✳ ◆♦✈❛♠❡♥t❡ ❡♠ x = 0✱ ❡①✐st❡ ❛ ❝♦♥❞✐çã♦ ❞❡

◆❡✉♠❛♥♥✳ ❆ ❝♦♥✜❣✉r❛çã♦ ✐♥✐❝✐❛❧ ♣❛r❛ ❛ q✉❛❧ ❝❛❧❝✉❧❛♠♦s ❛ ❡✈♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ❞❡ ♠♦✈✐♠❡♥t♦

é ❞❛❞❛ ♣♦r✿

φ (x) =

√

1

2
(1 + tanh (x−X0)) +

√

1

2
(1− tanh (γ (x− x0))) ✭✺✳✸✾✮

❖ ♠ét♦❞♦ ♥✉♠ér✐❝♦ é ♦ ♠❡s♠♦ ✉t✐❧✐③❛❞♦ ♥❛ s❡çã♦ ✺✳✶✳ ❯s❛♠♦s ✉♠❛ ❣r❛❞❡ ❝♦♠ ✷✵✹✽ ♥ós ❝♦♠

L = 100✳ ❈♦♠♦ ♥❡ss❡ ♠♦❞❡❧♦ ♦ s✐st❡♠❛ ♣r❡❝✐s❛ ❞❡ ♠❛✐s t❡♠♣♦ ♣❛r❛ ❡✈♦❧✉✐r✱ r❡❛❧✐③❛♠♦s ♥♦ss❛s

s✐♠✉❧❛çã♦ ❝♦♠ ♦ ✐♥t❡r✈❛❧♦ ❞❡ t❡♠♣♦ 0 < t < 600✳
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✺✳✹✳✶ ❘❡s✉❧t❛❞♦s ❡ ❉✐s❝✉ssã♦

▼♦str❛♠♦s ♥❛s ✜❣✉r❛s ✺✳✶✶ ❛ ❡str✉t✉r❛ ❞❡ r❡ss♦♥â♥❝✐❛ ❞♦ ♠♦❞❡❧♦ s✐♠✉❧❛❞♦✳ P♦❞❡♠♦s ♣❡r✲

❝❡❜❡r q✉❡ ♣❛r❛ ❡ss❡s ✈❛❧♦r❡s ❞❡ H ❡①✐st❡ ✉♠❛ ❡str✉t✉r❛ ❞❡ ❥❛♥❡❧❛s ♠✉❧t✐✲❜♦✉♥❝❡s ❡ ♣♦rt❛♥t♦

❡s♣❡r❛♠♦s q✉❡ ❡①✐st❛ ✉♠ ♠❡❝❛♥✐s♠♦ ❞❡ tr♦❝❛ ❞❡ ❡♥❡r❣✐❛ ♣❛r❛ ❡st❛ ❝♦♥✜❣✉r❛çã♦✳ ◆♦ q✉❡ s❡

r❡❢❡r❡ ❛♦ ✈❛❧♦r ❞❛ ✈❡❧♦❝✐❞❛❞❡ ❝rít✐❝❛ vcr✱ ♦❜s❡r✈❛♠♦s ✉♠ ❝♦♠♣♦rt❛♠❡♥t♦ ❞✐❢❡r❡♥t❡ ❡♠ r❡❧❛çã♦

❛ vcr ♥♦ ♠♦❞❡❧♦ φ4 ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❝♦♥t♦r♥♦ ❀ ❛ ❡str✉t✉r❛ ❞❡ ❥❛♥❡❧❛s ❞❡ t✇♦✲❜♦✉♥❝❡s ❛✈❛♥ç❛

♣❛r❛ ✈❛❧♦r❡s ♠❛✐♦r❡s ❞❡ vcr✱ ❢❛③❡♥❞♦ ♥❡ss❡ ❛s♣❡❝t♦✱ ✉♠ ♠♦✈✐♠❡♥t♦ ❝♦♥trár✐♦ ❛♦ ♦❜s❡r✈❛❞♦ ♥❛

s❡çã♦ ✺✳✶✳ ◆❛ ✜❣✉r❛ ✺✳✶✶❝✱ ♠♦str❛♠♦s ♦ ❛s♣❡❝t♦ ❞❛ ❝♦❧✐sã♦ ♣❛r❛ ❛ ✈❡❧♦❝✐❞❛❞❡ vi = 0.6242 ❝♦♠

♦ ❝❛♠♣♦ H = 0.1Hmax✳

vi

0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1 0.11 0.12

N
B

1

2

✭❛✮

vi

0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18

N
B

1

2

✭❜✮

✭❝✮

❋✐❣✉r❛ ✺✳✶✶✿ ❊str✉t✉r❛ ❞❡ t✇♦✲❜♦✉♥❝❡ ♣❛r❛✿ ❛✮ H = 0.1Hmax✱ ❜✮ H = 0.2Hmax✳ ❊♠ ❝✮ ✈❡♠♦s
✉♠❛ ❝♦❧✐sã♦ ❞♦ t✐♣♦ t✇♦✲❜♦✉♥❝❡ q✉❛♥❞♦ vi = 0.06242 ❡ H = 0.1Hmax✳
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◆♦ss♦s r❡s✉❧t❛❞♦s ♠♦str❛♠ q✉❡ t❛♠❜é♠ ❡①✐st❡ ♦ ❢❡♥ô♠❡♥♦ ❞❡ ✏r❡ss✉r❡✐çã♦✑ ♦✉ r❡st❛✉r❛çã♦ ❞❡

❥❛♥❡❧❛s ❞❡ t✇♦✲❜♦✉♥❝❡s✳ ❊♠ ❝♦❧✐sõ❡s ❛♥t✐❦✐♥❦✲❦✐♥❦ ❞♦ φ6✱ ✭✹✳✸✵✮✱ ❛ ♣r✐♠❡✐r❛ ❥❛♥❡❧❛ é n = 11 ❬✶✹❪✱

❡♥q✉❛♥t♦ q✉❡ ♥❛ ✜❣✉r❛ ✺✳✶✷❛✱ ♥♦ ♠♦❞❡❧♦ φ6 ♥❛ s❡♠✐✲❧✐♥❤❛✱ q✉❛♥❞♦ H = 0.2Hmax✱ ♦❜s❡r✈❛♠♦s

q✉❡ ♣❛r❛ ❛ ♣r✐♠❡✐r❛ ❥❛♥❡❧❛ n = 4✳ ❚❛♠❜é♠ r❡❛❧✐③❛♠♦s s✐♠✉❧❛çõ❡s ♣❛r❛ ❣r❛♥❞❡s ✈❛❧♦r❡s ❞❡ H✱

❝♦♠ H = 0.9Hmax✳ ◆❡st❡ ❝❛s♦ ♥♦t❛♠♦s q✉❡ ♦s ♥♦✈♦s ❢❡♥ô♠❡♥♦s✱ ♦❜s❡r✈❛❞♦s ♥♦ ♠♦❞❡❧♦ φ4 ❝♦♠

❝♦♥❞✐çã♦ ❞❡ ❝♦♥t♦r♥♦✱ t❛♠❜é♠ sã♦ ❡♥❝♦♥tr❛❞♦s ♥♦ ♣r❡s❡♥t❡ ♠♦❞❡❧♦✳ ❆ ✜❣✉r❛ ✺✳✶✷❜ ♠♦str❛ ♦

❢❡♥ô♠❡♥♦ ❜✉❧❦ ♦s❝✐❧❧♦♥ ♣❛r❛ vi = 0.3✳

t
0 50 100 150 200 250 300 350 400

φ
(0
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❋✐❣✉r❛ ✺✳✶✷✿ ❛✮ Pr✐♠❡✐r❛ ❥❛♥❡❧❛ ❞❡ t✇♦✲❜♦✉♥❝❡ ♣❛r❛ H = 0.2Hmax. ❜✮ ❋♦r♠❛çã♦ ❞❡ ✉♠ ❜✉❧❦
♦s❝✐❧❧♦♥ ♣❛r❛ vi = 0.3✱ ❝♦♠ H = 0.9Hmax✳

◆❡st❛ s❡çã♦✱ ❛♣r❡s❡♥t❛♠♦s ♦s ♣r✐♥❝✐♣❛✐s r❡s✉❧t❛❞♦s q✉❡ t❡♠♦s ♦❜t✐❞♦s ♣❛r❛ ♦ ♠♦❞❡❧♦ φ6 ♥❛

s❡♠✐✲❧✐♥❤❛✳ ❆✐♥❞❛ ♥♦s r❡st❛♠ ❛❧❣✉♠❛s ❛♥á❧✐s❡s ♣❛r❛ q✉❡ ♣♦ss❛♠♦s ❢✉♥❞❛♠❡♥t❛r ♥♦ss❛s ❡①♣❧✐✲

❝❛çõ❡s s♦❜r❡ ♦s ❝♦♠♣♦rt❛♠❡♥t♦s ♦❜s❡r✈❛❞♦s✳ ❆ ♣r✐♥❝✐♣❛❧ ❞❡ss❛s ❛♥á❧✐s❡s ❝♦♥s✐st❡ ❡♠ ❡st✉❞❛r

♦ s❡t♦r ♣❡rt✉r❜❛t✐✈♦ ❞❛ ❝♦♥✜❣✉r❛çã♦ ❛♥t✐❦✐♥❦✲❢r♦♥t❡✐r❛✳ ◆❛ s❡çã♦ ✹✳✸ ✈✐♠♦s q✉❡ ♦s ❦✐♥❦s ❞♦

♠♦❞❡❧♦ φ6 ♥ã♦ ♣♦ss✉❡♠ ♠♦❞♦s ✐♥t❡r♥♦s ❞❡ ✈✐❜r❛çã♦✱ ❧♦❣♦ ♦ ❛♣❛r❡❝✐♠❡♥t♦ ❞❡ ✉♠❛ ❡str✉t✉r❛

❞❡ t✇♦✲❜♦✉♥❝❡s ♣♦ss✐✈❡❧♠❡♥t❡ s❡ ❞❡✈❡ ❛♦ s✉r❣✐♠❡♥t♦ ❞❡ ♠♦❞♦s ✐♥t❡r♥♦s ❞❡ ✈✐❜r❛çã♦ ♣❛r❛ ❛

❝♦♥✜❣✉r❛çã♦ ❛♥t✐❦✐♥❦✲❢r♦♥t❡✐r❛ ✳ ❆ ♥ã♦ ✐♥t❡❣r❛❜✐❧✐❞❛❞❡ ❞♦ ♠♦❞❡❧♦ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛ ♠❛✐♦r

♥ã♦✲❧✐♥❡❛r✐❞❛❞❡ ❞❛ ❡q✉❛çã♦ ❞❡ ♠♦✈✐♠❡♥t♦ ❞ã♦ ✉♠ ❝❛rát❡r ♥ã♦✲tr✐✈✐❛❧ ♣❛r❛ t❛✐s ❛♥á❧✐s❡s ✳



❈❛♣ít✉❧♦ ✻

❈♦♥❝❧✉sã♦

◆❡st❛ ❞✐ss❡rt❛çã♦ ♣♦❞❡♠♦s ♣❡r❝❡❜❡r ❛s ❞✐❢❡r❡♥ç❛s ❡①✐st❡♥t❡s ❡♥tr❡ ♠♦❞❡❧♦s ✐♥t❡❣rá✈❡✐s ❡ ♥ã♦✲

✐♥t❡❣rá✈❡✐s✱ ♥♦ ❝♦♥t❡①t♦ ❞❡ ❝♦❧✐sõ❡s ❞♦ t✐♣♦ ❦✐♥❦✲❛♥t✐❦✐♥❦✳ P❛r❛ ♠♦❞❡❧♦s ✐♥t❡❣rá✈❡✐s✱ r❡❛❧✐③❛♠♦s

♦ ❡st✉❞♦ ❞❡ ❝♦❧✐sõ❡s ❞❡ ❞❡❢❡✐t♦s ♥♦ ♠♦❞❡❧♦ s✐♥❡✲●♦r❞♦♥✳ ◆♦ ❝❡♥ár✐♦ q✉❡ ❡st✉❞❛♠♦s✱ ♦❜s❡r✈❛♠♦s

q✉❡ ❞❡ ❢❛t♦✱ ♥ã♦ ❡①✐st❡ ♣❡r❞❛ ❞❡ ❡♥❡r❣✐❛ ♣♦r r❛❞✐❛çã♦ ❡ ❞❡st❛ ❢♦r♠❛ ♦s só❧✐t♦♥s ❛♣❡♥❛s ♠✉❞❛♠

♣♦r ✉♠❛ ❢❛s❡✱ ✐♥❞♦ ♣❛r❛ ✉♠ ♦✉tr♦ ❡st❛❞♦ ❞❡ ✈á❝✉♦ ❞❛ t❡♦r✐❛ ❛♣ós ❛ ❝♦❧✐sã♦✳ ❊st❡ ❝♦♠♣♦rt❛♠❡♥t♦

t❛♠❜é♠ s❡ ❞❡✈❡✱ s❡❣✉♥❞♦ ♦ q✉❡ ❛❝r❡❞✐t❛♠♦s ❛t✉❛❧♠❡♥t❡✱ à ❛✉sê♥❝✐❛ ❞❡ ✉♠ ♠♦❞♦ ✈✐❜r❛❝✐♦♥❛❧✱

✉♠❛ ✈❡③ q✉❡ ♦ ♠♦❞❡❧♦ s✐♥❡✲●♦r❞♦♥ ♣♦ss✉✐ ❛♣❡♥❛s ❛ s♦❧✉çã♦ ❞❡ ♠♦❞♦ ③❡r♦✳

◆♦ ❝❛♣ít✉❧♦ ✹ r❡❛❧✐③❛♠♦s ❝♦❧✐sõ❡s ❞❡ ❦✐♥❦s ❡♠ ♠♦❞❡❧♦s ❞❡ ♥❛t✉r❡③❛ ♥ã♦✲✐♥t❡❣rá✈❡✐s✳ ❊st❡s

♠♦❞❡❧♦s s❡ ❛ss❡♠❡❧❤❛♠ ❛♦ s✐♥❡✲●♦r❞♦♥ ♥♦ ❛s♣❡❝t♦ ❞❡ q✉❡ t❛♠❜é♠ ♣♦ss✉ír❡♠ s♦❧✉çõ❡s t♦♣♦❧ó✲

❣✐❝❛s✳ ◆♦ ❡♥t❛♥t♦✱ ❡❧❡s s❡ ♠♦str❛r❛♠ ♠✉✐t♦ ❞✐❢❡r❡♥t❡s ♥♦ q✉❡ s❡ r❡❢❡r❡ à ❞✐♥â♠✐❝❛ ❞❛ ❝♦❧✐sã♦✳

P❛r❛ ♦ ♠♦❞❡❧♦ φ4✱ ♦❜s❡r✈❛♠♦s q✉❡✱ ♣❛r❛ ❜❛✐①❛s ✈❡❧♦❝✐❞❛❞❡s✱ ❛♣ós ❛ ❝♦❧✐sã♦ ♦ ❦✐♥❦ ✜❝❛ ♣r❡s♦

❛♦ ❛♥t✐❦✐♥❦ ❢♦r♠❛♥❞♦ ✉♠ ❡st❛❞♦ ❞❡ ❧♦♥❣❛ ✈✐❞❛ ✲ ♦ ❜✐♦♥❀ ♣❛r❛ ✈❡❧♦❝✐❞❛❞❡s ❛❝✐♠❛ ❞❡ ✉♠❛ ❝❡rt❛

✈❡❧♦❝✐❞❛❞❡ ❝rít✐❝❛✱ ♦ ❦✐♥❦ s❡♠♣r❡ s❡ s❡♣❛r❛ ❞♦ ❛♥t✐❦✐♥❦ ❛♣ós ✉♠❛ ❝♦❧✐sã♦✳ ◆♦ ❡♥t❛♥t♦✱ ♦❜s❡r✲

✈❛♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ ❛❧❣✉♠❛s ❢❛✐①❛s ❞❡ ✈❡❧♦❝✐❞❛❞❡s via < vi < vib ❝♦♠ via, vib < vcr✱ ❡♠ q✉❡

♦ ❦✐♥❦ ❝♦♥s❡❣✉❡ ❡s❝❛♣❛r ♣❛r❛ ♦ ✐♥✜♥✐t♦ ❛♣ós ❝♦❧✐❞✐r ✉♠❛ s❡❣✉♥❞❛ ✈❡③✱ ♠❡s♠♦ ❡st❛♥❞♦ ❝♦♠

✈❡❧♦❝✐❞❛❞❡ ♠❡♥♦r q✉❡ ❛ ✈❡❧♦❝✐❞❛❞❡ ❝rít✐❝❛ ❞❡ ❡s❝❛♣❡ vcr✳ ➚ ❡ss❛s ❢❛✐①❛s ❞❡ ✈❡❧♦❝✐❞❛❞❡s ❞❡♥♦✲

♠✐♥❛♠♦s ❥❛♥❡❧❛s ❞❡ t✇♦✲❜♦✉♥❝❡s✳ ▼♦str❛♠♦s ❛tr❛✈és ❞❛ ✜❣✉r❛ ✹✳✼❜ q✉❡ ❡①✐st❡♠ ✉♠ ♥ú♠❡r♦

❣r❛♥❞❡ ❞❡ss❛s ❥❛♥❡❧❛s ❡♥tr❡ 0.192575 < vi < vcr✳ ❆ ❝♦❧✐sã♦ ♣❛r❛ ✉♠❛ ✈❡❧♦❝✐❞❛❞❡ q✉❡ ♣❡rt❡♥❝❡

❛ ✉♠❛ ❥❛♥❡❧❛ ❞❡ t✇♦✲❜♦✉♥❝❡ ♦❜❡❞❡❝❡ à ✉♠❛ ❝♦♥❞✐çã♦ ❞❡ r❡ss♦♥â♥❝✐❛ ❞❛❞❛ ♣❡❧❛ ❡q✉❛çã♦ ✭✹✳✶✹✮❀

✈❡r✐✜❝❛♠♦s q✉❡ ❛s ❥❛♥❡❧❛s ♦❜t✐❞❛s ❡♠ ♥♦ss❛s s✐♠✉❧❛çõ❡s✱ ❞❡ ❢❛t♦✱ ♦❜❡❞❡❝❡♠ ❛♦ ♠❡❝❛♥✐s♠♦ ❞❡

tr♦❝❛ ❞❡ ❡♥❡r❣✐❛✱ ✐st♦ é ❞❡♠♦♥str❛❞♦ ♣❡❧❛ ✜❣✉r❛ ✹✳✼❛✳ ❉❡ss❛ ❢♦r❛♠✱ r❡♣r♦❞✉③✐♠♦s ♦s ♣r✐♥❝✐♣❛✐s

✼✵
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r❡s✉❧t❛❞♦s ❞❡s❝r✐t♦s ♥❛ ❧✐t❡r❛t✉r❛✱ ❛❝❡r❝❛ ❞❡ ❝♦❧✐sõ❡s ♥❡st❡ ♠♦❞❡❧♦✳ ❚❛♠❜é♠ ❝♦♥❝❧✉í♠♦s q✉❡

♦ ♥♦✈♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ ♠♦❞❡❧♦ φ4 ❡♠ r❡❧❛çã♦ ❛♦ s✐♥❡✲●♦r❞♦♥ s❡ ❞❡✈❡ ❛♦ ❛r♠❛③❡♥❛♠❡♥t♦

❞❡ ❡♥❡r❣✐❛ ♣❡❧♦ ♠♦❞♦ ✈✐❜r❛❝✐♦♥❛❧ ❞♦ ❦✐♥❦✱ q✉❡ ❛❝♦♥t❡❝❡ ❛♣ós ❛ ♣r✐♠❡✐r❛ ❝♦❧✐sã♦❀ s❡♥❞♦ q✉❡ ♥❛

s❡❣✉♥❞❛ ❝♦❧✐sã♦ ❛ ❡♥❡r❣✐❛ ❛r♠❛③❡♥❛❞❛ ♥♦ ♠♦❞♦ ✈✐❜r❛❝✐♦♥❛❧ é ❞❡✈♦❧✈✐❞❛ ❛♦ ♠♦❞♦ ❞❡ tr❛♥s❧❛çã♦

❞♦ ❦✐♥❦ ♣❡r♠✐t✐♥❞♦ ❞❡ss❛ ❢♦r♠❛ q✉❡ ❡❧❡ ❡s❝❛♣❡✳ ❆✐♥❞❛ ♥♦ ❝❛♣ít✉❧♦ ✹✱ ❡st✉❞❛♠♦s ♦ ♠♦❞❡❧♦ ❞✉♣❧♦

s✐♥❡✲●♦r❞♦♥✳ ❊st❡ ♠♦❞❡❧♦ ❛♣r❡s❡♥t❛ ❞♦✐s t✐♣♦s ❞❡ s♦❧✉çõ❡s ❦✐♥❦s ♣❛r❛ η < −1
4
✿ ❛ s♦❧✉çã♦ ❧❛r❣❡

❦✐♥❦ ❡ ❛ s♦❧✉çã♦ s♠❛❧❧ ❦✐♥❦ ❀ ❛♣❡♥❛s ❛ s♦❧✉çã♦ s♠❛❧❧ ❦✐♥❦ ❛♣r❡s❡♥t❛ ✉♠ ♠♦❞♦ ✈✐❜r❛❝✐♦♥❛❧ ✐♥t❡r♥♦

❝❛♣❛③ ❞❡ ❛r♠❛③❡♥❛r ❡♥❡r❣✐❛✳ ❏❛♥❡❧❛s ❞❡ ♠✉❧t✐✲❜♦✉♥❝❡s ❢♦r❛♠ ♦❜s❡r✈❛❞❛s ❛♣❡♥❛s ♣❛r❛ ❝♦❧✐sõ❡s

❡♥tr❡ s♠❛❧❧✲❦✐♥❦s✳ ❉❡st❛ ❢♦r♠❛✱ ❡st❡ ♠♦❞❡❧♦ s❡r✈❡ ❝♦♠♦ ✉♠ s❡❣✉♥❞♦ ❡①❡♠♣❧♦✱ ❞❡♠♦♥str❛♥❞♦✱

♥♦✈❛♠❡♥t❡✱ ♦ s✉❝❡ss♦ ❞♦ ♠❡❝❛♥✐s♠♦ ❞❡ tr♦❝❛ ❞❡ ❡♥❡r❣✐❛ ♣❛r❛ ❡①♣❧✐❝❛r ❛ ❡①✐stê♥❝✐❛ ❞❛s ❥❛♥❡❧❛s

❞❡ ♠✉❧t✐✲❜♦✉♥❝❡s✳

❊st✉❞❛♠♦s t❛♠❜é♠ ❝♦❧✐sõ❡s ❡♥tr❡ ❦✐♥❦s ♥♦ ♠♦❞❡❧♦ φ6✳ ◆❡st❡ ♠♦❞❡❧♦ ♦❜s❡r✈❛♠♦s q✉❡ ♦s ❦✐♥❦s

♥ã♦ tê♠ ✉♠ ♠♦❞♦ ✐♥t❡r♥♦ ❞❡ ✈✐❜r❛çã♦✱ ♣♦ss✉✐♥❞♦ ❛♣❡♥❛s ✉♠ ♠♦❞♦ r❡❧❛❝✐♦♥❛❞♦ à tr❛♥s❧❛çã♦✳

❚♦❞❛✈✐❛ ♣❛r❛ ❛ ❝♦♥✜❣✉r❛çã♦ ✭✹✳✸✵✮ ❛s ❥❛♥❡❧❛s ❞❡ ♠✉❧t✐✲❜♦✉♥❝❡s ❡stã♦ ♣r❡s❡♥t❡s ❞❡ ❢♦r♠❛ ♠✉✐t♦

s❡♠❡❧❤❛♥t❡ ❛s ❥❛♥❡❧❛s ❞❡ ❝♦❧✐sõ❡s ❦✐♥❦✲❛♥t✐❦✐♥❦ ❞♦ ♠♦❞❡❧♦ φ4✳ ❉❡st❛ ❢♦r♠❛✱ ❛♣ós ♦ ❡st✉❞♦

❞❡st❡ ♠♦❞❡❧♦✱ ❝♦♥❝❧✉í♠♦s q✉❡ ♥ã♦ é s✉✜❝✐❡♥t❡ ❜✉s❝❛r s♦❧✉çõ❡s ❞❡ ❡st❛❞♦s ❧✐❣❛❞♦s ❛♣❡♥❛s ♣❛r❛

❛s s♦❧✉çõ❡s t♦♣♦❧ó❣✐❝❛s ❡♠ s✉❛s ❢♦r♠❛s ✐♥❞✐✈✐❞✉❛✐s✱ ♠❛s t❛♠❜é♠ ♣❛r❛ ❛s ❝♦♥✜❣✉r❛çõ❡s ✐♥✐❝✐❛✐s✱

t❛✐s ❝♦♠♦ ✭✹✳✷✾✮ ❡ ✭✹✳✸✵✮✳

◆♦ ❝❛♣ít✉❧♦ ✺✱ ❡st✉❞❛♠♦s ♦ ❡s♣❛❧❤❛♠❡♥t♦ ❞❡ ❦✐♥❦s ♣♦r ✉♠❛ ♣♦r ❢r♦♥t❡✐r❛✱ ❡①✐st❡♥t❡ ❞❡✈✐❞♦

❛ ✉♠❛ ❝♦♥❞✐çã♦ ❞❡ ❝♦♥t♦r♥♦ ❞❡ ◆❡✉♠❛♥♥ ❡♠ x = 0✳ Pr✐♠❡✐r❛♠❡♥t❡✱ s❡❣✉✐♠♦s ♦ ❡st✉❞♦ r❡❝❡♥t❡

❬✶✺❪ ❡st✉❞❛♥❞♦ ❛ ❝♦❧✐sã♦ ❞❡ ✉♠ ❛♥t✐❦✐♥❦ ❝♦♠ ❛ ❢r♦♥t❡✐r❛ ♣❛r❛ ❛ t❡♦r✐❛ φ4✳ P❛r❛ ♣❡q✉❡♥♦s ✈❛❧♦r❡s

❞♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ H✱ ♣❡r❝❡❜❡♠♦s q✉❡ ❛ ❡str✉t✉r❛ ❞❡ ❥❛♥❡❧❛s ❞❡ t✇♦✲❜♦✉♥❝❡s é ♠♦❞✐✜❝❛❞❛

❞❡ ❢♦r♠❛ ❞✐❢❡r❡♥t❡s ♣❛r❛ H > 0 ❡ H < 0✳ P❛r❛ ♣❡q✉❡♥♦s ✈❛❧♦r❡s ❞♦ ❝❛♠♣♦ H ♣♦s✐t✐✈♦✱ ❛s

❡str✉t✉r❛ ❞❡ ❥❛♥❡❧❛s ♠✉❧t✐✲❜♦✉♥❝❡s sã♦ ♠✉✐t♦ s❡♠❡❧❤❛♥t❡s àq✉❡❧❛s ❞♦ ♠♦❞❡❧♦ ❡st✉❞❛❞♦ ♥❛ s❡çã♦

✹✳✶✱ s❡♥❞♦ ✐❣✉❛❧ q✉❛♥❞♦ H = 0✳ ◆❛ ✜❣✉r❛ ✺✳✼ ✈❡♠♦s ✉♠❛ ❝♦❧✐sã♦ ♥♦ ✐♥t❡r✈❛❧♦ ❞❛ ❥❛♥❡❧❛ ③❡r♦✱

q✉❡ é ✉♠❛ ❥❛♥❡❧❛ ❛♥t❡r✐♦r ❛ ♣r✐♠❡✐r❛ ❥❛♥❡❧❛ ❞❛ ✜❣✳ ✹✳✹❜✱ q✉❡ ♥ã♦ ❢♦✐ ♦❜s❡r✈❛❞❛ ❡♠ ❝♦❧✐sõ❡s

❞❡ ❦✐♥❦✲❛♥t✐❦✐♥❦ ❞♦ ♠♦❞❡❧♦ φ4✳ P❛r❛ ❣r❛♥❞❡s ✈❛❧♦r❡s ❞❡ H ♣♦s✐t✐✈♦ t❡♠♦s ✉♠ ♥♦✈♦ ✐♥tr✐❣❛♥t❡

❢❡♥ô♠❡♥♦✿ ♥❡ss❛ s✐t✉❛çã♦✱ ❛ ❜❛rr❡✐r❛ ❡♠ x = 0 t❡♠ ✉♠ ✈❛❧♦r ❞❡ ❡♥❡r❣✐❛ ♣ró①✐♠♦ ❞♦ ♠á①✐♠♦

♣❡r♠✐t✐❞♦✱ ❡♥tã♦ ❛ ❝♦❧✐sã♦ ❞♦ ❛♥t✐❦✐♥❦ é ❝❛♣❛③ ❞❡ ✐♥❞✉③✐r ♦ s✉r❣✐♠❡♥t♦ ❞❡ ✉♠ ♥♦✈♦ ❦✐♥❦ ❛ ♣❛rt✐r

❞❛ ❢r♦♥t❡✐r❛✳ ❋♦✐ ♦❜s❡r✈❛❞♦ q✉❡ ❡ss❡ ♥♦✈♦ ♣❛r✱ KK̄✱ ♣♦❞❡ ❝♦❧✐❞✐r ♣♦r ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ✈❡③❡s✱

s❡ s❡♣❛r❛♥❞♦ ❧♦❣♦ ❡♠ s❡❣✉✐❞❛ ♦✉ q✉❡ ♦ ♣❛r ♣♦❞❡ ❛✐♥❞❛ ✜❝❛r ♣r❡s♦ ✉♠ ❛♦ ♦✉tr♦ ❢♦r♠❛♥❞♦ ✉♠



❈❆P❮❚❯▲❖ ✻✳ ❈❖◆❈▲❯❙➹❖ ✼✷

❜✉❧❦ ♦s❝✐❧❧♦♥✳

◆❛ s❡çã♦ ✺✳✸ ♠♦str❛♠♦s ♦ ❡s♣❛❧❤❛♠❡♥t♦ ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❝♦♥t♦r♥♦ ♣❛r❛ ♦ ♠♦❞❡❧♦ φ6 ❝♦♥s✐✲

❞❡r❛♥❞♦ H > 0✳ ◆♦ss❛s s✐♠✉❧❛çõ❡s ♠♦str❛r❛♠ q✉❡ ♦ ♣❛❞rã♦ ❞❡ ❥❛♥❡❧❛s ♠✉❧t✐✲❜♦✉♥❝❡s ♦❜s❡r✈❛❞♦

♣❛r❛ ❝♦❧✐sõ❡s ❛♥t✐❦✐♥❦ ❦✐♥❦ ♥♦ ♠♦❞❡❧♦ φ6✱ é ♠❛♥t✐❞♦✳ ◗✉❛♥❞♦ ❢❛③❡♠♦s H = 0✱ r❡❝✉♣❡r❛♠♦s

❛ ❡str✉t✉r❛ ❞❡ ❥❛♥❡❧❛s ❞♦ ♠♦❞❡❧♦ φ6 ✜❣✳ ✹✳✶✽✳ ❆té ❛❣♦r❛ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ ♦s ♣r✐♥❝✐♣❛✐s

❢❡♥ô♠❡♥♦s ♦❜s❡r✈❛❞♦s ♥♦ ❡st✉❞♦ ❞♦ φ4 ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❝♦♥t♦r♥♦✱ t❛♠❜é♠ sã♦ ♦❜s❡r✈❛❞♦s ♥♦

♠♦❞❡❧♦ φ6✳ P♦r ❡①❡♠♣❧♦✱ ❛ ❢♦r♠❛çã♦ ❞❡ ❜✉❧❦ ♦s❝✐❧❧♦♥ ❢♦✐ t❛♠❜é♠ ♦❜s❡r✈❛❞❛✱ s❡♥❞♦ q✉❡ ♥❡st❡

♠♦❞❡❧♦✱ ❡st❛s ❡str✉t✉r❛s sã♦ ❛✐♥❞❛ ♠❛✐s ❢r❡q✉❡♥t❡s✳ P❛r❛ ♣❡q✉❡♥♦s ✈❛❧♦r❡s ❞❡ H > 0✱ ❢♦✐ ♦❜s❡r✲

✈❛❞❛ ❛ r❡st❛✉r❛çã♦ ❞❡ ❥❛♥❡❧❛s ❞❡ t✇♦✲❜♦✉♥❝❡s ❞❡ ♦r❞❡♠ ♠❡♥♦r✱ q✉❡ ♥ã♦ ❛♣❛r❡❝❡♠ ❡♠ ❝♦❧✐sõ❡s

❛♥t✐❦✐♥❦✲❦✐♥❦ ❞♦ ♠♦❞❡❧♦ φ6 ♥❛ ❧✐♥❤❛ ❝♦♠♣❧❡t❛✳

❙♦❜r❡ ❛s ♣❡rs♣❡❝t✐✈❛s ❢✉t✉r❛s ❞❡st❡ tr❛❜❛❧❤♦✱ ❡s♣❡r❛♠♦s ❝♦♥t✐♥✉❛r ♦ ❡st✉❞♦ ❞❛ s❡çã♦ ✺✳✸✱ ✉♠❛

✈❡③✱ q✉❡ ❛✐♥❞❛ ❡①✐st❡♠ ❛♥á❧✐s❡s ♣❡♥❞❡♥t❡s✳ ❖ ♣ró①✐♠♦ ♣❛ss♦ é r❡❛❧✐③❛r ❛ ❛♥❛❧✐s❡ ♣❡rt✉r❜❛t✐✈❛✱

t❡♥❞♦ ♣♦r ♦❜❥❡t✐✈♦ ❡♥t❡♥❞❡r ❞❡ q✉❡ ❢♦r♠❛ ❛ ❝♦♥❞✐çã♦ ❞❡ ❝♦♥t♦r♥♦ ♠♦❞✐✜❝❛ ♦s ♠♦❞♦s ♥♦r♠❛✐s

❞❡ ✈✐❜r❛çã♦✳ ❈♦♠♦ ♦❜s❡r✈❛♠♦s✱ ♣❛r❛ ♣❡q✉❡♥♦s ✈❛❧♦r❡s ❞♦ ❝❛♠♣♦ H✱ ❛ ❡str✉t✉r❛ ❞❡ ❥❛♥❡❧❛s

s❡ ❛ss❡♠❡❧❤❛ àq✉❡❧❛ ❞♦ ♠♦❞❡❧♦ φ6✳ ❊♥tã♦ ❡s♣❡r❛♠♦s ❡♥❝♦♥tr❛r ♠♦❞♦s ✈✐❜r❛çã♦ ♥❛ ❝♦❧✐sã♦ ❞❡

✉♠ ❛♥t✐❦✐♥❦ ❝♦♠ ❛ ❢r♦♥t❡✐r❛ ♥♦ ♠♦❞❡❧♦ φ6✳ ■st♦ s❡rá ✐♥t❡r❡ss❛♥t❡ ♣♦✐s✱ ❝♦♠♦ ❥á ❡st✉❞❛♠♦s✱ ♦

❛♥t✐❦✐♥❦ ♥♦ ♠♦❞❡❧♦ φ6 ♥ã♦ ♣♦ss✉✐ ♠♦❞♦ ✐♥t❡r♥♦ ❞❡ ✈✐❜r❛çã♦✳

❈❡rt❛♠❡♥t❡✱ ♦s ❝♦♥❤❡❝✐♠❡♥t♦s t❡ór✐❝♦s ❞❡st❛ ár❡❛ ❞❛ ❋ís✐❝❛✱ ❛❧é♠ ❞♦ ❛♣r❡♥❞✐③❛❞♦ ❝♦♠ ♠é✲

t♦❞♦s ♥✉♠ér✐❝♦s✱ ❛❞q✉✐r✐❞♦s ❞✉r❛♥t❡ ❡st❡ tr❛❜❛❧❤♦✱ ♥♦s ❛❥✉❞❛rã♦ ♠✉✐t♦ ❡♠ tr❛❜❛❧❤♦s ❢✉t✉r♦s✳

❚r❛❜❛❧❤❛r ❝♦♠ ♠ét♦❞♦s ♥✉♠ér✐❝♦s é ✉♠❛ t❛r❡❢❛ q✉❡ ❡①✐❣❡ ❛t❡♥çã♦ ❡ ♦❧❤❛r ❝rít✐❝♦✳ ❆t✉❛❧♠❡♥t❡✱

tr❛❜❛❧❤♦s q✉❡ ❡♥✈♦❧✈❡♠ s✐♠✉❧❛çã♦✱ ♥❛ ♠❡s♠❛ ❧✐♥❤❛ ❞❡st❡ tr❛❜❛❧❤♦✱ tê♠ ❡①✐❣✐❞♦ ♠ét♦❞♦s ❝❛❞❛

✈❡③ ♠❛✐s ♣r❡❝✐s♦s✳ P♦r ✐ss♦✱ ♦✉tr❛ ♣❡rs♣❡❝t✐✈❛ ❞❡st❡ tr❛❜❛❧❤♦ é ♦ ❡st✉❞♦ ❞❡ ♦✉tr♦s ♠ét♦❞♦s

♥✉♠ér✐❝♦s✳



❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s

❬✶❪ ◆✐✈❛❧❞♦ ❆ ▲❡♠♦s✳ ▼❡❝â♥✐❝❛ ❛♥❛❧ít✐❝❛✳ ❊❞✐t♦r❛ ▲✐✈r❛r✐❛ ❞❛ ❋ís✐❝❛✱ ✷✵✵✼✳

❬✷❪ ❱❛❧❡r② ❘✉❜❛❦♦✈✳ ❈❧❛ss✐❝❛❧ t❤❡♦r② ♦❢ ❣❛✉❣❡ ✜❡❧❞s✳ Pr✐♥❝❡t♦♥ ❯♥✐✈❡rs✐t② Pr❡ss✱ ✷✵✵✾✳

❬✸❪ ❉❛✈✐❞ ❑ ❈❛♠♣❜❡❧❧✱ ❏♦♥❛t❤❛♥ ❋ ❙❝❤♦♥❢❡❧❞✱ ❛♥❞ ❈❤❛r❧❡s ❆ ❲✐♥❣❛t❡✳ ❘❡s♦♥❛♥❝❡ str✉❝t✉r❡

✐♥ ❦✐♥❦✲❛♥t✐❦✐♥❦ ✐♥t❡r❛❝t✐♦♥s ✐♥ ϕ✹ t❤❡♦r②✳ P❤②s✐❝❛ ❉✿ ◆♦♥❧✐♥❡❛r P❤❡♥♦♠❡♥❛✱ ✾✭✶✲✷✮✱ ✶✾✽✸✳

❬✹❪ P❡t❡r ❆♥♥✐♥♦s✱ ❙❛♠✉❡❧ ❖❧✐✈❡✐r❛✱ ❛♥❞ ❘✐❝❤❛r❞ ❆✳ ▼❛t③♥❡r✳ ❋r❛❝t❛❧ str✉❝t✉r❡ ✐♥ t❤❡ s❝❛❧❛r

λ(ϕ2 − 1)
2 t❤❡♦r②✳ P❤②s✳ ❘❡✈✳ ❉✱ ✹✹✱ ✶✾✾✶✳

❬✺❪ ◆✐❝❤♦❧❛s ▼❛♥t♦♥ ❛♥❞ P❛✉❧ ❙✉t❝❧✐✛❡✳ ❚♦♣♦❧♦❣✐❝❛❧ s♦❧✐t♦♥s✳ ❈❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t② Pr❡ss✱

✷✵✵✹✳

❬✻❪ ❚✳ ■✳ ❇❡❧♦✈❛ ❛♥❞ ❆❧❡①❛♥❞❡r ❊✈❣❡♥②❡✈✐❝❤ ❑✉❞r②❛✈ts❡✈✳ ❙♦❧✐t♦♥s ❛♥❞ t❤❡✐r ✐♥t❡r❛❝t✐♦♥s ✐♥

❝❧❛ss✐❝❛❧ ✜❡❧❞ t❤❡♦r②✳ P❤②s✳ ❯s♣✳✱ ✹✵✱ ✶✾✾✼✳ ❬❯s♣✳ ❋✐③✳ ◆❛✉❦✶✻✼✱✸✼✼✭✶✾✾✼✮❪✳

❬✼❪ ❚✳■✳ ❇❡❧♦✈❛ ❛♥❞ ❆✳❊✳ ❑✉❞r②❛✈ts❡✈✳ ◗✉❛s✐✲♣❡r✐♦❞✐❝ ♦r❜✐ts ✐♥ t❤❡ s❝❛❧❛r ❝❧❛ss✐❝❛❧ ❰✔Ï✹ ✜❡❧❞
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sér✐❡ ❬✻✸❪✳ ❆ ❞✐s❝r❡t✐③❛çã♦ ❛q✉✐ ✉t✐❧✐③❛❞❛ ❢♦✐ ✐♠♣❧❡♠❡♥t❛❞❛ ❛tr❛✈és ❞♦ ❡sq✉❡♠❛ ❞❡ ❞✐❢❡r❡♥ç❛s

❝❡♥tr❛❞❛s ❞❡ ✹➟ ♦r❞❡♠✳ ■♥✐❝✐❛♠♦s ❝♦♥s✐❞❡r❛♥❞♦ ❛s s❡❣✉✐♥t❡s ❛♣r♦①✐♠❛çõ❡s ❡♠ ✹➟ ♦r❞❡♠✿

u(x+ h) = u (x) + hu′ (x) +
h2

2
u′′ (x) +

h3

6
u′′′ (x) +

h4

24
u′′′′ (x) + · · · ✭❆✳✶✮

u(x− h) = u (x)− hu′ (x) +
h2

2
u′′ (x)− h3

6
u′′′ (x) +

h4

24
u′′′′ (x) + · · · ✭❆✳✷✮

❆ ♣❛rt✐r ❞❛s ❡q✉❛çõ❡s ✭❆✳✶✮ ❡ ✭❆✳✷✮✱ ❡ ❝♦♥s✐❞❡r❛♥❞♦ t❡r♠♦s ❛té s❡❣✉♥❞❛ ♦r❞❡♠✱ ♦❜tê♠✲s❡ u′′ (x)

s♦♠❛♥❞♦ ❛s ❞✉❛s ❛♣r♦①✐♠❛çõ❡s✱ ♦✉ s❡❥❛✱

u′′ (x) =
u(x+ h)− 2u (x) + u (x− h)

h2
. ✭❆✳✸✮

▼✉❧t✐♣❧✐❝❛♥❞♦ ✭❆✳✷✮ ♣♦r (−1) ❡ s♦♠❛♥❞♦ ❝♦♠ ✭❆✳✶✮✱ ♦❜t❡♠♦s

u′ (x) =
u (x+ h)− u (x− h)

2h
. ✭❆✳✹✮

✼✽
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❆ ❞✐s❝r❡t✐③❛çã♦ ❞❡ ✹➟ ♦r❞❡♠ ❝♦♥s✐st❡ ❡♠ s♦♠❛r ✭❆✳✶✮ ❡ ✭❆✳✷✮✱ q✉❡ r❡s✉❧t❛ ❡♠

u′′ (x) = −h2

12
u′′′′ (x) +

1

h2
[u (x+ h)− 2u (x) + u (x− 2h)] , ✭❆✳✺✮

❡ ✉s❛♥❞♦ ❛ ❛♣r♦①✐♠❛çã♦ ✭❆✳✸✮ ❝♦♠ ♦ ❢❛t♦ ❞❡ q✉❡

u′′′′ (x) =
d2

dx2
u′′ (x) , ✭❆✳✻✮

t❡♠♦s q✉❡

u′′′′ (x) =
d2

dx2

[

u(x+ h)− 2u (x) + u (x− h)

h2

]

=

[

u′′(x+ h)− 2u′′ (x) + u′′ (x− h)

h2

]

. ✭❆✳✼✮

❆ss✐♠✱ ✉s❛♥❞♦ ♥♦✈❛♠❡♥t❡ ❛ ❛♣r♦①✐♠❛çã♦ ✭❆✳✸✮ ♣❛r❛ ❝❛❞❛ ✉♠ ❞♦s três t❡r♠♦s ❞❡ ✭❆✳✼✮✳ ❖❜tê♠✲

s❡

u′′′′ (x) = [u (x+ 2h)− 4u (x+ h) + 6u (x)− 4u (x− h) + u (x− 2h)] , ✭❆✳✽✮

q✉❡ s✉❜st✐t✉í❞❛ ❡♠ ✭❆✳✺✮✱ r❡s✉❧t❛ ♥❛ s❡❣✉✐♥t❡ ❛♣r♦①✐♠❛çã♦ ♣❛r❛ u′′ (x)✿

u′′ (x) = − 1

12h2
[u (x+ 2h)− 16u (x+ h) + 30u (x)− 16u (x− h) + u (x− 2h)] . ✭❆✳✾✮

◆❛ ♦❜t❡♥çã♦ ❞♦ ♦♣❡r❛❞♦r u′ (x) ❞❡ ✹➟ ♦r❞❡♠✱ s❡❣✉❡✲s❡ ✉♠ ♣r♦❝❡❞✐♠❡♥t♦ s❡♠❡❧❤❛♥t❡✱ s✉❜tr❛✐♥❞♦✲

s❡ ✭❆✳✶✮ ❞❡ ✭❆✳✷✮✱ ♣❛r❛ ♦❜t❡r q✉❡

u′ (x) =
u (x+ h)− u (x− h)

2h
− h2

6
u′′′ (x) . ✭❆✳✶✵✮

❖ ♣ró①✐♠♦ ♣❛ss♦✱ ❝♦♥s✐st❡ ❡♠ r❡❡s❝r❡✈❡r ♦ t❡r♠♦ ❞❡ ♠❛✐♦r ❞❡r✐✈❛❞❛ ❝♦♠♦

h2

6
u′′′ (x) = h2

6
d
dx
u′′ (x) = h2

6
d
dx

[

u(x+h)−2u(x)+u(x−h)
h2

]

= 1
6
[u′(x+ h)− 2u′ (x) + u′ (x− h)]

✭❆✳✶✶✮
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h2

6
u′′′ (x) =

1

6

{[

u (x+ 2h)− u (x)

2h

]

− 2

[

u (x+ h)− u (x− h)

2h

]

+

[

u (x)− u (x− 2h)

2h

]}

h2

6
u′′′ (x) =

1

12h2
[u (x+ 2h) + 2u (x− h)− 2u (x+ h)− u (x− 2h)] , ✭❆✳✶✷✮

♥♦✈❛♠❡♥t❡ ❛ ❡①♣r❡ssã♦ ✭❆✳✸✮ ❢♦✐ ✉s❛❞❛ ♣❛r❛ s✉❜st✐t✉✐r u′′ (x) ❡ ✭❆✳✹✮ ♣❛r❛ s✉❜st✐t✉✐r u′ (x)✳

❆❣♦r❛ ❛♣ós s✉❜st✐t✉✐r ✭❆✳✶✷✮ ❡♠ ✭❆✳✶✵✮✱ ♦❜tê♠✲s❡ u′ (x) ❝♦♠♦ s❡♥❞♦

u′ (x) = − 1

12h
[u (x+ 2h) + 8u (x− h)− 8u (x+ h)− u (x− 2h)] . ✭❆✳✶✸✮

❆ ❡①✐stê♥❝✐❛ ♣r❡s❡♥ç❛ u (x+ 2h) ❡ u (x− 2h) ✱ ❡①✐❣❡ q✉❡ ♦ ❣r✐❞ t❡♥❤❛ ❞♦✐s ♣♦♥t♦s ❛❞✐❝✐♦♥❛✐s

❡♠ ❛♠❜❛s ❛s ❡①tr❡♠✐❞❛❞❡s✳ ❖s ♣r✐♠❡✐r♦s ♣♦♥t♦s sã♦ ♦❜t✐❞♦s ❛ ♣❛rt✐r ❞❡ ✉♠❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧

♣❛r❛ ❛ ❢✉♥çã♦ u (x)✱ ♦✉ s❡❥❛✱ u (x− 2h) = u (x) = α✱ ❝♦♠ α ≡ const. ✭❈♦♥❞✐çã♦ ❞❡ ❉✐r✐❝❤❧❡t✮❀

❡♥q✉❛♥t♦ q✉❡ ♦s ❞♦✐s ú❧t✐♠♦s ♣♦♥t♦s ♣♦❞❡♠ s❡r ♦❜t✐❞♦s ❛ ♣❛rt✐r ❞❡ ✉♠❛ ❝♦♥❞✐çã♦ s♦❜r❡ ❛

❞❡r✐✈❛❞❛ ❞❡ u (x)✱ ♦✉ s❡❥❛✱ u′ (x) = β ✭❝♦♥❞✐çã♦ ❞❡ ◆❡✉♠❛♥♥✮ ❡✱ ✉t✐❧✐③❛♥❞♦ ❛s ❡①♣r❡ssõ❡s✿

u (x+ h) = u (x− h) + 2hβ +
h3

3
u′′′ (x) ✭❆✳✶✹✮

❡

u (x+ 2h) = u (x− 2h)− 12hβ + 8u (x+ h)− 8u (x− h) ✭❆✳✶✺✮



❆♣ê♥❞✐❝❡ ❇

❋♦rç❛ ❊stát✐❝❛

❇✳✶ ▼♦❞❡❧♦ φ4

❇✳✶✳✶ ❋♦rç❛ ❡stát✐❝❛ ❞❡ ✐♥t❡r❛çã♦ ❦✐♥❦✲❛♥t✐❦✐♥❦ ♥♦ ♠♦❞❡❧♦ φ4✳

◆❡st❛ s❡çã♦ t❡♠♦s ♦ ♦❜❥❡t✐✈♦ ❞❡ ❝❛❧❝✉❧❛r ❛ ❢♦rç❛ ❞❡ ✐♥t❡r❛çã♦ ❡♥tr❡ ✉♠ ❛♥t✐❦✐♥❦ φ1 ❡ ✉♠ ❦✐♥❦

φ2✱ ❡st❛♥❞♦ ♦ ❝❡♥tr♦ ❞❡ φ1 ❡♠ x = −a ❡ ♦ ❝❡♥tr♦ ❞❡ φ2 ❡♠ x = a ✳ ❙❡❣✉✐♠♦s ♦ ♣r♦❝❡❞✐♠❡♥t♦ ❞❛

r❡❢❡r❡♥❝✐❛ ❬✺❪✱ s❡♥❞♦ q✉❡ ♦ ♠❡s♠♦ r❡s✉❧t❛❞♦ é ♦❜t✐❞♦ ❡♠ ♦✉tr❛s r❡❢❡rê♥❝✐❛s✱ ❝♦♠♦ ♣♦r ❡①❡♠♣❧♦

❬✹✺❪✳ ❊ss❡ ♣r♦❝❡❞✐♠❡♥t♦✱ ❝♦♥s✐st❡ ❡♠ ♦❜t❡r ❛ ❢♦rç❛ ❛ ♣❛rt✐r ❞❛ ✈❛r✐❛çã♦ t❡♠♣♦r❛❧ ❞♦ ♠♦♠❡♥t♦✳ ❖

♠♦♠❡♥t♦ ❞♦ ❝❛♠♣♦ é ❞❛❞♦ ♣❡❧❛ ❡q✉❛çã♦ ✷✳✶✶✳ ❊♥tã♦✱ ♦ ♠♦♠❡♥t♦ ❡♠ ✉♠ ✐♥t❡r✈❛❧♦ s❡♠✐✲✐♥✜♥✐t♦✱

(−∞, b]✱ é

P = −
ˆ

T0idx = −
ˆ b

−∞

(

∂φ

∂t

)(

∂φ

∂x

)

dx.

❉❡r✐✈❛♥❞♦ ❡♠ r❡❧❛çã♦ ❛♦ t❡♠♣♦✱ ♦❜tê♠✲s❡ ❛ ❢♦rç❛

F = Ṗ = −
ˆ b

−∞

[(

∂2φ

∂t2

)(

∂φ

∂x

)

+

(

∂φ

∂t

)

∂

∂t

∂φ

∂x

]

dx

F = Ṗ = −
ˆ b

−∞

[(

∂2φ

∂t2

)(

∂φ

∂x

)

+

(

∂φ

∂t

)

∂

∂t

∂φ

∂x

]

dx.

❯s❛♥❞♦ ❛ ❡q✉❛çã♦ ❞❡ ♠♦✈✐♠❡♥t♦ ✭✷✳✻✮ ♣❛r❛ s✉❜st✐t✉✐r φ̈ (x)✱ ❡ t❛♠❜é♠ ❝♦♠ ❛s ✐❣✉❛❧❞❛❞❡s
∂2φ
∂t2

∂φ
∂x

= 1
2

d
dx

(

∂φ
∂x

)2
❡ ∂φ

∂t
d
dx

(

∂φ
∂t

)

= 1
2

d
dx

(

∂φ
∂t

)2
✳ ❆ ❡①♣r❡ssã♦ ❛❝✐♠❛ s❡ t♦r♥❛

✽✶
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F = −
ˆ b

−∞

1

2

d

dx

(

∂φ

∂t

)2

dx−
ˆ b

−∞

1

2

d

dx

(

∂φ

∂x

)2

dx+

ˆ b

−∞

dV

dx
dx.

❆❣♦r❛✱ ✐♥t❡❣r❛♥❞♦ ❛ ❞✐❢❡r❡♥❝✐❛❧ t♦t❛❧ ♥♦ ✐♥t❡r✈❛❧♦ ❞❡ ✐♥t❡❣r❛çã♦

F =

[

−1

2

(

φ̇2 + φ′2
)

+ V (φ)

]b

−∞
. ✭❇✳✶✮

❖❜s❡r✈❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✷✳✶✵✮✱ ♣♦❞❡♠♦s ✐♥t❡r♣r❡t❛r ❛ ❢♦rç❛ ❡♥tr❡ ♦s ❦✐♥❦s ❡♠ ❞❛❞♦ ✐♥t❡r✈❛❧♦✱

❝♦♠♦ s❡♥❞♦ ❛ ❞✐❢❡r❡♥ç❛ ❞❡ ♣r❡ssã♦ ❡♥tr❡ ♦s ♣♦♥t♦s ❧✐♠✐t❡s ❞❡ss❡ ✐♥t❡r✈❛❧♦✳

❱❛♠♦s ❛❣♦r❛ ❝♦♥s✐❞❡r❛r ❛ ❢♦r♠❛ ❞♦ ♣❡r✜❧ ✐♥✐❝✐❛❧✱ q✉❡ é ✉♠❛ ❝♦♥✜❣✉r❛çã♦ ❡stát✐❝❛ ❞❛❞❛ ♣♦r

φ (x) = φ1 (x) + φ2 (x) + 1,

s❡♥❞♦

φ1 (x) = − tanh (x+ a)

❡

φ2 (x) = tanh (x− a) ,

❛ss✐♠ ❛ ❡q✉❛çã♦ ✭❇✳✶✮ s❡ t♦r♥❛

F =

[

−1

2

(

φ′
1
2 + φ′

2
2
)2

+ V (φ1 + φ2 + 1)

]b

−∞
.

❖ ♣♦♥t♦ b ❡stá ❡♥tr❡ ♦ ❝❡♥tr♦ ❞♦ ❛♥t✐❦✐♥❦ ❡ ♦ ❝❡♥tr♦ ❞♦ ❦✐♥❦✱ ❡ t❛♠❜é♠ ♠✉✐t♦ ❧♦♥❣❡ ❞❡ ❛♠❜♦s✱

♦✉ s❡❥❛✱ −a ≪ b ≪ a✳ ❆ss✐♠✱ ❞✉r❛♥t❡ t♦❞♦ ♦ ✐♥t❡r✈❛❧♦ ❞❡ ✐♥t❡❣r❛çã♦✱ t❡♠♦s q✉❡ ❛ s♦♠❛ φ2 + 1

t❡♥❞❡ ❛ ③❡r♦✳ ❊♥tã♦ ♣♦❞❡♠♦s ❧✐♥❡❛r✐③❛r ♦s t❡r♠♦s ❞♦ ❝❛♠♣♦ φ2✳ ❋❛③❡♥❞♦ ❛ss✐♠ ❡ t❛♠❜é♠

❡①♣❛♥❞✐♥❞♦ V (φ) ❡♠ t♦r♥♦ ❞❡ φ1✱ ♦❜t❡♠♦s ❞❛ ❡q✉❛çã♦ ❛❝✐♠❛✳

F =



−1

2
φ′
1
2 − φ′

1φ
′
2 + V (φ1) + (1 + φ2)

dV

dφ

∣

∣

∣

∣

∣

φ=φ1





b

−∞

.

❆ ❞❡r✐✈❛❞❛ t❡♠♣♦r❛❧ s❡ ❛♥✉❧♦✉✱ ❞❡✈✐❞♦ ♦ ♣❡r✜❧ ✐♥✐❝✐❛❧ s❡r ❡stát✐❝♦✳ ❆❣♦r❛ ♣♦❞❡♠♦s ✉s❛r ❛

❡①♣r❡ssã♦ ❞❡ ❇♦❧❣♦♠♦❧✬♥②✐ ✭✷✳✶✾✮ ❡ ♣❡r❝❡❜❡r q✉❡ ♦ ♣r✐♠❡✐r♦ ❡ t❡r❝❡✐r♦ t❡r♠♦ ❞❛ ❡①♣r❡ssã♦



❆P✃◆❉■❈❊ ❇✳ ❋❖❘➬❆ ❊❙❚➪❚■❈❆ ✽✸

❛❝✐♠❛ s❡ ❛♥✉❧❛♠ ❡♥tr❡ s✐✳ ❘❡s✉❧t❛♥❞♦

F = [−φ′
1φ

′
2 + (1 + φ2)φ

′′
1]

b
−∞ . ✭❇✳✷✮

♦♥❞❡ t❛♠❜é♠ ✉s❛♠♦s ❛ ❡q✉❛çã♦ ❞❡ ♠♦✈✐♠❡♥t♦ ❡stát✐❝❛ ♣❛r❛ s✉❜st✐t✉✐r ♦ ú❧t✐♠♦ t❡r♠♦✳

❱❛♠♦s ❛♥❛❧✐s❛r ❛ ❝♦♥tr✐❜✉✐çã♦ ❞♦s ❧✐♠✐t❡s ❞❡ ✐♥t❡❣r❛çã♦✳ ❉❛❞♦ ♦ ♣❡r✜❧ ✐♥✐❝✐❛❧✱ ✈❡♠♦s q✉❡ ♦

❧✐♠✐t❡ ✐♥❢❡r✐♦r ♥ã♦ ❝♦♥tr✐❜✉✐ ♥❛ ❡①♣r❡ssã♦ ✭❇✳✷✮✱ ♣♦✐s ❛ ❞❡r✐✈❛❞❛ ♣r✐♠❡✐r❛ ❡ s❡❣✉♥❞❛ sã♦ ♥✉❧❛s

♥♦ ✐♥✜♥✐t♦✳✳ ❊♠ r❡❧❛çã♦ ❛♦ ❧✐♠✐t❡ s✉♣❡r✐♦r✱ ❝♦♥s✐❞❡r❛♥❞♦ ❛ s❡❣✉✐♥t❡ sér✐❡ ❬✹✾❪

tanh (x− a) = −1 + 2
∞
∑

k=✵

(−1)k e−2(1+k)(x+a), ✭❇✳✸✮

❡ ❧❡♠❜r❛♥❞♦ q✉❡ b ❡stá ❧♦♥❣❡ ❞♦ ❦✐♥❦ ❡ ❞♦ ❛♥t✐❦✐♥❦✱ ♦❜s❡r✈❛✲s❡ q✉❡ ❡♠ b ❤❛✈❡rá s♦♠❡♥t❡ ♦

❝♦♠♣♦rt❛♠❡♥t♦ ❛ss✐♥tót✐❝♦ ❞❡ φ1 ❡ φ2✳ ❆ss✐♠ ❜❛st❛ ♦ ♣r✐♠❡✐r♦ t❡r♠♦ ❞❛ sér✐❡ ✭❇✳✸✮ ♣❛r❛

r❡♣r❡s❡♥t❛r ❛ ❝♦♥tr✐❜✉✐çã♦ ❞♦ ❧✐♠✐t❡ s✉♣❡r✐♦r✱ q✉❡ é ❞❛❞❛ ♣♦r

φ1 (x) = − tanh (x+ a) ∼ −1 + 2e−2(x+a) φ2 (x) = tanh (x− a) ∼ −1 + 2e2(x−a) ✭❇✳✹✮

❙✉❜st✐t✉✐♥❞♦ ❛s ❡①♣r❡ssõ❡s ❛❝✐♠❛ ❝♦♠ s✉❛s r❡❝❡♣t✐✈❛s ❞❡r✐✈❛❞❛s ♥❛ ❡①♣r❡ssã♦ ✭❇✳✷✮✱ ♦❜t❡♠♦s ❛

❢♦rç❛ ❡♥tr❡ ♦ ❛♥t✐❦✐♥❦ ❡ ❦✐♥❦

F = 32e−2R, ✭❇✳✺✮

♦♥❞❡ R = 2a é ❛ s❡♣❛r❛çã♦ ❡♥tr❡ ♦ ❦✐♥❦ ❡ ❛♥t✐❦✐♥❦✳

❇✳✶✳✷ ❋♦rç❛ ❞❡ ✐♥t❡r❛çã♦ ❡♥tr❡ ♦ ❛♥t✐❦✐♥❦ ❡ ❛ ❋r♦♥t❡✐r❛

❚❡♥❞♦ ❝♦♠♣r❡❡♥❞✐❞♦ ❛ s❡çã♦ ❇✳✶✳✶ ❡st❛♠♦s ❛❣♦r❛ ❡♠ ❝♦♥❞✐çõ❡s ❞❡ ♦❜t❡r ❛ ❢♦rç❛ ❡♥tr❡ ✉♠

s♦❧✐t♦♥ ❡ ❛ ❢r♦♥t❡✐r❛✳ P❡❧♦ ♠❡s♠♦ ♣r♦❝❡❞✐♠❡♥t♦ ❞❡s❝r✐t♦ ❡♠ ❬❄❪✱ ✐♥✐❝✐❛❧♠❡♥t❡ t❡♠♦s ✉♠ ❛♥t✐❦✐♥❦

❧♦❝❛❧✐③❛❞♦ ❡♠ x = x0 < 0 ❡ ❛❞✐❝✐♦♥❛♠♦s ✉♠❛ ❡s♣é❝✐❡ ❞❡ ❦✐♥❦ ✏✐♠❛❣❡♠✑ ❡♠ x = x1 > 0✳

❖ ♣❡r✜❧ ❡stát✐❝♦ ❞❡ss❛ ❝♦♥✜❣✉r❛çã♦ é✿

φ (x) = − tanh (x− x0) + tanh (x− x1) + 1. ✭❇✳✻✮
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❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❡q✉❛çã♦ ✭❇✳✺✮✱ ❛ ❢♦rç❛ ♣❛r❛ ❡ss❛ ❝♦♥✜❣✉r❛çã♦ é

F = 32e−2(x1−x0) ✭❇✳✼✮

P❡❧❛s ♠❡s♠❛s ❝♦♥s✐❞❡r❛çõ❡s ❢❡✐t❛s ♥❛ s❡çã♦ ❛♥t❡r✐♦r✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❛ss✐♥✲

tót✐❝♦ ❞♦ ♣❡r✜❧

φ (x) ∼
(

−1 + 2e−2(x−x0)
)

+
(

−1 + 2e2(x−x1)
)

+ 1, ✭❇✳✽✮

♦♥❞❡ ❛❣♦r❛ ❛ ❢♦r♠❛ ❛ss✐♥tót✐❝❛ ❛❝✐♠❛ ✈❛❧❡ s❡ ❡s❝♦❧❤❡♠♦s |x1| , |x0| ≫ 1✳

❖ ♣❡r✜❧ ✭❇✳✻✮ ❡ s✉❛ ❢♦r♠❛ ❛ss✐♥tót✐❝❛ ❞❡✈❡♠ s❛t✐s❢❛③❡r ❛ ❝♦♥❞✐çã♦ ❞❡ ❝♦♥t♦r♥♦ ❞❡ ◆❡✉♠❛♥♥

✭✺✳✸✮✳ ❉❡ss❛ ❢♦r♠❛✱ ❛♣❧✐❝❛♥❞♦ ❡ss❛ ❝♦♥❞✐çã♦ à ✭❇✳✽✮✱ t❡♠♦s

H = −4e2x0 + 4e−2x1 ,

❞❡ ♦♥❞❡ ✈❡♠♦s q✉❡

e−2x1 =
1

4
H + e2x0 . ✭❇✳✾✮

❙✉❜st✐t✉✐♥❞♦ ❛ r❡❧❛çã♦ ❛❝✐♠❛ ♥❛ ❡q✉❛çã♦ ✭❇✳✼✮✱ ♦❜t❡♠♦s ✉♠❛ ❡①♣r❡ssã♦ ♣❛r❛ ❛ ❢♦rç❛ ❡♠ t❡r♠♦s

❞♦ ❝❛♠♣♦ H ❡ ❞❡ x0✳

F = 32

(

1

4
H + e2x0

)

e2x0 ✭❇✳✶✵✮

❱❡♠♦s q✉❡ q✉❛♥❞♦H < 0 ✱ ❛ ❢♦rç❛ é r❡♣✉❧s✐✈❛ ❧♦♥❣❡ ❞❛ ❢r♦♥t❡✐r❛ ❡✱ ❛tr❛t✐✈❛ ❡♠ s✉❛ ♣r♦①✐♠✐❞❛❞❡✳

❇✳✷ ▼♦❞❡❧♦ φ6

❇✳✷✳✶ ❋♦rç❛ ❡♥tr❡ ❦✐♥❦s✳

❱❛♠♦s ❛❣♦r❛ ❝❛❧❝✉❧❛r ❛ ❢♦rç❛ ❡♥tr❡ ✉♠ ❦✐♥❦ ❡ ✉♠ ❛♥t✐❦✐♥❦ ❞♦ ♠♦❞❡❧♦ φ6✳ ◆♦✈❛♠❡♥t❡✱ ❡❧❡s

❞❡✈❡♠ ❡stá ❜❡♠ s❡♣❛r❛❞♦s✳ ❖ ♥♦ss♦ ♣♦♥t♦ ❞❡ ♣❛rt✐❞❛ é ❛ ❥á ❝♦♥❤❡❝✐❞❛ ❡①♣r❡ssã♦ ♣❛r❛ ❛ ❢♦rç❛✱

❞❛❞❛ ♣❡❧❛ ❡q✉❛çã♦ ✭❇✳✶✮✱ ♦✉ s❡❥❛

F =

[

−1

2

(

φ̇2 + φ′2
)

+ V (φ)

]b

−∞
,
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♦♥❞❡ V (φ) é ❛❣♦r❛ ♦ ♣♦t❡♥❝✐❛❧ ❞♦ ♠♦❞❡❧♦ φ6✳ ❆ ❝♦♥✜❣✉r❛çã♦ ❞❡ ♣❡r✜❧ ✐♥✐❝✐❛❧ é ❛ s❡❣✉✐♥t❡✿

❝♦❧♦❝❛♠♦s ✉♠ ❛♥t✐❦✐♥❦ ❞♦ t✐♣♦ φ(1,0) ❡♠ ✉♠❛ ♣♦s✐çã♦ x = −a ❡ ❝♦❧♦❝❛♠♦s ✉♠ ❦✐♥❦ ❞♦ t✐♣♦

φ(0,1) ❡♠ ✉♠❛ ♣♦s✐çã♦ x = a✳

φ (x) = φ1 (x) + φ2 (x) , ✭❇✳✶✶✮

s❡♥❞♦

φ1 (x) = φ(1,0) (x) =

√

1

2
[1− tanh (x+ a)]eφ2 (x) = φ(0,1) (x) =

√

1

2
[1 + tanh (x− a)].

❙✉❜st✐t✉✐♥❞♦ ♦ ♣❡r✜❧ ✭❇✳✶✶✮ ♥❛ ❡q✉❛çã♦ ✭❇✳✶✮✱ ♦❜t❡♠♦s

F =

[

−1

2

(

φ′
1
2 + φ′

2
2
)2

+ V (φ1 + φ2)

]b

−∞
.

◆♦✈❛♠❡♥t❡ ❡s❝♦❧❤❡♠♦s ♦ ♣♦♥t♦ b ❧♦♥❣❡ ❞❡ ❛♠❜♦s ❛♥t✐❦✐♥❦ φ1 (x) ❡ ❦✐♥❦ φ2 (x)✱ ❞❡ss❛ ❢♦r♠❛

❛❣♦r❛ ♣❡r❝❡❜❡♠♦s q✉❡ ❞✉r❛♥t❡ t♦❞♦ ♦ ✐♥t❡r✈❛❧♦ ❞❡ ✐♥t❡❣r❛çã♦ ♦❝♦rr❡ q✉❡ φ2 (x) → 0✱ ❧♦❣♦ ♥❡ss❡

✐♥t❡r✈❛❧♦ ❡ss❡ ❝❛♠♣♦ ♣♦❞❡ s❡r ❜❡♠ ❞❡s❝r✐t♦ ❛♣❡♥❛s ❡♠ t❡r♠♦s ❧✐♥❡❛r❡s✳ ◆♦✈❛♠❡♥t❡✱ ❡①♣❛♥❞✐♠♦s

V (φ) ❡♠ t♦r♥♦ ❞❡ φ1 (x)✳ ❖❜t❡♠♦s ❡♥tã♦ ❛ s❡❣✉✐♥t❡ ❡①♣r❡ssã♦

F =



−1

2
φ′
1
2 − φ′

1φ
′
2 + V (φ1) + φ2

dV

dφ

∣

∣

∣

∣

∣

φ=φ1





b

−∞

,

q✉❡ ❡♠ s❡ tr❛t❛♥❞♦ ❞❡ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ s❡ r❡❞✉③ ❛

F = [−φ′
1φ

′
2 + φ2φ

′′
1]

b
−∞ . ✭❇✳✶✷✮

❱❛♠♦s ❛♥❛❧✐s❛r ❛ ❝♦♥tr✐❜✉✐çã♦ ❞♦s ❧✐♠✐t❡s ❞❡ ✐♥t❡❣r❛çã♦✳ ❆tr❛✈és ❞♦ ♣❡r✜❧ ✐♥✐❝✐❛❧✱ ✈❡♠♦s q✉❡ ♦

❧✐♠✐t❡ ✐♥❢❡r✐♦r ♥ã♦ ❝♦♥tr✐❜✉✐ ♥❛ ❡①♣r❡ssã♦ ✭❇✳✶✷✮✱ ♣♦✐s ♥♦✈❛♠❡♥t❡ ❛ ❞❡r✐✈❛❞❛ ♣r✐♠❡✐r❛ ❡ s❡❣✉♥❞❛

sã♦ ♥✉❧❛s ♥♦ ✐♥✜♥✐t♦✳✳ ❊♠ r❡❧❛çã♦ ❛♦ ❧✐♠✐t❡ s✉♣❡r✐♦r✱ t❡♠♦s q✉❡ b ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ φ1 (x)

❡ φ2 (x) s❡rá ❛ss✐♥tót✐❝♦✳ ❆ ❢♦r♠❛ ❛ss✐♥tót✐❝❛ ♥♦ ♣r❡s❡♥t❡ ❝❛s♦✱ s❡ r❡❞✉③ ❛

φ1 (x) ∼

√

1 + (−1 + 2e−2(x+a))

2
= e−(x+a), ✭❇✳✶✸✮

φ2 (x) ∼

√

1 + (−1 + 2e2(x−a))

2
= e(x−a). ✭❇✳✶✹✮
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❆ss✐♠✱ ❛♣ós ❝❛❧❝✉❧❛r ❛s ❞❡r✐✈❛❞❛s ❞❡ ✭❇✳✶✸✮ ❡ ✭❇✳✶✹✮ ♣❛r❛ s✉❜st✐t✉✐r ❡♠ ✭❇✳✶✷✮✱ ♦❜t❡♠♦s ❛

❡①♣r❡ssã♦ ♣❛r❛ ❛ ❢♦rç❛ ❡♥tr❡ ❞♦✐s ❦✐♥❦s ♥♦ ♣♦t❡♥❝✐❛❧ φ6✳

F = 2e−R. ✭❇✳✶✺✮

♦♥❞❡ ♥♦✈❛♠❡♥t❡✱ R = 2a é ❛ s❡♣❛r❛çã♦ ❡♥tr❡ ❦✐♥❦ ❡ ❛♥t✐❦✐♥❦✳

❇✳✷✳✷ ❋♦rç❛ ❡♥tr❡ ♦ ❦✐♥❦ ❡ ❛ ❋r♦♥t❡✐r❛

❆❣♦r❛ ✈❛♠♦s r❡♣❡t✐r ♦s ♣❛ss♦s q✉❡ ✜③❡♠♦s ♥❛ s❡çã♦ ❇✳✶✳✷ ♣❛r❛ ♦ ❝❛s♦ ❞❡ ✉♠ ❦✐♥❦ ❞♦ ♠♦❞❡❧♦

φ6✳ ❆ss✐♠✱ ✐♥✐❝✐❛❧♠❡♥t❡ t❡♠♦s ✉♠ ❛♥t✐❦✐♥❦ ❧♦❝❛❧✐③❛❞♦ ❡♠ x = x0 < 0 ❡ ❛❞✐❝✐♦♥❛♠♦s ✉♠ ❦✐♥❦

✏✐♠❛❣❡♠✑ ❡♠ x = x1 > 0✳ ❖ ♣❡r✜❧ ❡stát✐❝♦ ❞❡ss❛ ❝♦♥✜❣✉r❛çã♦ é✿

φ (x) =

√

1

2
[1− tanh (x− x0)] +

√

1

2
[1 + tanh (x− x1)]. ✭❇✳✶✻✮

❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❡q✉❛çã♦ ✭❇✳✶✺✮ ❛ ❢♦rç❛ ♣❛r❛ ❡ss❛ ❝♦♥✜❣✉r❛çã♦ ✜❝❛✳

F = 2e−(x1−x0). ✭❇✳✶✼✮

◆♦ ♣♦♥t♦ ♥♦ q✉❛❧ ❛ ❢♦rç❛ ❢♦✐ ❝❛❧❝✉❧❛❞❛✱ ❛♣❡♥❛s ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❛ss✐♥tót✐❝♦ ❞♦ ♣❡r✜❧ é r❡❧❡✈❛♥t❡✳

❖ ❝♦♠♣♦rt❛♠❡♥t♦ ❛ss✐♥tót✐❝♦ é ❞❛❞♦ ♣♦r✿

φ (x) ∼ e−(x−x0) + e(x−x1). ✭❇✳✶✽✮

❊ss❡ ♣❡r✜❧ ❞❡✈❡ s❛t✐s❢❛③❡r ❛ ❝♦♥❞✐çã♦ ❞❡ ◆❡✉♠❛♥♥

dφ

dx

∣

∣

∣

∣

x=0

= H,

❊♥tã♦ ❛ ♣❛rt✐r ❞❛ ❞❡r✐✈❛❞❛ ❞♦ ♣❡r✜❧ ❡♠ x = 0✱ ♦❜t❡♠♦s

H = e−x1 − ex0 .

❉❡ ♦♥❞❡ t❡♠♦s ❛ r❡❧❛çã♦

e−x1 = H + ex0 . ✭❇✳✶✾✮
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❙✉❜st✐t✉✐♥❞♦ ❛❣♦r❛ ❡ss❛ r❡❧❛çã♦ ♥❛ ❡q✉❛çã♦ ❞❛ ❢♦rç❛ ✭❇✳✶✼✮✱ ♦❜t❡♠♦s ❛ ❢♦rç❛ ❡♥tr❡ ♦ ❛♥t✐❦✐♥❦ ❡

❛ ❢r♦♥t❡✐r❛ ❡♠ t❡r♠♦ ❞♦ ❝❛♠♣♦ H ❡ ❞❛ ♣♦s✐çã♦ ✐♥✐❝✐❛❧ ❞♦ ❛♥t✐❦✐♥❦

F = (H + ex0) ex0 . ✭❇✳✷✵✮
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